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PHEFACt TU THE FIRST 


EDIITON 


This work has been written to provide h suitable course 
of reading in Statics for sttulents of Indian Universities taking 
up Mathe'mjitics as an cle<-tive subject for their B. A. degree 
examination. An elementary knowledge ol Analytical 
Geometry and Calculus has been assumed. But these 
instruments of Analysis have been very sparingly used except 
in the chapter on centre of gravity, where the method ot 
Integral Calculus has b<‘en freely employed to obtain many 
interestiMg results. This will lie ot great indirect assistance 
to the student in mastering tiic process of integration 
regarded as summation. In runny problems on the determina¬ 
tion of the centre of gravity, the “Integral Calculus metliod * 
is the only suitable one, geometrical methods being long anti 
tedious. 


The theorem of the parallelofirarn of forces, wiiieh to^m^ 
the basis of all discussion of statical principles, has be.-n 
merely assumed, as tlie formal proof of llie theorem trom the 
^‘principle of transmissibilitp of /orce'’ involves the idea of 
incommensurability, which is rather pu/iling to a beginner. 
The alternative procedure of deducing the theorem Irom 
Newton’s dcfinitiou of force and tlie pu)oUclooram oj 
accelerntions eonld not be ad^ptcil, as tins book is intended to 
be studied independently of Dynamics. 

The aim of tlie aiilhors has b»*en to present to tiu* 
student as clearly as possible the prineiph*s ol Statics and 
these have been amply illustraleii by moans ol solved examples 
appended to each chanter. Vs Examination Papers ha\e 
been freely consulted in tlie st ha tiou of these typical examples, 
they will be of special help to the student. Some ot the 
topics like the principle of virtual work and its application to 
machines, the law of passive resistance (e.g., resistance offered 
by friction), and the subject of “Strings” will be found useful 

by the more ambitious student. 

The authors acknowledge their indebtedness to standard 

text-books on Statics bv Vlindiin, Roulh, Loney. Todhunter. 
Greaves and others, from which they have received valuable 
assistance both in the matter of the text and examples. I ne\ 
will feel grateful for notification of errors and misprints tluit 

might have t^ept into the book. 


AUTHORS. 



EXTRACT FROM PREFACE TO THE SECOND EDITION 


The demand for a second edition of the book 
provided the authors with an opportunity for writing 
afresh certain portions of the book and amplifying others. A 
notable change has been made as regards the subject oi 
Centre of Gravity. The analytical methods have been 
separated from geometrical ones, and put together in a 
separate chapter. TI)is arrangement would give the teacher 
the option of taking up the methods of Integral Calculus given 
in Chapter VIII at a later stage, when he feels that the 
meaning of Integration as summation has been propeny 
grasped by the students. Most of the examples in this chapter, 
can however be done by the geometrical method. 

The more difficult examples and Articles have been 
marked with an asterisk and can be taken up at the revision 
stage, or omitted by the less ambitious student. 


October 2, 1941, 
LAHORE. 


S, N. DAS GUPTA 
G. L. GUPTA. 


PREFACE TO TliP: THIRD EDITION 

There has been an insistent demand for the third edition 
(.r the book for more than a year, and the Authors and the 
I^iiblishers regret very much that owing to abnormal conditions 
created by the War they were unable to bring out this edition 
earlier. The time that has elapsed has. however, been utilized 
in incorporating in this edition quite a large number of im 
provements. While all the essential features of the previous 
editions have been retained, the book has been thoroughly re¬ 
vised with a view to present the subject matter in a simpler 
and more attractive form. Alternative proofs of important 

theorems have been introduced, and a large number ot illus¬ 
trative examples and exercises have been added, many of wtucb 
have been selected from recent Examination Papers or tne 
Punjab and Delhi Universities. The more difficult among 
these have cither been solved and illustrated by diagrams, or 
have been made easier by the addition of necessary m s • 


While it is sincerely hoped that the interest of the student in 
the solution of probictns will be excited by the devices adopt¬ 
ed, it is necessary to einplia’^ise that the student should tackle 
with difficulties as far as possible independently of the hints 
or solutions «»iven, so that he may be able to keep the initia- 
tiv'e with liiins(‘ir. lie sliould, in fact, trv if he can discover 
Hlternative methods of solution. 

The present edition will he found to meet fully the re- 
quirenienls of the H. A. and B. Sc. pass-course stiulents of 
Indian Universities, and it will at the same lime, beof immense 
In ip to Honours students. y . 

d lie chapter on machines which has been excluded from 
the Syllabus of the Delhi University also has been omitted 
fr(»rn tfic present cilition, and tlie space thus saved has been 
utilized, as detailed above. 

September 0. S. N. DAS GUPTA. 

UAIIOUK. . C. L. (;UPTA. 

« 
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CHAPTER 1 


introduction 


the sub¬ 


name of 


1. riie laws which govern natural phenemena or th( 
a. tioM or i-.atural forces, have formed a subject of stud> 
sine- very earlv times. The philosophers who studied tlus 
subject in its early stages gave it the name of Natura 
Hhilosophif. Its branch that was studied hrst of al , in ,, 
scientihe manner, is known as Mechanics, which deals with 

the motion of hod,es and the causes u h,ch pro,luce il (rest being 

a particular case of motion). On account of its simplicitj. 
.\lLhanics is treated even to-day as iiitroductory to othei 
departments of Natural Philosophy 6r Physics, as 

iect is now called. 

Mechanics has three viain branches : 

Kinematics, Kinetics, and Statics. 

The first two are usually grouped under the 
Dpnamics (signifying motion), as opposed to Statics. 

Kinematics is that part of Dynamics which treats of 
motion without reference to mass and force. It th. 
geometrical science of pure motion. 

statics is that branch which deals with the equilibrium 
of bo.lies. and examines how this slate .ibtains and is to 

he kept. 

2 The principles of Mcchani.'S must have taken a loiig 
time to evolve Here, as in most other sciences, a great deal 
of experience was necessary before any theoretical study ol 
the sufuect could be undertaken. This experience was gamed, 
in the present case, from efforts made to satisfy the human 

nuehanieal contrivances required for 

neerins was an important landmark m the , 

.Sciencl’of Mechanics. These contrivances 
called Machines, retained their position P 

even in Theoretical Mechanics until quite recent times. 

3 Among these “ Machines,” Lever is the most 

elementary one. The earliest investig c////,Vo and in 

which may really be called scientific, le a e * > 
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Statics they relate to Lever. Archimedes of Syracuse 
(287-212 B. C.) ^ives in his treatise on the subject a number 
of propositions on Lever and Centre of Gravity. The 
Principle of Lever tlius formed the basis of Statics in 
the bej,nnnitig and continued to do so for a long time. 

4. It was Stevinus {1548-1620) who first investigated 
the Mechanic? of the Inclined Plane (another Machine^ and 
was led from there to the enunciation of the principle of 
parallelogram of forces. So the credit is due to Stevinus for 
iirst turning the attention from machines to a purely 
theoretical law whicli has since formed the basis of discussion 
in the Science of Statics. 


5. The “ parallelogram of forces ” enunciates an ex- 
perimcntol law. It can be demonstrated mathematicaily by 
means of Newton’s Second Law of Motion and, for this reason 

mathematicians sometimes prefer to treat Statics as a sequel 
to the laws of Dynamics. * 

It must be clearly understood that what we call “laws 
or lundamental concepts, are themselves so many as^ujnptioiis 
on which the supcrstrucUire of a theoretical science is built. 

Ihese assumptions may ornmy not be “ self-evident axioms 

.If h on the one hand, as the 

lesult of observation, or experiment (or experienee), or both, 

and are capable of verification, on the other hand, bv experi- 
i'lhenom'eimr “Pl'heatioi. to’ natural 


The function of Mathematics is main 
logical sequence, the subject on the basis of 

made, which include definitions in addition 
liave been above referred to. 


iy to develop in 
the assumptions, 
to such laws as 


6. Rigid Body and Matter —In Statics the eoneei.ts 

are fundamental. Space and 

of eac^" Ka”nf ' we have an intuitive peivcption 

'I prioH ’ intuition 

' priori, but modern inquirers arc iiielincd to rcard soaee 

derh'ed'from “ enneept wliieh has b«-n 

uerived Irom experience. 

vvsfeni'X,.mv‘JT''u of length. In the British 

that Mutter can be perceived by the senses and call be 
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(Hstinguishcd from other objects of sense, such as, colour, forni 

1 solid IS a part of space, and a body ts defined to he a 
timiled portion of mattei\ 

Bv a geometrical solid is meant the pace occupied or 
in.amned to^,e occupied by a body U ith this the 

material .lualitics of the body have nothing to do. J hus the, 
part of space eiccupied by a human body is a geometn- 

(*al solid. 

The term rhod body will be used to denote a ligure the 
,listance betweeir any two points of which alwatjs remains 
constant. Such a figure will be of inpriable size and shape. 
It may be merely a geometneal sohd {or conjigumtwii) or a 
nhusical eniitv In the latter case, it is composed of 
which may Aie considered to be indestructible, something 
which fills the siiaec enclosed by a geometrical three dimen¬ 
sional li-ure. and possesses certain other properties, some o 
which we shall state later on. As stated above, no formal 
flcfinition of matter can be given which will convey a 
complete idea if we had not the previous experience 

it 

*’ * ’ When the idea of Matter is associated with a point, we 
<ret what is called a particle. In this case the whole quantity 
of matter is .opposed concentrated at a point. A particle, 
therefore, occupies no space but has simply a position. 

\ particle mav be considered as an infinitesimal portion 
nf Matter • a solid bodv is thus conceived to be an aggrega- 
lion'of particles (which arc held together by their mutual 
ittractions). In a perfectly rigid body the distance between 
any pair of partitdc.s remains unaltered (no matter what forces 

act on the body). 

The terms “ rigid body ” and “ particle arc on y 
mathematical conceptions. Their exact equivalents do 

• not exist in Nature tlloiiph there may be q 

\ narticle of matter will be supposed to be a very smal 
itidj but Assessing a sensible mass and capable of being 

acted upon by forces. _ j „ i,.. 

7. Mass. The fiuuntUy of mailer contained in a body le 

called its mass. It does not depend upon the space it 
occupies. 



t 
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A slab of lead will contain twice much niJittcr as another of half 
the volume, but it suould l)e obvious that the mass of a bodv cannot be 
ucasured l)y its vointiie or bulk alone. If « certain quantitv of cotton 
lor instftm e. l ouhl be compressed to occupy half its oriirinal vobmc' the 
r.atcrial contained remain^ tim same :onlv it now occupies half the space 
In the same way. a certain volume of lead will contain a threat deal more 
d mass than the same volume of cotton. Howsoever a oiven volume of 
otton be comprised, it couhi not be reduced t.i a size" so that it .nav 
onlain an e.pial (juantity of matter with lead of tliat size. 

Tiie mass of a body will then depemi upon (I) the mass 
pep volutnc ol the suhstanee, under given conditioiis of 
winch a body is composed, and (2) the volume it occupies. ’ 

We now put these conclusions in a formal manner ; — 

Def Density.—Y’Ac mass per unit volume of a substarce 
lender given cundiUons. ,s called its densilp If inass, density’ 
iiid volume of a substance be represented by M p anil V 
.e.spectively, we have M=pV. ,.e.. mass = density x volume 

Hpound“?sfak^rus*TlIrmlTto'f';nll^^ '■lfre°qniv!denrto^ 

It should be noted, that for tlieoretieal purooses two 

!r:'r:c 

>,<^1,0,1 caused bp the -.all opposite i the avZn of the maT'"'^' • 
'est, or of uniform motion of a hodp 

H>.- saai^x: tie*;:::?" i:,or ■a'stii’---- 


DEFINITIONS 


The dermition of Force conveys the idea that “ matter ^ by (fse// 

10 common experience, but if it were possible to eliminate theacnoa of . 

resiTtreeS a liody once set in motion would never slop. An approx.m 

it'ion to the hypotheUcal conditions may, however, be obtained b> 
rollini^ a hard dry ball of ice along a smooth d*y slab o; fcc, m \aeuu 

We have here an important property of Matter known 
as tlie property of Inertia.^ The law which expresses it, i- 
known as the Law ot Inertia. 

'I'hus wc see tliat the elTect of <i ioree or forces acting 
on a bodv is to cause it to change its position or sliape. 1 he 
ahilitv of tlie bodv to resist tlie change in position is ea ed 
Inertia and the ability to resist the ehatige . in shape is called 

Higidity. 

In the above cxplanatWns, the efforts which push oi 
null bodies, the gravitational pull of tlie Earth, the resistances 
.ilTered by the ground, or tlie air, and the counter-action ol 
the wall are all instances of Force. We can classify forces 
then, according to the forms in which they may appear, as 

follows J T 

(1) Tension,— When a body is pushed or pulled by 

means of a rod or a strint;, tbe fore*' which acts (hrough Ihe 

intermediate agent (a rod or a string), is called ihv force Joi 

I'ension. . » • 

(•2) Attraction and Repulsion.— Uhon a body 
attracted towards another without the agency ot .luy other 
tamdble means, as in the case of tlic gravitational pull of th. 
KarUi or in the pnll exerted by a magnet on pieces ol iron 
Ihe force is called the force of .Itiractwn. I" ease ol 
repulsion, the bodies tend to separate from each otlier. 

t:i) Action and Reaction.- Tlie force occurring 

form is always due to the action of another ‘ 

tlip uiven bodv mav be in actual contact or not. 

Iv ),V Niw.o„\ L,w of Acuoo 

.ovs that ' -.i fy OA tiim is accsmpiinwl H «« 

reaction ; t his implies forces alicays occur to pairs. 

When one body presses against the other, the the force o! 

and the counter-aetion which the second causes oi ,.iw,ve doef not g<J 
reaction. A mairs band pressing a wall, as explained abo%e, o 
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idto the wall because the action of thf hand and reaction of the ica!t r»re 
qn»l and opposite. Again, the force exerted by the Earth on as tone has 
its counterpart in the ft»rce exerted by the stone, on the Earth and if 
the Eartii is not |)ullcd towanls tlie stone, it is only because 
the Earth has a consiileral^ly lar^e mass than the stone. The action and 
rcactiOJi together constitute what is called as/rt*s.\. 

If the force exerted between two bodies in contact acts 
dong their common normal, the bodies arc said to be smooth; 
otherwise rough. 


Note 1.—When tension is exerted by means of a 
inecrtcnsible striv^y we infer from the following experiments 
that tciision is the sa7}ie throiighotit its length. Hy a light string 
we mean a string whose weight is inappreciable and can, 
therefore, be neglected. 


1. A heavy weight W is tied to a light inextensibk 
string and is kept in the vertical position by our hand. It is 
now found tliat wliatevcr be the point at which tlie string is 
held, the same force (muscular effort) must be exerted to 
support the weight W and the tension at the point of the string 
is, thus, ecjual to W. 

Again, if a light hiextcnsible string passing over a 

smooth peg or smooth grooved xeheel 
supports a wciglit W tied to one 
of its ends by means of a force P 
applied at the other end, it is found 
that the same force P would have 
to be exerted to support whut- 
e\er be the ineliuHlion ot the two 
portions of the string. 

In these eases, at everv point 
of tiic string, 

tension = P=:\V. 

I f. ‘'“"'‘""‘t.'’ of the striiiL' be interrupte.l 

>y a knot, the string slionld be regarded as two distinet 
strings and tensions in these two portions are not neee. 
surily equal. [See Art. 12], 

Note 3. Tl„. following considerations will show that 

. . 
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♦ 

of string 
following 


^7; 




Q 




iB 


Let a lieavy inextensible string he suspended from the 
fixed point A, so that the string hangs vertically. 
Consider tlie equilibrium of a sinall portion 
PQ. It is held in equilibrium by the 

l*OT*CGS I 

{ 'i ) Tension acting iipxvards at P. 

(u ) Tension T^ acting doivnivards at Q. 

(u?) The weight W of the portion PQ acting 

(lo:i niviirds. 

For eouilibriurn, we must have 

* r|> ^T^ 1 

Hence, Ti > T^, siiowing that the imsion of a string 

increases as rue go upwards. ‘ 

Observe, (a) That Tension T, has two aspects ; 

as acting upon PQ, it is a do-.ori-.vard force, but as 

actin'^ upon the portion QB, it is an upward force. 

Similarly, T, is a dozvn-ward force as acting on the hxed 

(')) It’ a weight W be attached at the lower 
extremity B, Tj will have a greater value than before, 
as T, now supports the weight of the portion QB plus 
W, i. e. T 2 ==wt. of QB+W. 

Illustrative E.rample.—A light string hanging vertically 
from a lixed point supports a muss of 10 lbs, at its extremit.v 
,ud a mass of 15 lbs. is tied at its middle point ; find the 
tensions of the two portions of the string. 

9. Weight.—'i’/ie force -with -which a body is attracteii 
to-.oards the (■•.nirc of the Earth is called its xoeight. 

It is prove.l in books on Dynamics that the attraction of the 
Karth ibeahv .quivalcnt to the vertical >? usiia ly valleo 

llip\vci”hl) anti the liorUontal lorce brought into action _ 

rotation of the Earth. Thus if the poll of the E-th .s taken r.p. alent 
10 the weight of a body, it is tm tin' buppoaition that tiu etueto 

It) rotation lA neglctdctl. force of cravitv 

This explains a part of the reason why the forte or b _ 

,,,„ears to varv from point to point on the earth’s surface. 

lime, a mass of a kilogramme at the on 

.'hiei.m the a. eeicration of the mass towar.ls the eartl. s ex!iitre. 

"The Student should guard ■ "vlriable, 

zrith mass. In the first place the mass ^ ^ody is mvariab ^ 

but its weight varies from place to place , 
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body could be taken to tlic centre of tlic earth or to a place 
in tiie interstellar space beyond the held of operation ol the 
earth’s attractive force, it will have no weight but there 
will be no ehange in its mass. 

Unit of force. — The xiei^ht of a unit of mass is usuulhj 
Inicen in Statics as the unit of force. I'lms, in tlie liritisii 
System, the weight of a pouinl is tiie unit of force aiul is 
called 1 pound weight, and is written as **1 lb wt.” 

In the French system, where the unit of mass is one 

« 

i:rarnine, the unit of force is “1 gm. wt.” 

Since I gin. is a very small mass (4"»3 t; gm';. = l lb. 
approximately), it is found more convenient to choose 1 kilo- 
gram-wt. as the unit of force. 


If. for example, a mass of 15 lbs. rest on a horizontal 
table, it will exert a dow'uward vertical force of 15 lbs. w t. 
(according to the above supposition) on the table and the 
reaction of the table will be equal to this force upwards. 
Similarly, if a mass of 15 lbs. were attached to a strin*', the 
pull exerted by the mass on the string will be taken to be 
15 lbs. wt. vertically downwards. 


10 . 


Forces represented by straight lines.—Sime a 
loree is completely known when we know (I) /As* noint of 
npphcntwiufl) its direction. {l\) its sense, and (4) its manni- 
* • appropriately be represented bv im ans ol’ ;i 

s raigdit line. The point of application of a force together u ilh 
tts dtrection defines the line of action of the foree, /. r. tin 
actual hue m which the force acts. 


be represented bv^^\he A along AH 

.howins ,„o .. ‘Xr'i™' ri',:;"™," 

Tc-I “b ”,7 V i,v 

ZAU. it this .second lorcc wen* jiruiniv •*. 

•iirection, the arrow-head will be 1" " 

Mrection and tJie force represented bv AC where a['''^'^\i 
‘ n magnitude. ' -At 


It may be noted that the 
represented by the length of 


magnitude of 
the straight 


the force 15 lbs- 
liiio AH aud its 
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Jirection is detcrmiMed by the 
■ingle which AB makes with some 
!\xed line ail'll its sense (forwards 
- r backwards) by the arrowhead. 

Its direction and its sense may be 
regartled as e(jui\'a!ent to the 
direction in which it tends to ^ 
make the point of a})plication start. ^ 

11. External and Internal forces. —Forces (tension^, 
thrusts etc ) existing between parts of the bOine body are 
internal forces. Force existing between a body and 
any body external to it is called an external force, '1 hese 
terms relative \ aforcewliich is internal in one investi- 
.nation may be external in another. Whether a force is to be 
considered internal or external depends upon the body or 
system of bodies whose equilibrium or motion is the subject 

of investigation for the time being. 

Let the bodies A and B attached by an inextensible 

string be kept in equilibrium by two opposing forces P and 
as showm. 






Tb Ta 


•> 


<r 



->P 


Ta and Tn are equal by Newton’s 3rd law of motion. 
If we consider the equilihriuin of both tlie bodies regarding 
A and H as a single body, tlien Ta and Tn are internal forces. 
If A and Hare c^onsidered separate boiiics. Ta and Tii are 
twfernal forces O^vert’t-that Ta and Ti; are acting on two 
different bodies. 

12. Principle of transmissibility of force.—On account 
of the property of rigidity in bodies, a force can be (ransmit- 
ied from one innnt of a body to another lying mi its line oj 
action without any alteration in it. This principle is of 
immense value in mechanics and brings about a great <leul 

of simplicity. 

opposite forces, in the same 
straight line, act on a rigid 
body at points A and B, the 
force F at B is transmitted to 
art at A (by the principle as¬ 
sumed above). 


I j ♦ 

When two equal and 
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I he body will thus be in equilibrium. If the forces K 
instead of |>uljinff tlic body in opposite directions, compress¬ 
ed it, the resulting cflect will be the same. But tlie internal 
forces <Mli( d into play whicii would a. t on the particles 

composing the body would obviously be dilTercnt in the two 
eases. 


It is im[K)rlant to note that wlien a force acts on a 
particle, to know it lully. we must know {i) its yiugni/ude. 

and Aru.sr, and (ui) its point of application 
But when a force acts on a rigid body, it is not necessary to 
know Its point ot application. It is sullicient if we know its 
magnitude and h„c of action, (The actual line in which the 

lorce acts). 

13. Smooth bodies. 1'or the present we shall deal onlv 

with sinooth bodies whieh have been defined in Art. 8. In 
such Iridies there is no action, aloiif; (parallel to) the .soirface 
of eon act wl,ether they be in motion or in cciuilibrium. 
pic action (force) hetucen hco smooth bodies in contact is 

cntircl!, perpendicular to the common surface at the point of 
lonUicl horc.x-ainple, if a sphere rest on a horizontal plane 

having a tcmhnci, to move la the right, the reactions ^ 

{ 1 ) when the bodies arc smooth, and 


>reAcr!(v/) 


Uraclion between sinontli hotlies 
entirely normal : taiiirential 
resistance- o 


C ( lAf/C,F.NriAL \ 
^ \ Wit'A/Js 7AA/Ci ) 


REALHOf^) 



I'otal rcacti<»n between rounh bodies 
is Ibe resultant of E and \{. 


(li) xvhen the bodies are rouph 
are as shown below. 

Note.— Perfectly smuotii 

l)odtcs also have a hypo¬ 
thetical existence like per¬ 
fectly rigid bodies, though in 
this case too wc have in 
nature near approximations. 

l4. Translation and Ro¬ 
tation. \\ c have to distin¬ 
guish between freo kinds of 
motion of a rigid body. Whcii 
dilfcrcnt points of ‘ the body 
move in parallel directions and 
receive equal <lisplacements. 
the motion is said to be a 
motion of translation, ^ tUc 
body turns about on an axis 
r.ithcr situated in the body or 
otitside it, or if it nUates 
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about a fixed iioirit, the motion is said to be a inolion 
t'f rotation. 

15 Scalars and Vectors. There are certain quantities 
^^i^ich are completely known when we know tlieir ma^n,hairs 
iridu. These are called Seal ir quantities. Hut there an- 
others which are not fully defined until we know tlnn- 
tnagnilitdes and directions {including both. 


A quantity which is completely defined by its 
iudCy direction and sense is called a Vector quantity. A elocit\ . 
acceleration, force and momentum arc examples ol \ ectoi 
quantities. Aqumtity having only magnitude hut no dircc- 
lion is called a Scalar quantity. Lengtli^ tune, mass and 
energy ai:;e examples of Scalar quantities. , 

A vector has 7 iot necessarily a delinite position in 


space. 

A vector wlien it has a definite position is called a 
Rotor {a localised vector). Force is a rotor. 

Scalar quantities of the same kind such as two masses 
(T two lengths arc combined by arithmetical atldition. 
Vector quantities of the same kind arc combined by the 
)>arallelogram late {laxv of vector addition). 


If AB represents a vector, it is usual to place a bar over 

it and to write it as AH. indicating that the order of the 
letters represents the diri'ction and sense oi the quantity . 


The si<»n + will also be used to indicate vector 
addition. Thus, the parallelogram of forces (Art, 10), in 
vector notation, may be expressed by the equation 


AB + AC==A!), 



CHAPTER II 


COMPOSITION AND RESOLUTION OF FORCES 

ON A PARTICLE 


16. Parallelogram of Forces. —\Vlien t\v<» forces act on 
;i their total olfeet is always equivalent a single force 

(it may vanish as a speeial <'ase), which is called tlicir resultant. 
I'liis rcsnltanl lori-e is ol>taincd hy the L«:c nf the ParaUcio- 
}iram of Forces Inch is statcil as follows : — 

// iiL'o forces acting on a particle he represented in 
magnitude and direction hi/ the tuo sides of a /mraMelograrn 
draum through their point of a/)/dicotion, the resultant will be 
re/tresenied by the diagonal fiassing through the point. 

Let P and Q be two forces 
acting on a particle at A and re¬ 
presented. respectively, by tin* 
'Straight lines AH and‘AC. Then 
if the parallelogram ABOC be 
completed, the resultant force R 
will be represented by the diago¬ 
nal AI). “ 

^ The formal or mathematical proof of the theorem of 
tl.r i.arnll.loKniM. ol' Cor.'cs will l„-f„„„,| j,, „„v book 
I yimniicN. I l.r trntU ,.f i|..- t b.or, „i||. bi.wever, br 
liken lor «ra.,t,<l . 1 . this book (Art. .5). it m.iv be vorilie.l 

by naans ol eN|)erin.enls u l.ieli ean be easily arranoe.l in tb, 
laborutorv. 



17 To find the magnitude and the direction of the 
resultant of two forces acting at a given angle 

lyt the two given lorees 1> nii.l Q represented by AB ami 
A( , act at an angle a. » . 
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OF FORCES ON A PAUrtCI-ts l’> 

Then in the parallelogram AD, angle ABD=Tr-a. a.ul 

11 c* n CO 

= -2AB. BD cos (tt— a) 

-AB 2 + AD 2 + 2 AM. HD cos a. 

Tims the magnitude B of the resultant is gi\en 1>> t u 

R 2 =p 2 -{-Q 2 4 - 2 PQ cos a . 

If C) he the angle which the resultant U 
the direction of P, then drawing the perpendicnlai 
or AB produced, we see that 

de_ de _ 

tan 6>= ae”AB + BE 

(BE is +ve. in fig. I where a is an acute angle, and 

-VC iiJ fig. 2, where a is obtuse) 

BD sin a the cases). 

"AB+BD cos a’ 

Q sin a 

Henee tan e=p.j.Q cos a’ 

1 Qsin“ (2). 

or B ta*' P+Q cos a 

Cor. 1. Ifa = 90°, the formulae (1) and (2) become, 

% 

respectively, ^ 

= and e = . 

Cor. 2. Again, if P--Q. U2 = 2P^(H-eos a) 

= 4P-cos- 

or R = 2Pcos ^ (-f)- 

- - 2 

Q sin a 

Also in this casie tan0= Q^_L^^Jg^JL) 

a OL 

2s.n^eus 2 ^ a 

= -- =tan 

2 eos^ 

Q= ^ (5). 

” 2 
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This last result is obvious otherwise also : there is nn 
reason why R sliouKI incline rnore towards P than towards 
when P = Q. Hence the resultant of tuo equal forces bisects the 
an^lc at which they act, and Its magnitude is equal to twice 
the force multiplied by the cosine of httlf the angle between the 
forces. 

Ex. Find j^eomctrii’ally the leiijith of (he iliagoiml of 
(lie parallelo;jram when the forces arc ctjual. and ()l)tain the 
formula (4). 

Cor. 3. When a — 0, cos a is maximum, and R-=(P-i*(^)- 
nr. R —P+Q ; i.e. the resultant of two forces is maximum 
wlien they act in tlie sasiic direction. 


. Cor. 4. When a = 7r. cosa is minimum, and R = P —Q. 

which shows that tlic residtant of two forc<‘S is minimum 
when they act in opposite direetioits. 

It follows that hvo forces can balance only when they art 
equal and opposite. 

Ex. 1. At what angle 7nusi two equal forces act so tlnrt 
their resultant my he equal to each of them ? 

Let a be the angle between them ; then from the 
lormula = P*+Q^d-2PQ'cosa we have, since Ps=Q = U, 
pi=i=p 2 -|-p 2 .p 2 P 2 cosa = 2 P 2 (l-fcosa). 

Hence ld-oosa = J or cosa— - \ a = l20^ 

Otherwise.—The triangle ARl) in lig. 2. art. 17. will 

become equilateral. 


\ofr. (»cometrical prools will iT» I’crtain eases. b*‘ found 
easier, and intiTcsting, 

Ex. 2. hind the magnitudes of iwo forces .such that if then 
act at right angles, their resultant is'jN lbs. rceight, udiilc iftheq 
act at nn angle rJ0\ their resultant i.^ i:t lbs. wt. 

Hy the (picstioii 


(I) I‘- + Q» = 14 (2) 2PQ ,.„s p'os 120'".— -1) 

.Subtrai-liii^' wc»get. PQ=U-i:J = i 


.M>+y = i^^+Q.:,:2rQ = ./"u+o 



Similarly, 1>-Q= 1>J4 .q-_2Pq_ 

Ileiite, P--2 + V 3 lbs. rvt. 


2>).d 



)bs. wt. 
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1 . Find. 


(0 

(n) 

{Hi) 

{iv) 

{V) 

(vi) 


Exercises 1 (A) 

R, if P=5, Q=u. a=60° 
a, if P=12, R = 13. 

it’ P = a=* —Q=2afe, R=a^~]-b^. 

a, if P=2, Q=3, 

P and Q, if P+Q—60, R—55, a 60 

— if a = 150°, R = sinaller component. 
Q’ 


2 . 


a. 


4 . 


o. 


Ji* 


The resultant of two forces at right angles is represented 
by 20 and it makes an angle of 30“ with one of them. 

Resuftant of two equal forces acting at angle 60“ is equal 
to R Find the cosine of the angle between them when 

. R 

the resultant is 

Two equal forces inclined at an angle-of 60° act on a 
particle ; if their resultant is 12 lbs. find the forces. 

The magnitudes of two forces are as 4 : 5 ; the direction 
of thek resultant is at right angles to the smaller force. 
Find the ratio of the larger force to the resultant. 

Forces of 40 lbs. and 24 lbs. have a resultant R and the 

resultant is inclined at 90° to the 24 lbs. force. 1 ind It. 

If the directions of two forces be inclined to each other at 
an angle of 135° find the ratio of their magnitudes in order 
that their resuHant may be equal to the smaller force. 

At what angle must the forces P + Q and P —Q act in 

order that their resultant may be V^' + ^Q^ 

The resultant of two forces is the same wdicn their 
directions are inclined at an angle 0 as when they are 

inclined at (j. Show that fan 6=v^2 —1* 

10. When two equal forces are inclined at an angle 2a their 

resultant is twice as great as when they are mclinca at 
an angle 2/3, show that cosa = 2 cos^Q. 

1&. Equilibrium. A number of forces acting on a body^ 
ore said to have a resultant when their combined effect on the 
hodij is equivalent to the effect of a single force. The process of 


s. 


9 . 
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obtainin^^ the resultant is called the composition of forces. But 
if the forces act in such a tvap that their total effect on the body i^ 
nil. the forces arc said to he in equilibrium. Sticli a system of 
I’orces does not, by tlic definition of Force, produce any 
oliant'f in the state of rest or of uniform motion of the body. 
Iftlie body were initially at rest, it woultl remain attest 
under the action of a systtin of forces in equilibrium. 

It has alreadv been pointed out that a force cannot occur 
by itself without cNcitin" oth<'r forces. External forces actini: 
on a body call into play forces known as passive or internal 
forces. The resistance to change of position is irdierent in a 
body and is of the nature of a passive force. In Statics wc 
coT»si<lcr the cases in which the external forces and the interinil 
forces form a system in ecpiilibrinm. 


When more tlian two forces act on n hody. it may he possible to 
roiTiponnd them into one single force f)y xiiecessive apjilieutum of the 
paraDcIo^ram law. 

19, Resolution of Forces The converse of the “ Cpin- 
[»osition of Forces ” would be that a force being given we 
liave to find the component forces in given directions, so that 
they may together be ecpiivalent to the given force. This 
process is called “ Ucsolution of Forces 

Components in assigned directions. To find tin 
eomponent of a given force in hvo directions in thr 

same plane. 


Let ()(’ represent the 
th(' angles w hich H makes 

OY. 


given force H, ami let Q and 9 be 
with the gi\cn tlircctions OX and 



Through C draw CA. CH parallel to OV and OX 
lively ; OA(’B is thus a parnllelogram. 


respee* 


r\x: tr/iRPKS ON A PARTICLli 

COMPOSITION Ot tORCKS 
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The components nf R in the given directions oreOA and OR 

( = .4C). ' 

From A OAC, we havr 

OA _ AC_ Ot- 

Sin (JCA “Sin AOC Sin OAC 

OA OB OC R 


t e. 




Sill 

OA - K sinXe+yi) 

Sin fl_ 

OB = R -gj^ (Q -\-d>) p ,. 

llr Ji~ OA Mi OB ere glvM by 

Sin ^ 


B 


Jsin + 

Sin B 


Q — Rc:« f ft 4-^1 

Ho.,^»-n‘'r«vs“ior..?aTCii:; 

forces in an in<Y"fe p'&raileifegrams. The cotnpo- 

ooinp^nents^are^gj^^^^^ 

OB This IS evident iroiii t » , r .l component of a 

oarallelogrom^ Heooo wl.eo •PA''°Xth. dlreition ot tte 
tree in an, given „ ,.ke the 

other component. P firct 

second direction at rig t ang ° when a given force is 

20. Resolved Part. The ^^c^aUase is very 

lesolved in two directions at rig ^ ^ ^fi;en direction 

important. The cowiP®"®"* ®{a e X to the first coin- 

direction. 
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'I luis R being the given force in the 
figure, its resolved part along AB is P, 
Midi lljat when P is conipoundcd witii a 
force at right angles to l\ the resultant 
may Ix' R. 

\Vc have directly from triangle ABD, 

P= R cos 0. 

ue., the resoli Ftl part of a force in a direction making an angle 9 

with itAs o})tained hy multiplying the forre by cosine of the 
angle. 

I he other component Q = R sin Q. 

Geometrically, the resolved part of a force R represent- 

ed by AB in a given direction is the orthogonal proieciion of 
AD in that direction. 

Since the r solved part of a force in its pcrpcndu iilar direction is 
Kero a fo-ce cannot produce any effect in the direction perpendicular to 
. shoe of action It is for tl.is reason that if a truck LLoJ on the 
rails of a railway line be pushed [>crpcudicular to the rails, it docs not 
move along the line at all. 

21. Duchayla's Proof 

As.mming that the aiagnnal represents tfie line of action of 

he resultant to prove that the diagonal also represents the result¬ 
ant tn mignitude, 

on Qhc represented by the lines OA and 

OH. C .mplete the parallelogram OACB. Then OC is the line 
of actum of the resultant. Take a n/wr 

torcc U lo balance the resultant of P 
and Q and let R be represented in 
magnitude and direction by OD. 

Since the 3 forces P, Q, R are 
in equilibrium each of them is equal 

and opposite to the resultant of the 
otlier two. 

. t'ompleto the ||- ODKA. Then O 
OH IS the direction of the resultant nf i> j t> 

Hut t),e .lircclinn of F ami R must be opposfte \o O 

litraight line. same 

OEACisnIlw 
Hence KA = OC. 

/. OC=OD. 
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OC represents the magnitude as well as the line of 

action of the resultant. 

This is known as Duchayla’s Proof. 

22 Parallelopiped of Forces. 

iJZHiX r" “"t 

UesultJiut of X and ^ ^ 

and OH) is represented 

The resultant of OE and 

Z (OC) is represented by OD. 

* OD represents the 

resultant ot X, Y and Z. 

Note. If the parallelopiped be 
rectanpuUr 

OE2 = OA2+OB2 
OD2 = OEHOC2 

=OA2 + OB2+OC^ 

R2^X2 + Y2 + Z2 

Exercises I (B) 

1. n Two forces of 8 and 6 lbs wt. act at ‘he angle of 
{i)6Q°.(ii) 120°; find the magnitude and directi 

resultant in each case. , • i i- onoles 

2. - The resultant of two forces acting at r'|h‘ 

IS 2 / bs wt. and one of the components is -5* 

M SireClon .~a ot Ih. other •»h'P°''“'ie ot 

3. ' The resultant of two forces acting at the ang 

A";® iq 5 /5 lbs. wt. and one ot the components is 

find the other component. Explain the dou e resu _ ^ 

’Show that the resultant giv^^lomes 

as the angle between them is diminished. 

the resultant will be maximum, and when ' resultant 


Show that a=sin ^ 


,/16 P®-9Q^ 

TP 


0 


ELEMENTARY STATICS 


7 . If four equal co-planer forces acting on a particle 
are in equilibrium show tlint they cancel each other in 

pairvS. 

8 Two equal forces act at a certain angle on a particle 
and have a certain resultant ; also if the direction of one ot 
tlie forces be reversed and its magnitude doubled^ the 
resultant is of the same magnitude as before. bind the 
i^ngle between the equal forces. 

9. If two forces P and Q have a resultant U wliicli is 
at right angles to W show that Q is greater than P as well 
as k" while P may be greater or less tlian U, 

10. II two fc'rces acting at a given angle have a certain 
resultant, show that if the forces be interclninged. the magni¬ 
tude of the resultant remains unchanged. Find the condition 
in order that the direction also may remain the same. 

11. Forces P and Q acting at right angles have a 
resultant U. If P increased by 2 lbs. and Q by 12 lbs., 

U also increases by 12 lbs. and the new resultant is the sum 
of Q and U. Find P and Q. 

12. Two forces, one of whicli is double the other, have 
a certain resultant such that if the greater force be doubled 
again, and the smaller be increased by 4 lbs. wt., the 
resultant has the same direction as before. Find the forces 
and also find ixow the resultant is altered. 

13. A given force U is resolved into two components 
so tliat one of the components at rigiit angles to the given 
force is ecpial in magnitude to R itself ; find the other 
component and its direction. 

14. Resolve a given force R into two components 
making angles of 80° and 75° with it. 

15. Two forces arc in the ratio 2 : /Jl ; if their resultant 
be perpendicular to the smaller force, show that the resul¬ 
tant is half the greater force and is inclined at 60° to it. 

16. If the direction and magnitude of the resultant 
of tw’o forces, the direclioiis of which are inclined at a given 
obtuse angle, be known, prove tliat one of the forces is 
greatest when the other is perpendicular to the resultiint. 

tP. U. 1914.) 
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R sin 9. 

so that Q- ^ 


COMPtt’iriOS OF FORCES 

SjI Let the given force R make 
an-le G w.th one of the con.pone.its 

L> ° * if-r tlie triveii an^le between 

F, ami let ^ (suppose) 

ihf- c'oinponents r ana ^ v ri 

DC a it should be noted that a s 

“Ic.; wnde 9 is to be t'etenmned 

Completing the paradelo-ram, 
have 

_P_ 

R®md a a?i know", the value of Q depends upon 
the vilu: o^ 9 is obviously greatest when 9 ^OO^. i he 

value of P^is^then^e resStant equal forces acting on a 

^,artiele ^ ^ I, hexagon and a forceU;acts along 

. > 140 If tills force be resolve I into four equiltorces 

the dia 'o lal A - 1 .,^^ component forces, 

actin, atoned. , p . ^he magnitude 

SO^with U.r^ireetion of'r rfsulUnt.^ findThe direction of 

10 i’ o“is n times that of the least possible, show that 

tolt «..lr sum. tl»r .nclm.t.on 

a is equal Cos^ ^ 

Two forces P and Q include an angle 9 and their 


21 Two forces r anu -- 

,„„U.n, i, B , it the .„g,e is- e. th. resuU.nt is 

.+0, the resultant is . show that 


•2 


3 
V 3 


if tlie angle is 

59_ 

22. The fwo^'^e^waf comJonenU^^^^ 

Shaw how to decompose it into two eqi 

lug through two given points ^ neroendicular to the line of 
/fin/.-From A draw .AK l making KL=AK. 

action KP of the force : produce AK L 

Join LB cutting KP m P- PA, 
the equal forces. 


CHAPTER III 


STATICS OF A PARTICLE 

0 

2S. Triangle of Forces.— 2f three forces acting on ft 
particle he represented in magnitude and direction by the sides 
of a triangle^ taken in order^ they are in etpiilihrium^ 



L?t three forces P, Q, R acting on. a particle at O, 

by the sides AB» 

BC,CA, respoctiviy of the trianjilc ABC, taken in order; 
then the three forces will be in equilibriurn. 

Complete the parallelogram ABCD. 

Sinre AD is ^iual and parallel to BC. Q may also be 
represented by AD in magnitude and direction. 


Therefore, forces P, Q will be represented 
and direction by AB, AD. 


€ • I At 


But 

resultant 


h\ the pnrnllelograrn of forces. AC represents 
of forces AB and AD 


the 


resuha'nt ofP the 

thereSuntofp.a.r'''"'* ‘‘"d direction 


Htit forces represented by AC 

h e. give zero us their resultant) since 
«ame particle. 


CA balance each other 
the lorces oct on the 


• . Ihe forces P, Q, Rare in equilibrium. 

triancll'C"‘'‘ 

while they represent the forees “a 1’. «, H; < 

not do so in /oi.r.on. and duMion, they 
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Corollary. -It is obvious that the force represented bv 
AC is the resultant of forces represented m magnitude and 

b” AB .«,1 BC. H.nc/ll.e Tri.bsle ot Force, m.y 

A lrqr,ii z 

ia vector n.^Utio.i, this may be expressed by tl.e equa- 

^^''^he^^idtant of AB, BC is represented by AC in 

magnitude and direction (not in line of action) 

Geometry where the lines are scalar quantities AB + BC> AC 
■nifs Ts practically another way of enunc.atmg the 

purallelogram of forces. iw AR and BC 

^ Notel. If the two forces represented by AB 

also acted along these sides, their resultant would act 

along 2^^”\ve may extend the corollarv to any multiple 

of the forces and obtain the equation as foHo^ : 

1 . AB+(t. BV-/— 

* 24 Converse of the Triangle of Voices. -If three 

. _.i. « r- i^ynfiiUhrhi.m. ikeU Cflll 


7A iionvcrse ui inc w - •• 

forces acting on a particale be in equilibrium, 

■represented in magnitude and directwn by 

trSn drawn in%uch a way as to have its sides parallel to 

the forceiy ' in ™ 

order, -' 

Let the three forces 
P Q R acting on the 
particle at O along 

OL, OM, ON, be m 

equilibrium. 

Cut olf lengths OA, 

OB from OL, OM to 

represent forces P and 
Q respectively. 

Complete the H" 

OACB, and join OC. 

Now, by the para¬ 
llelogram of forces. 
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or rppr<‘senfs tlie resultant of forces Panel Q represented 
l)y OA jiiui OH. 

Hut P. Q, H are in equilibrium, 

f 0(’ n^(i H xeiinp J«t O are in equilibrium. 

.’.Force H aetii ab' 17 .’ ON is <(]U{il and opposite to OC 
H rej/TfStvied hy CO {i e. 0(' mrrved). 

Also p „ ,, 0\ [c* nstr\u'iu>7\) 

and Q T\liieb is lepresenfed by OH may be n presented 
by AC \Oiif li is iqual nnd || io OH. 

Tbiis tlip three f< rees P. Q. It nelinff at O are repre- 
senferl respfolivlry by OA, AC, CO. tlie three sides, taken in 
order, of the A OAC. 

Apaiti, any irianj»le whose sides are parallel io the 
clireel ions of the forces P, Q. H will I,ave its sid<s ju.rallel 
to tlie sides of the A OAC and will, therffore, be ecpiian^u* 
jar anrl similar to it. Hence, the sides <*| any Uivv^iU' drawn 

in tile way described will represi nt the forces in iimgnilude 
and direction. 


Note 1—'1 his theorem can be extended nnd enunciated ns :—// 

threeintiufiuH o faftide le i; Ciiutlthrtum. they tan he 

iente.i tn mafimiutle by the sioe^ 0/ .# Jfaxitt in such n xvuy 

th.tttts respective sides make a const.^ut angle uiththe </irrcnon of 
thefo»ccs, •' 

Thm triai.Rle is siii.ilnr to the trinn^ile. OAC. because eneh of its 
Hides nuiki* a constant anjjle with the c rrcspondini; sides of OAC and. 
Lonseqiicntly, the imjilc hetweeii any tw«> of its sides will be tniial 
to the (oiuspoiidinp nngle of the trian^jle OAC. 

I trianjile he turntd in the phtiu’ throoi h an ancle 

•qualtollic constant ancle but in the opposite riicition, the tiiancic 

so obtained will have its sides parallel to ihose of the triunjjle tiAC. 
fight stccul wiiC. tUiondunt ongi, f„uy br token to U a 

TrJana/r thcorem, in this spec ini ense, is enlled tie *'PetcerdlcuIar 

Triangle of Forces and may be emiiu iati d as follows : ^ 

tude «/rt /-oinr CAM be iMmogui- 

befb/?/. ./.recriuns oj the /ui^csufc 

ucf tnu atds, then they are in equilibrium 

*nr>?« " niapnitiides of three forces are civen a tri- 

;ffrsrr, •b. 
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. .. of lUrt-c for.-.* in e.inilibrinn. wlu-n 
fin.lino (,) the .e/.-.-.tr 

iheir directions are Hiiatn). in , 

Ui.b'S are <;iven. 


rr ihrf>p forces aclin'J on a 
25. Lami’s ,,r,/porii»nal to tkt ^ine 

pwticle heepit ^ Th4 ^ 

noimtr.cal form 1 1 t ^ j p 

Let the three torces » [Mtie fi^ore .Art. 24 ]. 

and Q be represented ^ ‘ the resultant of P and 

Then, since H is equal OACB. we see that Uts 

Q, on completing Hie para g represented by OA 

represented by IU, wnnc 

and AC. respectively. to the sides of the 

oppcsdir^^Ses^'amr^^es^are proportional to the sides, 
we have 

p n R 


Q ^ = 


sfiTOCA'sin COA sin OAC 

■vT r^p A — tiiii B0C= sifi MOM, 

Now sin OCA _ ,e„.entary angles] 

sin COA=sin LON. and sin OAC-=sin LOftl. 


R 


Q 

sTn MON^siii LON LOM 


R 


H_Q _ 

‘•®\in “sin (i!.P) St'* (P-Q) 


AVhere (Q.P)’, (B-P)- (P-Q) 
the forces named by the letters. 


[jrLC2> * 

.,he above theorem ^tves the form in which paralteiogram o 

forcts ’ was enunciated by Lami 


I » ••••• 

w. 1 Forces—//* any 7 iumber of forces, 

„a„ “ „ t P-ST. 

by thf tide^ of a polygon, taken m order, m j 

ifi equilibrium, r.«rHcle O be 

Let the forces P. Q, R. S, T ^ sides AB, 

represented. in magnitude and direction by 

. IJC, CD. DE, EA, of the polygon ABCDis. 

* 
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Draw AC, AD, 

'riie rosxiltant of P and Q in magnitude and direction 
~ resultant of AR, BC = AC (cor. to Triangle of Forces) 

.* resultant of P. Q, U = resultant of AC, CD = AD, 

P, Q, H, „ AD, DK = AK. 

Hence,, P,Q,It,S,T= .. AE+p: A = O. 

the forces P, Q, U, S, T are in equilibrium. By 
adopting a similar uietliotl of proof, we can prove the theo¬ 
rem for any number of forces. Thus tlie general tlieorein of 

the polygon of forces is established. 

Note—It is easily seen from the method of proof employed above 
• liat the polygon imiy h ive its Ki<lcs* vrossmg each other or it may 
have it’* side:* in different planes. 



27. Graphical construction of the resultant of any 
number of forces acting on a particle. 

polygon of forces suggests the following method 
lor finding the resultant of any number of forces P, Q. R, S 
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mi I 


etc. acting on a particle at O. From any point A draw All 
parallel to the direction of P and also representing m 

nitude. 


D 


Q 


»> 

I \ 


V' 






V 




N 




X 


\ 


• ✓ 



'X 

i 


\C 


■k<i 



\ 

From the end point B, draw BC parallel and propor¬ 
tional toQ, similarly, draw CD, DE parallel and propor- 

to £LI\cl • * 

ni If the figure ABCDE thus constructed is an un¬ 
closed poiugon, then the line AE required to close the polygon 
will reorisent in magnitude and direction (not in line o 
rctionlTe resultant of P, Q. K, S acting at O and represen- 

ted by AB. BC, CD, DE. _ _ „ 

In vector notation, AB+BC+CO f Di2^=Aii^. 

terraTIiarVints) coinciding with each other then, smcc 
4 li = 0 the resultant is zero and the system of forces 1, Q. H, 

“ oiTh. poiggo. of F.,c».-We can 

enunciate the converse of the polygon of forces in the follow- 

ingform^^ nuwfcer of forces, acting on a particle be in 
equiliblium they can be represented in magnUude and direction 
by a (closed) polygon, taken in order. 

^ This form of the Converse IS true , -,i, „/O 

St the forces P, Q, B. S.acting on a particU at O, 

be in equilibrium. aHCDE . as in 

.... ir .tc.-ca and Pto. 

portional to P, Q» B, . 
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Then ABCOE.must be a closed polygon. 

For. if ABCDK.be not a closed polygon, the forces 

V. Q. It. S .fas represnited 1)V AB, BC, CD, DE.) will 

have a resultant ref)resenled by the line drawn from A to 
close the poly»»on. 

This is conir irif to hypothesis. 

29. The converse of the Pohpion of Forces is less 
ocncral than that of the triangle of Forces. In the case of 
converse of tlie rrianirlc of Forces, we have seen that the 
sides of rrcry triangle which represent the forces in directions 
also re[)rcs.‘nt the forces in magnitude, all equiangular 
trian.,dcs bcitig similar. 

ftut in the case of the (‘otjverse of the Polvgon of 
Fon-cs, it is not true that “the sides of every polygon^ taken 
in or Icr. and drawn {>aralhd to the concurrent forces in 
cquilihi iiitn will also rcpr<'SCMt the forces in magnitude**; 
becau>'' il d<»cs not follow that anv two [>olygons which 

have their sides parallel, sliould also 
hav'e their sides ]>roportional in an 
much as equiangular polygons are 
not necessarily similar. This is evident 
from the ailj(uning I'l rure where (A'B' 
being drawn parallel to AB) t)»e poly¬ 
gons ABCDFi, A'B'l’DE, though equi¬ 
angular are not similar (k e. their 
sides are not proportional). 



, , . , BC B'C 

for obvio\isl\ ^ , - • 

Cl) Cl) 

30. To prove that the algebraic su n of the resolved 
parts of two forces in a given direction is equal to 
resolved part of the resultant in that direction. 


Let the two forces be represented l»y O V and OB ronei- 
tivciy. and the resultant by diagonal i. 

OC nf tlie parallelogram OACB. 

L-t OX be tlie direction along 
which they are to b(‘ resolved. 

From A, B, C, draw the per¬ 
pendiculars AI., B.M, CN tipon OX, 
and from A again, perpendicular 
AR u})on C’N. 



L N 
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Tl,e„ OL, OM, O^' 
of OA. OB, and OC, respectively. So 

lclandOB = AC. nM-AIl = LN- 

They are ^whicli proves the theore... 

it ^q“u?iuy ONI=£n follows at one. 

iirxni;.' .HO- 

.r—e«' '>■« <>“• 

this purpose. .. ^ of O iu 

2. If /-BOX be obtuse It is easy to 

XO produced and N wiH OT -OM = ON. Tliis shows that 

see by drawing a ^ J*; Vncludes the arithmetical 

the algebnnc sum ( . also. 

difference) of OL and OM IS ON mtm ,ed by 

"• £y them with 

OA, OB, OC, and a. /3, 6 oe tne a g g 

Sx, .h.-n « ha.. .).. ro,„.»l. P ^ 

31. Generalised theorem for 

at f.«e. aW “ ^^"^“'““u.at'or’ P .»d «• P. 

number of forces. Let ti 
resultant of F, and B, and so on. 

Then the resolved part of P a o^g ^ 


ff 




Q 


fP 


Also 

+ 

Hence 

+ 

-b 


ft 


%9 


Pf 


ft 


Fi 

R 

P 

Q 

R 


9P 

PP 


PP 


PP 


Pf 


19 


99 


19 


= resolved part 

^of Fi along OX. 
=„ F, >. 


^resolved part of 
their resultant 

along OX. 

similarly, th. I' 

'Tlr'S'lcal coadiUo^ fo. 

number of concurrent coplanar forces. 

w To find the resultant of concurrent forces. 
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Before finding conditions of equili¬ 
brium we sh ill find the resultant of 
such forces acting upon a particle. 

Let the forces B,. P 3 . make 
angles aj, as. as-..with any line OX, 
taken ns .r-axis. 

liesolving the forces along OX, 
and the perpendicular line OY, we 
have (by Art. 31.) 

X = Pi cosa, + p 3 cos a 3 

+ P 3 cosa 3 +.=DP cosa. 

Y = Pi sin aid-p 2 sin az 
-I-P 3 sin = J]P sin a, 

wliere X, Y arc resolved parts of the resultant. 

If the resultant F be supposed to make an an^le A with 
OX, K cos ^ = >C, or iJP cos a * 

and F sin ^=Y, or ^P sin a. 

Thus F = and tan 0 = ^=^^ **-..'.( 1 ) 

^ ZjI COSoL 

mngnilude and direction of the resultant 
(Jij I o Jind the conditions of etpiiUhrium, 

Since the magnitude of the resultant is y/X^+ ' 
resullaut vai.islus, only if X and Y separately vanisli. 
Honce the anal,,deal conditions for the i<]uilibrium of anv 

number of concurrent co-planar forces are 

^ o. = 0 and P sin a. = d ( 2 ) 

t.e.ihe algebrntc sum of the resolved parts of the forces along each 
of boo perpendicular lines vanishes separali lit. 

Observation. It may be pointeil out here tluit resolved 
partsof the lorees are taken alons; two r 
pirpendicuhir lines onh/ as a matter of 
eonveniehce. We eoiild ns well take 
them along OX and any other line OA ' 

For, since the sum of the resolved parts j - ' 

along OX vanishes, then either the o -*-" 

p o p * parts vanishes alon^ O A cithci 

'»><■>« -■ couidlrf 
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■ F = 0 and equilibrium exists, 
gx._Five forces are represented in a regular hexiigun 

ABCDKF bv AB, AC, AD, AB. and jT 

AF, find in any manner, tlie resultant ^ 

force• 

First Method. The resultant of 

AB and AF is ’JAB cos 60'' along AD, 

i.e. AB along AD. , at- 

Tlie resultant of AC and Ali^ 

2AC cos 30® = AC.^/3, 

or 3 AR. along AD. 

Also AD=2AB The final result¬ 



ant is 6 AB along AD. 

Second Mithiod. For obtaining the resultant nna/i/jt- 
cally, we shoul I tirst choose suitable axes. Here Ah is pe - 

pendicular to AB. 

Hence AB and AE may be chosen as axes of x and y 
respectively. 

Resolving along AX, o . * r. ^ 

X = AB-1-AC cos 30 +AD cos GO +AF cos 120 

(AE has no resolved part along AB) 


= AB+ 3AB^^+2AB. AB. J=3AB. 


Resolving along AC, 

Y = AC sin 30 ®+AD sin 60 °+AE + AF sin 120 . 
=AB^+ 2AB ^ +ABv/3+AB ^=AB. 3V8- 
p3_ I 3a+(3 v^3)^ } AB*=36AB*, or F=6AB. 

Also tan 0= 

The student should note that AF sin 120 ®-AF cos 80® 
and it is simpler to put it directly by multiplying Al« by 
cosine of the angle between AF and AE. 


Exercises II 

J 1. Three forces acting on a particle keep it in equilib- 

V rium ; if the angles between the first and the second force be 
S 150°, and between the second and third be 120 , show that 
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they can be represented by the sides of a right angled triangle. | 
If the tliinl force be P, show that the first and second are I 

and ‘Jl* respectively. I 

2 . If tiiree forces which acting on a particle keep it in I 
ctpiilibriiinn, be inclined successively to each other at 120 °, I 
tihow tliat they can be represented by the sides of an equi- I 
l iteral triangle, and must be equal. 1 

Co'wersehf. if tlie forces be given equal, show that they 1 
must be equally inclined. r 

vX il. 'ffiree forces of 12 lbs.. 35 lb. and 37 lbs. acting on .a 1 

particle keep it in e(juilibriiifn ; show that the first two I 

forces are at right angles to each other . I 

4. Find the relative directions of three forces which 1 

acting on a particle keep it in equilibrium, if their relative I 
magnitudes are 8 : 15 : 17. | 

5. (Jive a geometrical construction to resolve a given I 
force into two given components. When does the construe- 1 
tion fail ? 

(i. Find by geometrical construction if (i) the forces of 
5, 7, 12 lbs. (ii) the forces of 15 f7, 36 lbs., and {Hi) forces of 
5, 5^3 10 lbs., acting on a particle will keep it in equilibrium. 

If they do so. find their directions. 

7. A force of 25\/2 lbs., and two other forces acting on 
a particle are in ccjuilibrium. If the angle between the first 
and second be 75° and between the second and third 135°, 
determine the other forces. 

8 . Four forces acting at the centre of a square are 
represented by its sides, taken in onlcr. Show that they an» 
in Cipiilil^rium. 

9. Forces of 5.6, 8 , and 9 lbs. act from the centre O of a ^ 
square A IK'D, along OA, OB, OC, OD. respectively, and forces ,.' 
of 5v^2 lbs., 6 v /2 lbs., 8^/2 lbs., and 9^/2 lbs., act at 0 
parallel to AB, BC, CD, DA, respectively; show, in any 
manner, that the resultant of all the forces is 3-/2 |bs. 
parallel to BA, 

10. Five equal forces act at the centre o^a regular 
hexagon parallel to five sides, taken in order; find the 
resultant completely. 
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11 If ABCD is a rectangle such that the diagonal AC 
• oAU and forces of 2 lbs., 4 lbs., and 8 lbs., act at A along 
AR^?r and oarallel to BD, respectively ; find the resultant. 

In TrSar hexagon ABCDEF. five forces acting 

Id’th” SfeSn ..d orW 

*13 Po 2 ot I. 3, 3. i, 5. d lb. .bt *1 Ibe o! . 

regular hexagon parallel to the sides, taken m order ; find 

the jjjat the resultant of forces 7, 1, 1, and 3 lbs. 

noting fmm an angular point of a regular pentagon towards 

the rLaining angular points, taken in order, isy 71. 

--Draw lines from the angular point (at which the 

forces are acting) parallel to the opposite side and perpendicu¬ 
lar to It and take these as axes. Otherwise; First compound the 
forces 1, I ; 8, 3, and then the resultant with the remaining 

15. Show that the resultant F of three concurrent 
P O R in the same plane is given by the formula 

F,lp3+Q»-rR'=+2PQ cos (F, Q)+2QR cos (Q, R)-1-2RP cos 

He cos (P. Q) stands for cosine of the angle between the 

forces P andjl perpeadicu'ar to the direc- 

„ Lfp wTS cos% = X = P + Qcos(P. Q)-»-R cos (R,P); 

ABCD is a square, each side being 17-8 inches 
1 F t the midpoint of AB. Forces 7. 8, 12, 5. 9 and 6 lbs. 

S 03 ” th= ."d di«.tto». AU, EC, BC, BD CA 

^7d DE respectively. Find the magnitude and position of the 
^higle foree^equired to keep the body m equilibrium. ^ 

11 Theorem. If two forces acting on a particle are repre- 
, fi 1,104 and m OB, then their resultant will be represented 

odi * "fc i. d P«"l» A« <*.< l.AC-v,.C„ 

From the triangle OCA, the 
force represented by i.OA is equivalen| m.OB 
to forces represented in magnitude and y 
direction, by i.OC and /.CA. Similarly ^ 
the force m.OB is equivalent to forces o 
m.OC and m.CB (in magnitude and direction.) 




34, 


ELEMENTARY STATICS 


Since /.CA=w, CB, the forces represented by I.CA and 

beins; in opposite directions, neutrali/e each other, and 

>'e are left with forces l.OC and m.OC wliicli tfive the 
resultant 

(/+m).OC. 

Note 1. I hr forces /.CA and m.CB arc aotin;; actiiiilly at (). 

Note. 2.— I his theorem is of c *nsideral>le iiiiportanc . If / is large 
iti ( omparison \vith m it, will not be possible to draw lengths to repre- 
s>nt the forces, oil the same scale in the usual manner, and hence the 
icsultant < annot be represented by the diagonal of a parallelogram : the 
present theorem overcomes the dillicuity easilv. 

Note.!. In vector notation, the above re>ult mnv be expressed 
hy trie following e<|uatlon. ’ 

r.OA+7n;OB=(;-}-m) OC. 

J{y changing the directions of tlie forces, we easily deduce 

/.AO+m BO=(/+7n) CO 

If/ = TO, C becomes tire middle point of AB and the 

(ortes l.O\ and i.OB have the resultant 2/.0('. Since 20C 

will be t^ diagoiial of tlie parallelogram constructed witli 

UA and OB as adjacent sides, tire tlieorem rcduceds to the 
{)arallelofrram of forces. 

If (=m = l, the resultant of OA and OB= 20C where C 

IS the midpoint of AB. 

r.nv'* and rn.BO (instead of 

7H.OB) and /> 7n, tire resultant is (l-m) OC, where C divides 



HA cxlrmallij sucli that /.AC=7n.BC f i. it. ~ V 

\ AC m / 




M BO 


We observe that the forces are 
acting at O, and while one of them 

diverges from O, the other converges 
to O. 

^Ve have 


/.OA =/.OC along OC and /.CA acting at 

O parallel to AB. 

Similarly, 771 .BO = m.BC, acting at (S parallel to AH and 

m.CO along CO or— tw.OU 
/.OA 1 f (i) (/-m)OC along OC. 

{ (u*) /.CA and w.B('acting at O 

andm.BO J ( parallel to AB. 

But the forces (n) namely /.CA and m.BC' ueutraliKe 
each otJier, since /.AC = m.BC (given) 
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Hence we are 

the resultant. 

Note. If l< m, 

t 

divides AB externally 


left with the force (i—wi) OC, which is 


the resultant is (m —/) OC where C 


in the ratio - so that ^ 


The 


point C in this case is on the right of B in AB produced. 
Observe that the external point of division C is nearer to A 

ol' B according as/>» or <rn. 

In the vector notation, the proof given in 34 may 
be simplified as follows : 

LOA =/.OC+Z.CA 

m. BO=w BC-pwi.CO 


2 .qA+m.Bd^i.OC+TO.CO+f.CA+m.BC=LdC + 

' m.COT (since i.CA and tn.BC neutralise each otlier, ns 
they are given eqCTal and act in opp osite sense) 

=l-OC-m.OC (CO = -dC) =(i-m) QC. 



arks 


If/= 7 n, we have _ _ __ 

(t) CdA+»n.Bd=CUA+CBO=J (BO+OA)=Ck4 

which is merely a re-affirmation of the theorem of 
the Triangle of Forces. 

(a) also hAC=m.BC. gives CA=BC. 

Hence C must be at an infinite distance, i. e. OC is 
parallel to BA. 

35. Centroid.—In goemetry, the point of intersection 
of the medians of a triangle has been defined as the 
centroid of the triangle. In any tri¬ 
angle ABC, if Gj, be the middle 
point of BC, the oantroid Gj is such 
tliat 2 GiG^^GjA. 

Generally, u defined as the 
centroid of points B and C, an I G 2 as 
the centroid of points A, B, C. If a fourth point D is joined 
to G 2 and DG 2 divided at Gg, such that 36263 = 630 , Gg will 
be the centroid of points A, B, C, D ; and so on. 
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10 . If forces P, Q, R, S, acting along the sides AB, CB, 
CD, AD, respectively, of a (juadrilateral ABCD be in equili¬ 
brium, show that 


P . Q . S R 
AH ClT* ‘ AD ' CD * 


(P. U. 1935). 


[flint : Re|>resenting P by A.AB, Q by P'. CB, R by 
CD, and S by p-'. AD, prove that 
H. A line cuts the lines of action of three concurrent 
forces P, Q. R it> A, B, C, respectively. If R be the resultant 
of P and show that 

oa'^ob ^ 6c' ) 


Sol. Resolve the forces perpendicular to ABC. 

Or, representing P by A.OA, Q byi^.OB, R will l>e 
represented by (A4-|J-).0C. Hence 





This is then only another way of stating the theorem 
of Art. 33. 

12. ABCD is a f uadrilaterul ; Lj, L, are tlie middle 
points of AB. (’D;Mi, Mjof AD, BC ; and NuN^ofAC, 
BD. Find in diirerent ways, the resultant of forces repre¬ 
sented by PA, PB, PC. PD, where P is any point ; hence 

show that Li. are concurrent and have 

the same point of bisection. 


MISCELLANEOUS WORKED OUT EXAMPLES 

36 Ex. 1. Two forces act at such an angle that the 
resultant is C(|ual to one of the forces, show that if that 

lorce be doubled the resultant will become perpendicular to 
the other force. 

First Method. 

Let the forces be represented by OA and OB and have 

the resultant OC, the dia¬ 
gonal of the parallelogram, 
so that OC = OA. 

When the force along 
OA is doubled, ht it be 
represented bv OA' such 
that OA'=2 OA. 
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Completing the parallelogram OA' DB, the resultant is 
represented by OD. 

Also P*" QQQ _ ^ DO A, so that OE bisects the 

vertical' fngle of fhe isosceles triangle OAC Z OE .s per- 
pfndicular to AC or to OB, the direction of the other 

Xhis method is geometrical. It will be instru^ctive to see 
how the problem could also be solved by Lami s Theorem. 

Second Method. 

In case (i) the forces P, 

Q have the resultant P, so 
that P, Q and P (opposite 
to the direction of the re¬ 
sultant) are in equilibrium. 

P , P , Q 

sin a sin a —sin 2a 




(i) 


(U) 


whence rr ~~ 


(A) 


2 cos a 

In case (ti), let 2P and Q be balanced by U making 
an angle Q with Q. 


9 9 


u 

w 

sin a 


Q 


2 P ^_ 

sin 0 —sin (a+@) 
P __ —sin 0 


(B) 


whence • 

From (A) and (B), cos a sin 0=sin (a + 9), 
or sin a cos @=0. 

TT 

Since sin a^O, cos 9 = 0or, - 

Tlie special utility of the second method will be seen 
by applying it to the succeeding example taken from 

(ireaves* Statics* 

Ex‘. 2. Two forces act along the sides CA, CB or a 

triangle ABC, their magnitudes being proportional to cos A 
cos B. Prove that their resultant is proportional to sin L* 
and that its direction divides the angle C into two parts 
i (C+B-A), i (C+A-B). (P. U. 1924) 
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jf the resultant of the 
forces cos A, A eos B be R, 
then R reversed is in, equili- 


brium with A cos A and A cos B. 

R _ A cos A _ A cos B 
sin C >.in (C -0) sin 0 ' 

. sin (C —cos A 

whence ' ' - = „ . 

sin f) cos B 

Now, as in the last example, we solve 

# . ^ ^ -- cos A 


for 0. Thus sin C cot 0 —cos C = 


cos B 


. _ cos A . V, 

or sin C cot 0= “ „-Hcos C 

cos B 

sin B sin C ^ t» • /> 

= _ — = tan B sin C. 

cos B 


Hence cot 0 = tan B = cot^-^ — B 


this equation 


or ©=-J-B=i(‘V+B + C)-B = J (A + C-B). 

Hence C-e=J(B+C-A). 

Also R= -. - =AsinC. 

sin ^ 

Ex. 3. Two forces acting along the sides OA, OB of a 
triangle OAB are represented by OA tan A and OB tan B; 
show that their resultant is represented by AB tan A tan B 
and act along the perpendicular from O on AB. (P.U^ 1929). 

Draw OL perpendicular to AB. 

Since-"^^- ® 

“BL-OL/AT'teS A’ . 

L diyides AB in the ratio 

t»na:< tao A. 
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Het.ce the resultant of OA Un A and OH tan H acts 

along OL and [An. 3 - I 

(tan A+tan 13). Ul^ l 

OL= 

AL.BL 


_/OL OL 
”IaL B1 


9 

:)■ 




(P. U. v.m), 

and PC will 
by PA ai id 


n 


■ Ex 4. AUCisa triangle, and P \s any point in B(. 
If PO represent the resultant of the forces represented by 

PA Pb! PC prov, Ih.. 1).. lo«.- -10 >“ is 

parallel to BC. . „ 

Let D be the niiddie point of BL. 

Since.PB+PC=*JPD. the resultant of PB 

be PP', whereDP'=-i:'D. 

But the resultant of forces represented 

PP' is represented by the 
diagonal PQ of the paral¬ 
lelogram whose adjacent 
sides arePA and PP'. Thus 
Q lies on the straiglit line 

throu;rh A parallel to CB. , ^ i 

Ex. 5. The sides AB, Be, CD and DA of a quadrdateral 

A BCD are bisected at E, F. G. H, respectively. Show that 

if two forces parallel and equal to AB and 

_TTU' 34 nri^nual totSllri 




Employing vector notation, we have 
AB=ATi+HF+B'B 
DC=DH+HF+FC ^ 

ArB+DC=(AH + DH)+2HF+(FB+Fe) 

=0-f-2HF-f 0=2HF * 

C/AH is equal and opposite to DH and so are FB and 

m) 
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Exercises IV 

1. If one force be double the other and they have a 
resultant equal to times tlie smaller force, find the angle 
Kt which the component forces are inclined and also the 
.an*dcs whiolk the resultant makes with them. 

O 

2. Two forces have the maximum resultant 23. but if 
they acted at right angles, the resultant would be 17 ; find the 
forces. 

^ 3. Forces P and Q act at such an angle that the resul¬ 
tant is doubled either when Q is doubled, or when the direc¬ 
tion of Q is reversed. Find the ratio of the forces. 

w4. Two forces P i-Q a>»d P —Q make an angle 2a witli 
one another, and their resultant makes an angle Q with the 
bist etor of the angle between them. Show that 
P Ian @ = Q tan a. (P. U, 193L) 

^ 5. Two forces P and Q have a resultant R, which 
Tn>kes a certain angle with P ; if P be increased by R while 
Q remains unchanged, show that the resultant will now make 
half the angle with the force P + H. 

6. Two forces in the ratio : V 2 act at angle 105®; 
find by the application of Lami’s Theorem, the angles which 
the resultant makes with the component forces and the 
proportional magnitude of the resultant. 

7. The resultant of two forces P. Q, acting at an angle 
iscqual to (2m-f-t)VP“ + Q*; when they act at an angle 

I- e, the resultant is equal to (2m-l) ; show that 


tan 




m —1 
m4-l 


(Greaves.) 


8. If any three points A, B. C be taken in the circum¬ 
ference of a circle and forces P, Q, acting along AB and BC, 
respectively, have a resultant R acting along the Uugent at 
B, show that P : Q ; R : ; BC ; AB ; AC, 

9. The resultant of forces P and Q is R ; if Q be doubl¬ 
ed, R is doul^cd ; whilst if Q be reversed, R is again doubled 

Show that P : Q : R : : : ^2. 

10. Prove that if O be the circumcentre of a trianolc 
ABC, the resultant of the forces represented by OA, OB 6c 
is represented by OP, where P is the orthoccnlre. 
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triangle to the vertices, may balance. 

n Forces each equal to F act at a point parallel to 

11. ^°rc®seacneq rf d u„ their resultant, prove 

the sides of a triangle ABC. It K oe tneir 

cos A-2 cos B-2 cos ^ 

[flint : Resolve the forces parallel and perpendicular 

to AB ] i. • u 

12. The resultants of forces P.Q acting at a 

T? r\A fhrtf nf P R acting nt the same angle 

IS F, and that ot » acrain actintr at the same angle* 

F. The resultant of Q, B again acuii„ 

is G. Prove that if P+Q + H=0, G = i. (‘-U- 

Sol. F2=P2+Q"+2PQ a.CO 

pa— p2_pR2-f 2 PR cos a .(^0 

G>*=Q^ + R-+2QH cos a - - («0 
From Hi) and (iu), F^-G^=(P-Q) (P t Q + 2R cosa) («) 
From (i) and (n). Q + R-—2P cos a 

cos ct—4 (or (>.==60®). ^ \ 

Now substitute for cos a from this equation in (tt). 

18. ABC is a triangle and D. E, P ^e V^Bf ' VikI 
points of the sides ; forces represented b> AD, ^ - 

t CF act on a particle at the point where AD and 

Show thiS; the resultant is represented in 

dheetiL byi AC, and that its line of action ci-idesBCm 

the ratio 2:1. '' ' ; . 

[Hint : Treat the force AD in two parts, using the 

Triangle of Forces.] 

14. ABCD is a parallelogram and P any P';"'\"“. ® 
nlane Tlirou<rh P, KL and MN are drawn pamllel to tne 

sides to meet the other sides in K, L : and M, N . 

Show that the resultant of forces represented b> PK. ^^^ 

PM, PN will be represented by 2 PO, where O is the 
of the parallelogram. ^ 

15. ABCD, A'B'C'D' are two parallelograms, 
tliat forces acting at a point, proportional to, 
same direction as AA'. B'B. CC', D'D, will he m 
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10. From a point within a oircle whose centre is fixed, 
strai^^ht lines I’Aj, PA^, PAg. PAj are drawn to meet the 
rireninlerciice, all being equally inclined to the radius through 
P. Show that if these lines represent forces radiating from 
P. their resultant is independent of magnitude of the radius 
of the circle (Greaves ; P. U. 1934.) 

37 We liave set n that forces may appear in the form 
of tcnxifm, atiraciion, or readion, (Art. 8). Now when u 
fort e fippcars hs tension, and the string is tight, and the 

force acts direelly or by passing over a smooth pulley, the 
tension i.>, the same at all points of the string. If the force 
of tension acts through the agenev of a rod, the rod should 
be h,oht and r/gjd, in or(ier that the tension may be the same 
all throijgli. 

Wli.-,, a light String passes through a smooth rin«, the 

tension will he tlie same in two parts of the string. But when a 

string IS Icn„lted to any weight, the two parts of the strintr will 

aet as two .lilhTent strings and the tension will not necessarily 

be the s line. While, in the lirst case, the weight is free to 

slide on tlie string, in the second it is tied and has no freedom 
of movement. 

There is always a limit to the strain which a string can 
bear ; when the tension e.Mceeds this limit, the string breaks 

Again when tlie force of reaction appears as the result 
of one bo<ly j.ressing against another, it is necessary that 
the bodies shall be rigid. Ihus rigidity is an essential pro¬ 
perty of the bodies, with reference to which we consider 
motion or equilibrium. (See Art 6) " 

38. ^^e shall now illustrate the practieal applications 

of the elemenuarv pr'oeqdes of Statics discussed hitherto. ' 

bx. 1 Inclined Plane i partivlc of jveieht \V resU 
<m a smonth plane u,dined to the horizon at an ansle a 
and IS sup,,nrled h>, a force acting along the tine of^taUsl 

'dope ; Junl the force and the reaction of the plane. ^ ^ 

Since the plane is smooth, the 
reaction of the plane on the particle 

f normal to the plane, so 

that if K be the reaction, and P the 

supporting fo^e. R is perpendicular 

-to P.O being the particle. W acts along 

the vertical OH, and if OC be the 
prolongation of R. it is obvious that 
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/COU= zOAC=0L. .... . 

Now P» K, VV, acting at O, are in equilibrium 
• bv Lami's I’lieorem, we have 
' 11 - 
' ' / TT \ sin (tt —a) 

^>*1 V 2 

R _ P 

or 


VV 


TT 


vSin 




-=W. 

cos a 0. 

Hence R ^ W cos a and P sin a. 

Otherwise thus : — ^ _ ... 

P is acting along the plane and R perpendicular to t. 
hence the conditions of equilibrium are found ea.sily by 
resolving W along these two directions, 
whence P = VV sin a and R = VV cos a- 

Or._Hv drawing BD perpendicular to O.A, we see that 

the forces can be represented by the sides ot the triangle 

OBD. 

• • OD HD OB OB 

R=?o. W = VV cos a. 

{JD 

Ex. 2. A string of length 7 feet carries a smooth ring 
of weight li' so that the ring is free to slide on if and has its 
two ends attached to two fixed points in a line o feet 
apart. If the ring is drawn aside by a horizontal force so that 
the two portions of the string become 3 feet and 4 feet, respective¬ 
ly, and one of them makes an angle afSO w ith the 
find the force and the tensions in the string. 

Let the fixed points be A and B and let the 
at O, so that OA=3' and OB=4', 

Since the sides of the triangle 
OAB are now 3. 4. 5, the triangle 
AOB is a right angled one. 

If there were no horizontal 
force, the ring would be in equili¬ 
brium below ;the middle point 
of AB. But since the force 


- - - I 

horizontal. 


ring 


rest 



Iw 


F draws the ring towards A so that OA is 
it is OA which makes 60® with F. Tl^e 
makes with the horizontal is, therefore,* 30®. 


reduced to 3 feet, 
angle which OH 
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The tensions in the two portions of the string are 
obviouslv' the same. 

Mere four forc.'s act at a point, and ],atni’s Theorem 

IS not applicable. 

lienee resolving the forces hori/ontaJly ami vertically. 

> •« _ 


T cos 30 =T cos 60'^-f.F. 
T sin 30"’+T sin 60‘' = W. 

Kron, (I), T ) =k. 


ami from (2), I' ^ ^ 


r \ ) = \V. 


.. (I) 
...(2J 

...(3) 

...(4) 


lienee, by division, 


F 

\V 


v/3-l 

— •>_ ‘i 

v/3-l-l “ ' 


F = \V(2-v^3). 

From (4) T = ^ =(v 3 ,j\v 

/ /f*' ** “ </uspended from points -1 

II /A.t. «/C. The inclinations to the vertical of AH nn!} f'ii 

ir "'■’/ ^iir. reupcclively, and the angle .iUC is J6:,° ^Find 
II and the icmxnns in the different parts of the thread. 

{P.V. 

^ T, T„ T 3 be the 

0 tensions in the parts a\R. 

] BC, ( D of the thread. Then 
j at pf)int H a(*t three forc*es 
T, along BA, 1 '^ along lU' 

and 10 lbs. wt. vertieallv 
downwards. 'I'liese forces 
keep H in eqiiilibriiiin. 

II(‘Mco by s riicorciH 

' = 'r. 10 

sm 60“ sin . 15 ° sin 165° ’ 



-r, T,= 

10 v.r 

V 3-1 ^ 2 


2 v '^2 

and 

T — 

I 2- 


a—'3 + 1) lbs. wt. 


T,=-10(s/3 + 1) lbs. wt. 
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r„rCB'frC t TTl'in*™.”'™"in >he 

Sr;h.%.me T, ttoougho,.; TK. pomt B pulM 

;;s s c"b bo;.,. 

BC, two opposite tensions, each equal to F., act, and t 
keep the point in equilibrium. 

So here again by Lami’s Theorem, 


sin 30^ 


T 3 ^ W 


sirVeO® sin 90 


O 


• T 3 = v'3.Tj= 10(3+V3) lbs. wt., 

„,nef„d is - string .lid. ‘trs Jtrsf rods, id, foro,sr of 

toitZ ""TZeiiilt P t tied to the string, prove that in the 
position of equilibrium, p_. Vr+H"' where 6, 0 

.i of its string 

""“i .b„v. .x-P-p;., XSS onyS.,i“ ” 

important bearing on tensions and rea F 

The rings being smooth, the 
reactions at A and B are perpendicular 

to OA and OB. 

Since equations involving re¬ 
actions are not required, it would be 
convenient to resolve forces at each 
point along lines perpendicular to 

reactions. 

Hence for pt. A, resolving along 
AO, TiCose=W ,. 

Similarly for B, resolving along BO, 

T, cos ^ ~ -t-a-fS )=VV' sin a 

o, T,sin(?l-a)='V' sin a.(2) 

For considering the equilibrium of point C, Lami s 
Theorem is most convenient. * 
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P ^ _ H 

sin sin (0 — 0) 


Mn0 sin 0 

Substituting for I'l and T 2 in (3), 

\V ^ W' sin g P 

cos 0 sin 0 sin 0 sin (0 —a)“ sin (0 — 0) 


. (^) 


(4) 


(5) 


Now equations (4) involve only the required <)uantities 
and arc practically equivalent to the reciuired result. Further 
reduction may be doiie as below :— 

W _ cos 0 sin 0 

* P sin 0 cos 0 —cos 0 siik 0 

\vc have by cornponendo, 

\V __ cos 0 sin 0 _ cot 0 

P-pVV sin 0 cos p cot 0 

Again, from (5). VV/cos 0 sin 0 in (4) <rau be replaced bj 
(\V f P)/sin 0 cos 0. which Iea<ls to 

W + P ^ _W' sin a 
cos 0 sin (0 —a) 

\V -f- P sin a cos 0 

W' ""sin(0-a) ’ 

VV + P _ ^in a cos 0_ cot 0 

W-f-I'-P W cos g sin 0 cot g 

*Ex. 5 A cradle in tht funn of a s(fiuire ln} i is 
fuf means of four cjual strings Joiind to one siring attached to the 
rri/ing. /f the lengths of the srrinffs be double the sides of the 
cradle, find the tension in each string in terms of the iceight, 

[P. C/. in *9] 


fa result free from 0f. 


Hence 


or 


Let AliCl) bo the u[)per face of the box» to the coruors 
of which the strings are attatdied. Let 1' be the tension in 
any of the strings and a the side of the box. Since the cradle 
hangs symmetrically, the vertical tlu*ough O, the point of 
suspension, meets the square at its centre O', and OO'A is a 
right angled triangle. 
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Now 0'A=AB cos * 

Also it is given that OA=2a. 

1 

/. nzAOO'=d, 




Hence 


COS0 = -^^2 • 


Resolving the forces vertically 

4 T cos 0=W, where W is weight of the box. 



W 


« • 


Ts=-sec 0 = 


w w 2 y 2 _ w 

/. T=^sece=-;^- vt'-TTI- 

It is assumed here that the weight of the box is concent¬ 
rated at a single point below OJ'. 

Exercises V 

1 A wpi<»Ht of 10 Ib-i, which han^s by a string, is pushed 
to one side by°a hi>rizontai force so that the string makes an 
angle of 60® with the vertical ; find the horizontal force and 

thf* tens.on ot the string. _ . « • l 

2 A weight W liangs by a string and is drawn &s\Jks by 

a horizontal force until the string makes «« of To with 

the vertical ; find the horizontal force and the tension of the 
string. Show also that the tension increases as the angle 

increases^^^^ W is sucpended by two strings which make 
angles' of 45"" and 60®, respectively, with the vertical; find the 
tenons m 

5 ft. and 12 ft., respwtively, and the other ends of the strings 
are attached to two fixeil points in a horizontal line 'd ft. 
apart find the ratio of the tensions in the strings, and the 
minimum strain which the strings should be able to stand. 

5 A weight of 08 lbs. is suspended by two strings of 
leneths 8 ft. and 15 ft., respectively, and the other ends of 
strings are attached to two fixed points in a horizontal line 
IT ft. apart, find the tensions in the strings. 

If Le strings have any lengths so that they are 
angles, show that, for any given weight, the tension in the 

•mailer s^ing is always greater. 
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6 . A String of length 30 ft. carries a ring of 1 Ib. weight, 
which is free to slide on the string and the ends of the string 
are attached to two fixed points in a horizontal line 21 ft. 
apart. Find the tension in the string.* 

7. A mass of 12 lbs. placed on a smooth horizontal plane, 
is pnlie^d by forces of 5 arid 5^3 lbs. wt., making angles 80® 
and 60®, respectively, with the horizontal plane, so that the 
mass remains in e<piilibriurn. Explain how the forces will 
act and find the reaction of the plane. 

3. A mass ol M lbs. placed on a smooth horizontal plane 

IS pulled by forces of P and Q lbs. wt., making angles 80® and 

60 respectively, with the plane. Tl»e forces he in the same 

vertical plane and on 0 [>posite sides of the normal. Find the 

conditions of equilibrium. Explain why the reaction cannot 
be negative. 


y. A mass of 5 lbs. is placed on a plane inclined to the 
lonzon at an angle of 30® and is prevented from sliding down¬ 
wards by a nail driven in the plane. Find the pressures exer¬ 
ted by the mass on the nail and the plane. 

. 10* A particle of weight \V is placed on a smootli plane 

inc me to the horizon at an angle a. Find the horizontal 

wards ^ just prevent the particle from sliding down- 


^ A mass of 100 llw. rests on a smooth plane inclined to 

e lon/on at an angle t>f 30° ami i-, .supported bv a force 

Whose luclmation to the horizon is 60^ ; find the forJe and the 
reaction ol the plane. 

12 , Two smooth ppfTs in n wall are in a liori/.oiital line aad 

“t its extremities passes 
its (liicctTon * of eacli peg on the string and 


l.t. here arc three smooth pegs in a wall in the form of 

sn e,,uilatc al triangle ABC. so that AC is horizontal and a 
stiing carrying two e.iual weights at its two ends passes over 

the string' ^ ^’'*“>1 the reactions of the pegs on 

H wit H '•'‘ed in a vertical wall In such 

u, • 1 ^ “ string passing over the pegs carries 
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15. Find the greatest weight which can be supported by 
two light strings making angles 60® and 45® with the vertical, 
it beincr known that either string will break under a tension of 
W lbs;wt. (P- U. 1015} 


' 16. A light siring of length I has its ends fixed at A and 

B two points in the same horizontal line, at a distance a 
apart, and a heavy ring of weight W can slide along the 
string. Prove that the ring can rest vertically beneath B, if 


a force — j~ is applied parallel to AB. (P. U. 1912) 

t 

17. A ring of weight W, which can ^ide freely on a 
smooth vertical circle, is supported bv a string attached to the 
highest point. If the string subtends a right angle at the 
centre oi the circle, find the tension of the string and the re¬ 
action of the circle on the ring. 

18. If in the above example, the thread makes an angle 


A with the vertical, find the tension and the reaction. 

(P. U. 1939) 

19. Find the tensions in the string ABCD, fixed at A and 
D, and carrying equal weights at B and C, it AD (c) is hori¬ 
zontal. AB = BC=CD, and the length of the string is 3l 

. (Ziwet and. Field) 

20 . Two particles of weights P and Q, respectively are 
connected by a string which lies on a smooth circle fixed in a 


vertical plane; show that if be the angle subtended at the 


centre by the string, the inclination of the chord joining P, 
Q to the horizontal, in the position of equilibrium is 

tan-* (P'^Q)/(P + Q). (Greaves) 

21 . A small weightless ring slides on a smooth arc of a 
circle and rests in equilibrium under the repulsion of three 
forces P, Q?R directed from points dividing the circumference 
into three equal parts ; if its position of equilibrium lie on the 
smaller arc between the points from which the forces Q, R 
are directed, show that the pressure exerted by the circle is 

{ P»+Q2+R*-QR+ RP+PQ } (Ibid) 

[HtnL— If the resultant force make an angle a with force 
P, resolve along the resultant force (which is along the normal) 
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and the ptrt>endiciilar direction. Eliminate a by squaring 

fcnd addin*» the two sums of the components.] 

22 . A heavy chain has weights of 15 lb. and 20 lbs. attached 

to its ends and hangs in equilibrium over “ 

Determine the weight of the chain if its greatest tension is 

•0 ib. wt. 


( 23. A chain of length 10 ft. passing oyer a pulley has a 

weight of 9 lb. attached to one end which is at a distance ol 
4 ft. from the pulley;^_the weight of the chain. 

21 . ABC is an equilateral triangle formed of weightless 
inextcnsible strings. The side AH is horizonUl, A and B are 
lied to fixed points D and E by equal weightless inextt nsible 
strings AD, BE, and a weight of 2 >bs js ^tUched at the 
lowest point C. Given tlmt the angles DAB, ABE are each 
150®, find the tension in each of the strings. 

U 25. Three light equal strings are knotted together to 
form an equilateral triangle ABC, and a weight VV is suspended 
from the lowest point A. If the triangle and the weight be 
supported with BC horizontal by means of two strings at B 
and C each at an angle of 185° with BC, show that tlic tension 


W 


(3 - v^8). 


ill BC is 
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RESULTANT OF FORCES ON A RIGID BODY 


39. Like and Unlike Parallel Forces. We have hitherto 
considered the equilibrium offerees only when they act on 
a partide. To consider the action of forces on a bodij, the 
body must be taken to be rigid. (Art. 37). We have discussed 
that a force acting on a rigid body is completely known when 
we know its magnitude, direction, and sense; the point of 
application is of no consequence, since a force on a rigid body 
can be transmitted to act at any point in its line of action 

(Art. 87), 

When two non-parallel co-planar forces act on a body at 
two different points, their lines of action can -be produced 
to intersect, and since their points of application can be 
transmitted to the point of intersection, their resultant can 
be found by the parallelogram law. 

But when we have to compound two parallel forces acting 
on a body, we cannot construct a parallelogram, whose adja¬ 
cent sides would represent the forces. This difficulty is over' 
come by the introduction of two equal and opposite forces 
which neutralize and do not produce any effect on the body. 
The method is shown in the following article. 

When parallel forces act in the same direction, they 
are said to be like ; when two forces act in opposite directions, 
they are called unlike. 

«' 40. Resultant of two parallel forces. 

Case L When the forces are like. 

Let P and Q be two like parallel forces. Draw any line 
to meet their lines of action at A and B, and introduce at A 
and B, along BA and AB respectively, two forces each equal 
to R, The forces so introduced, being equal and opposite, 

have no effect on the system. 
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Let Rj, Rj be the resultant of the forces at A and 
8, respectively. Produce tl»ern to meet at O and through 
O draw OM parallel to the forces, meeting AB at M. 

Now the: resultant of P and Q is equivalent to the 

resultant of Rj and R3. But the 
point of application of may be 
trHnsferred from A to O, and R| 
resolved into components U and 
P, parallel to their original direc¬ 
tions, Similarly R, may be taken 
to act at O and resolved into Q 
ai d R. The two equal and oppo¬ 
site forces R at O cancel, an*> xce 
have finally the resultant P+Q 
acting along OM. 

Having found the direction 

and magnitude of the resultant, zee proceed to determine the 
position of M on AB. 



Since Rj is the resultant of P and R, Ri acting in the 
opposite direction will be in equilibrium with P and R. These 
three forces acting at A, bei- g in equilibrium, can be represent¬ 
ed by the sides of the triangle OMA. 


Hence 

Similarly, 


P _ OM 
H" AM 

taking the forces at B, 



Q ^ OM 
R "" mb 



From (1) and (2), by division, 

P _^IB 
Q AM’ 

or P.AM=iQ.MB, 

• e. M divides AB interniUly in the inverse ratio of the forces. 
Case II, When the forces are unlike. 

... applies with slight 

necessary modification. ® 

^ «nlike parallel forces, P being the 

greater force. Draw any line to meet their lines of action at 


RESULTANT OF FORCES ON A RIGID BODY 




A and B, and introduce at 
A and B, along BA and AB 

respectively, forces each equal to 
R. The forces S) introduced 
have no effect on the equilibrium 
of the botiy. Let Ri, Ra be the 
resultent of the forces at A and 
B, respectively. Produce them 
to meet at O, and through O 
draw OM parallel to the given 
forces to meet BA produced at M 

Let the points of application 
of Ri and Ra be transferred 
to O Let R, be resolved into components P and R. parallel 
to their original directions. Similarly R, is resolved into 
components Q and R, each acting at O. Now the two eql.al 
and opposite forces R at O cancel and we have finally the 
resultant force P-Q acting along MO, t.e. parallel to the direction 

of the posUion of M on BA 

produce^^^ Ri is the resultant of P and R, Ri Th**** 

opposite direction will be in equilibnuna 

three forces can therefore be represented by the sides of the 
triangle OMA. 

P OM .(1) 

Thus —=. .' ' 


R 

Similarly taking the forces at B, 
Q _ OM 
R BM 


( 2 ) 


From (1) and (2), — 


P ^BM 
Q AM- 

or, P.AM=Q.BM, ».<?., M divides BA extemaUy la the 
inverse ratio of the forces. 

Summary of results. When two like or unlike ^allel 
forces P and Q act at points A and B of a rigid body, we 
summarise our conclusions as follows : 

1. The magnitude of the resultant is the sum or differ- 

t> r\ ac tVlAV ATP IlkC OF UnukCa 
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2. The direction of the resultant 4s the same as that of 
P and Q when they are like ; lait when F and Q are unhke 
the resultant has the same direction ns that of the greater 
force. 

a. The resultant is nearer the greater force and acts at 
d point M which divides the line AH or AB produced inversely 
as the forees, so that P.AM = Q.BM. 

Note 1. The rim^nitndc and direction of the resultant could have 
been foiintl from eicnn ntury considerations. Since paralle l forces may 
to regarded as a paitie ular case of interscclinjj forees whose point of 
intersection is at infinity. The angle a ^ 0 (Art. 17)*for like forces, and 
etpial to TT for unlike forces Then R bei'ornes P-f-Q and P —Q, respecti¬ 
vely, and is obviously parallel to P, fi being zero. 

Note 2. Since M ilivides AH externally in the inverse ratio of the 
forces, wlien they arc unlike, the point M must be nearer to the greater 
force ond on the other side td it. 

Note 3. Supposing A and H to l>e the h\ed position of M depends 
only upon the of the forces P and Q. Then, whatever equal 

rotations P and Q may undergo, their resultant will be acting at the 

M, so long as their magnitudes have the same proportion. 

^^*^^0104. The construction in Case II fails when Hi and Hz become 
parallel. i.e.. when they make the same angle with AB. 7 ;»is happens 
When P and Q become equal tn magnitude. Thus we conclude that 
two parallel equal and opposite forces cannot have any single fofce 

/lavs the same effect on the system as these fotcos. So it 
will be necessary to consider this exceptional case. sc|>atutely. 

Note 5. Taking regard of the signs of the forces, if they are like, 
they will have the sliine signs ; if unlike, opposite signs. Also when the 
forces arc like, AM, MH will be measured in the same direction, but if 
unlike, in opposite directions. Hence paving regard to signs, the 
formula. ' ' ® 

P.AM=Q.MB or AM/MIL^Q 1* 
gives the point M /or both the cases. 

Note 6. This proposition enunciates the Principle of the Lever. If a 
horizontal bar AB rests on a support at M and weight P is placed at the 
point A (say), then the force Q at H, which ^yould keep the system 
equilibrium, must act perpendicular to AB, and be such that(; 

P.AM^QMB. 

M is called the fulcrum, P the uetght, and Q the power. 

This principle, as stated already. (Introduction,. ArL 8) wa$ until 
recently regarded as the fundamental principle in Statics* 
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N* 

41*. 


„ i. in.ew>i»e to noto th.l the 

resultant of t^o iijce 



parallel -- 

deduced from the paral¬ 
lelogram of forces. 

We have 

P _ pin ^ 

Q “ sin a OC sin a ’ 

wliere C is any point on 

the resultant. 


P ^ CN_ .(1) 

Q CM 

No. t.t. the polot 0 to M'tity. ■!'« '7'' 
p„.lW optl CM, CN.take 1 ^ P>»'tioos ol CA .nd CU. 

Hence, (1) gives P/Q=BC/CA. 

A'> The resultant of any number of parallel forces. This 

apply for compounding found, the resultant 

risuitant of two forces V a.^ Q being 

R„ of Ri and a third force^^m ^^^^hed ; care 

process continued until t resultant at any stage 

should be taken to compou Ultimately, either 

algebraic sum of the forces. 

43. Tbe it is 

being the force vMth wine ^ gravitational forces acting on 

obviously the resultant of g y Since the bodies 

the particles of ^^hich the bo y I P • comparison 

»'lhi 3 Proof is due to Priucipal G. L. Gupta. 
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by the rule of compounding parallel forces and the point at 
which the total weight would act is called the centre of gravity 
of the body. It will be proved later on that this point is a 
fixed point in the body, in whatever position the body be 

placed. 

We shall assume for the present that the centre of gravity 
of a un form rod^ or beam, is at the middle o^its length, situated 
symmetrically witfi respect to its thickness. If the thickness 
be neglected, the centre of gravity would merely be the middle 
point of the length of the rod. 

44. Ex. 1. A uniform beam, 7 feel long, is supported in a 
horizontal position by t vo props xvhich are 4 feet apart^ so that the 
beam projects I foot beyond one of he props. If the beam wei^^h 
80 lbs. find the pressures on the two props. 

The weight acts at the middle point G of the length of 

the beam, and if the props are at 
C and D. CG=lJ' and GD=2|'. 

Let Rj, Rj, be the reactions of 
the props. These reactions being in 
equilibrium with the weight at G, 


A I C 


9 

1 


'I 


4 


^2 

_ d\i 


a 




60 Us.uft. 

wc have the equations :— 

Ri-hR,= 80. .(1) 

.( 2 ) 

Solving (1) and (2), 

Rj=,$0 lbs, wt., and R,=80 lbs. wt. 

Ex. 2. The resultant of two like parallel forces P, Q passes 
through a point O. When P is increased by H and Q by S, the 
resultant still passes through O ; and also when Q, Ji^eplace P, Q 
respectively. Prove that 

S=R -. (P. U. 1928) 

Let P, Q act at A, B, respectively in the line AOB. 


Then 

Also 

and 



P. OArrQ.OB. 
(P+R)OA=(Q + S)OB, 

Q. OA=R.pB. 


.( 1 ) 

.( 2 ) 

.(«) 
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Now, by division, from (1) and (2), 

^+R^5+S . (*) 

p Q P Q 

p _ Q ..(5) 

Also from (1) and (3), q r 

If our object were merely to find the value of S, we have 
it from (4) and the condition (3) would be unnecessary. 

In order to find S in the required form, we see from 


(*) 

•(*) 


(5) 


P-Q_Qi:5 

it 


R _Q-R 
Q P-Q 


Hence 


„ (Q-R)*_r (Q-R)R _jL* 

R——:— 7^ ^ n O 


F-Q 


R 


Multiplying (4) and (5), q 


Q 

R 


( 6 ) 


or 


Ss= 


R*' 

Q 


S = R- 


P-Q 


[from (5) 


Exercises VI 

^\. Find the resultant of each of the following 
like parallel forces, determining its distances from each of the 

component forces :— - i. 

(i) 2 lbs. and 4 lbs , 1 ft. apart; 

Hi) 5 lbs. and 7 lbs., 2 ft. apart; 

(Hi) 10-25 lbs. and 18*75 lbs. 18 inches apart ; 

(ti) 45 and 85 grammes, -25 of a metre apart. y 

2. If the forces of each pair in Example I be u^ke, lino 

the resultant and its distances from the components^#ving^hc 

figures in each case. _ . „ ^ *. 

^ 3 A rod 7 ft. long rests on a pivot 8 ft. distant wjp 

one end bv which hangs a weight of 5 lbs. Find the . weight 

to be attached to the other end so that the rod may be m 

eauilibrium and find the pressure on the pivot. 

. equiimriu^ 

8 ft. is carried on the shoulders of two men A and B. so t^t it 
oroiects 6 in. over the shoulder of A and 1 foot over the 

shoulder of B. If a weight of 51 1^. is 

middle point of the length of the beam, find the pressure 

exertffd on the shoulder of each. 
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5. Two boys of weight 50 lbs. and 60 lbs., sit on a 
plank 7 ft. long, which rests on a support dividing the plank 
in the rat e 2 : 3. If the lighter boy sits at the end of the 
shorter portion, find the position of the other boy so that 
the plank may balauee ; the weiglit of the plank is neglected, 

6 . One arm of a balance, 17 in. long, is 1 in. longer 
th itt the other. If the goods to be weighed are suspended 
from the longer arm, find tlic real weight when the apparent 
weiglit is :hJ ibs.. t ie weight of the beam of the balance be¬ 
ing supposed to act at the point of suspension. 

7 . 'I'wo unlike parallel forces P and Q act at points 
5 ft, apart ; if the resultant force be 9 Ibs. wt. and act a 
a distance of 10 ft, from P the greater force, find P and Q. 

8 . Two unlike parallel forces, the greater of which is 
72 lbs. wt., liavc a resultant *21 lbs. wt. Find the ratio of the 
distariees of the resultant from the component forces, 

9. A uiiifonn rod P5 metres long and weighing 2*25 
kilogrammes is laid on a table with 25 cms. projecting ove 
the edge. What weii-ht can be hung on the end of the 
rod before it will he pulled over, 

>. 10. It is required to hang a weight of a tons from the 

middle point of a girder, one end of which rests on a support 

which can just bear a weight of 5 tons^6 < Neglectinjj 


the weight of the gircbT, find the farthest distance from the 
mid<ilc point, at which the other support can be placed, 

(P. I/. 1922). 

\ 11. A uniform beam 8 ft. long and weighing 20 lbs., 

placed on a prop, and a string tied to the farther end, holds 
it in the horizontal position. If the string can bear a maxi* 
mum tension of 8 lbs., find the least distance of the prop 
^from the other end. 

i 

12, The resultant of two unlike parallel forces P and Q 
^ (P>Q), acts at a certain point O. If the forces be both in¬ 
creased by U, show that the perpendicular distance of O 
from P increases. 

What happens if the magnitude of R be increased be¬ 
yond any limit ? 

18. If three parallel forces are in equilibrium, each 
force is proportional to llic distance between the other two. 
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Hint : VVe have 

, P _ Q — =—, when the forces are like. 

MB “AM aM+MB AB 

v P -- Q ^ , when the forces arc 

BM AM BM —AM AB 

P and Q Hre like parallel forces. If Q Le moved 
parallel to itself through a cistance a:, prove that the resul¬ 
tant of P and Q moves through a distance -jt^q • 

Two like parallel forces P and Q act at given 
points of a body ; if Q be changed to , show that the 

line of action of the resultant is the same as it would be 
if the forces were simply interchanged. 

16 Three equal like parallel forces act at the middle 
points of the sides of a triangle. .Show that their resultant 
passes through the point of intersection of the mtoians ol the 

triangle. 

17. Fonr forces are represented by AB, 2BC, FCD and 
4DA, where ABCD is H given sqvore, show 
tant wi-1 be represented in magnitude and direction by 

8 CA and show its position. x- i u- u 

18 A man carries a bundle at the end of a stick which 

is placed over his shoulder. If W be the weight of the 
bumlle and a. x the distances of the bundle and his hand 
from the slxoulder, show that the pressure on the shoulder . 

jg YV ^1-b tke distance between his hand ffnd his 

shoulder be changed, how does the pressure on his shoulder 
change ? 

19 A uniform rod whose weight is 8 lbs, is place 
UDon two props which are in the same honzonial 

&es aVt. the distance to wlu^ tlie^ o 

the rod extend beyond the props, if i c 

pressures on the props is 4lbs., and the length of 

% feet. 
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20 . A light rod AB 8 feet in length is kept in a 
horizontal position by two vertical strings attached at the 
ends A and B. Two equal weights P are attached at dis¬ 
tances 8 inches from A and 12 inches from B. If the 
maximum tension that either string can sustain is 50 lbs. find 
the greatest value of P. 

21. Break up a force P infcJ'two like parallel forces in 
the ratio m : n ; if one acts at a distance a from P, find the 
distance at which the other force will act from P. 

22 . A rod 14 feet long without weight has a weight 
of 4 lbs. suspended from its middle point. The rod can 
turn about one end. If the rod is to be sustained by a 
vertical force of 11 lbs. weight at one end, where must 
an additional weight of 63 lbs. be attached, in order that 

( the rod may remain at rest ? 

Moments 

45. Definition.— The moment of a force about a point 
is the product of the force and the perpendicular from the point 
on the line of action of the force, . 

Thus the moment of a force P about any point O is 

PxOM, where OM is the perpendicular on the line of 
action of P. 

Since the product increases 
with the increase in magnitude of 
the force, or in length of the 
perpendicular, the moment may 
be taken to measure the tendency of 
the point. the force to turn the body about 

It is evident that the moment of a force is zero when 
the perpendicular OM vanishes, i. e. when the line of action 
of the force passes through the point. 

In a common balance with eqvinl arms, out of the two masset 
placed in the two scale fpans, the weight of llie greater mass turni 
the arm, since its moment about the pivot is greater. If manses 
were equal but arms unequal, the greaUr arm, giving the greater 
moment, will turn downwards 

Sign of the moment; Convention. —Since one force 
may have the turning tendency in a direction opposite to 
that of another force, it is obvious that a moment in 
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adlition to its mignituie vfiW have a si^n also. If a force 
has a tea l 'ncy to tura a body about a point in the 
counter-clockwise direction, its moment about the point is 
to be taken as positive if in the clockwise direction, its 
moment is negative. , , 

Note L—Where there are several forces, the sum of 
their moments about any point is their algebraic sunt. 

Note 2.—The unit of moment is usually taken to be 
the moment of a force of one ib. wt. about a point one foot 
distant from it. 

45. Geometrical representation. If a force P acts 
along, and is represented by AB, then its moment about O 
is represented by ABxOM, where OM is perpendicular on AB 
or AB produced. 



Since ABxOMa:2xarea of A OAB, the moment is 
gf*melrically represented by twice the area of the triangle for~ 
med by the force as base and the point about which the 
moment is taken as vertex. 

Ex : 1. Forces of 2 lbs., 4 lbs., and 8 lbs., act along the 
^des AB, CB, CD, AD, respectively, of a square ABCD, whose 
side is 4 ft. Find the algebraic sum of the momenta of the 
forces about the centre. ' 

Ex. 2. Equal forces act along the sides of an equilate¬ 
ral triangle, taken one way round ; show both geometrically 
and analytically that the algebraic sura of the nioments of 
the forces about the centroid is equal to the moment of 
the forces about the opposite vertex, 

[ Hint : The perp. from the centroid on any side is 
one-third of the perp. upon it from the opposite vertex. 

3. A heavy uniform rod AB is suspended from 
its middle point M ; if forces of 1, 2, 8 lbs. wt, act at dis¬ 
tances of 1, 2, 8, ft. respectively, from M in the portion MB, 
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•n^l forces of4, 5. lbs. wt. act at distances of 2, », i ft,, 
resp^i^tT. lv? fr:>nMr Portion AM UnJ the algebraic 

sum of the mo neats of the forces about M. iit'-*.- , 

46. We shill deduce another expression for the 
moment of a force about a point. 

Let the force? be represented by AB. and let 
the point about which the m > nMit is to he taken. 

Join Oi and drao AX perpendicular to OA. 
the raoiiient of the force about O 

^ =PX0M 

= PxOA sin <) [^M VO=0] 

= OAXP sin 0 

= OAx resolved part of P perpen¬ 
dicular to OA. 

(i. e. OAx resolved part of P along 

AX). 

Note. We have thus obtained three eu^presuons for the 

inome.it of a lorce P (r^’presented by AH) aoout a point O. 

They are 

(t) PxOM; (u) 2 times area of A OAB ; (iii) 

OAXi" !ii»» 9 OAXresoived part of P perpt ndieular to OA). 

Corollary. Since P sin 0 acts along AX which is 1 to 

OA, we have 

Moment of P sin 0 about O = P sin 0 x 0.\. 

=moment of P about O. 

The corollary may be stated in words as follows : 

The moment of a force about a ^ioen po>nt is algebra,^ 
eaVu € mil to the immmt of Us resolved part at right a^.ej 
to the line joining the point xdth the particale on which the 

force^ Varignon’s Theorem of Moments.—T/ie algebraic sum 
of the moments of two forces about any point in their plane 
is equal to the jnotnent of the resultant about that point. 

Case I.— When the forces intersect. 

Let the two forces P. Q acting along AB, AC have a 
resultant 11. Let O be the point about wliich the raotnenU 

are to be taken. 
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DrawOD parallel t^) the diveetion ol P> 
direction of Q at C. Take length AC to represent Q in magni¬ 
tude, and on the same scale. Let AB repiesent 1 . 

Complete the ABDC. Then AD represents R. 




(a) \Vhen the jioini lies outside LCAB 

To prove Mom. of P about 0 + Mom. of Q about O. 

= Moment of R about O. 


i. e. to jyrove (i) 2 a GAB+ 2 A OAC — 2 aOAD in t ig. 1 • 

Now Since OU is II to AB, we have A OAB= A ABD== 
J|l-» AB.DC=AACD. 

In Fig I, adding A OAC to both sides, we have 
aOAB+AOAC= A ACD-fAOAC= aOAD 

Hence, 2AOAB+2 AOAC = 2aOAD. 

(b) When the point O lies inside /LCAB 
We haveAOAB= A ACD (already proved) 

In Fiff 2, Subtracting A OAC from both sides we have 
aOAB- aOAC= a ACD — aOAC- aOAD 
.'.2aOAB-2aOAC = 2AOAD. 

Observe that in Fig II, the moment of P is positive but 
the moment of Q is negative, whereas in Fig I, both the 

moments are positive. 

Case II. When the forces are parallel. 

Let P Q be the two forces, like or unlike and U any 

point in the plane of the forces about which moments are to 

be taken. 

Draw a perpendicular from O to the directions of the 
forces, meeting P, Q and their resultant R (=P+«) m A,hi,U 
respectively. 
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R{zf>-Qp 

Now, by Art *26, P, AC = Q, CB .(1) 

In Fig. I, I In Fig. II, the moment of 

The algebraic sum of the ; Q is of opposite sign to the 
moments of P and Q about O ! moments of P and R and we 
=:P. OA + Q, OB I have, (P being>Q), algebraic 

:=rP (OC —AC)-|-Q (OC+FB) j sum of the moment of P and 

= {P+Q) OC-P.AC + Q. CB ! Q about O. 

= (P-[-Q) OB [‘. -P. AC+ =rP. OA-Q. OB 

Q. CB=0 by (1) =P (OC+CA)-Q (OC-bCB) 

= OC =(P-Q) OC+P.CA-Q.CB. 

— Moment of R about O, =:(P —Q) QC [* *P.CA — 

' Q. CB = oV(l)] 

= R. OC 

= Moment of R about O. 

Note. 1. Taking regard of the signs of the forces P, Q and lengths 

AC and CB, we note that when P, Q arc like. AC, CB will have the sanie 
Jiigns ; and when they are unlike opposite signs. 

Note 2. The proposition may be easily established when O is 
between P and Q or when it 1ms anv other position. 

Alternative Proof of Varignon’s Theorem case I. 

Let the forces P, Q act at A and their resultant R be 
represented by the lines AB, AC, AD of the H ABDC; and 
let the moment be taken about O. 

Join OA and draw AX perpendicular to OA in the plane 
of the forces. 

To prove Mom. of P about 0 + Afom. ofQ about 0 

sAfofTK c/ R about O 
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Draw BM, CN, DK perpendiculars on AX. 

(1) Mom. of P about 0 = Mom. of AB &boiitO=OAX 
resolved part of AB along AX 

=s5 (J A X A '1 

Similarly „ ^ 

(2) Mom. of Q about 0=Mom. of AC about O — OA A.^ 

Adding (1) and 2, we get 

Mom. of P about G+Mom. of Q about O 

=OA X (AM -hAN) =OAX AK 
['/AM-1-AN=AK Art. 30] 

=:Mom. of AD about O. 

=Mom. of R about O. 

In Fig II, Mom. of Q about O =Mor^^of about O 

and we get ^ ^ v ^ r\ 

Mom, of P about O-Mom. of Q about O 

=:Moment of R about O, 

Showing that in both cases, algebraic sum of Moment of 
Hktc forces=Moment of the resultant. 

48 General theorem of moments.—TAe al^bratc sum 

of the moments of any number of copUnar forces about n point 
is equal to the moment of the resultant about that point. 

By proceeding in a manner similar to that Art. 31 

Varignon’s theorem can easily be extended to give the general 
theowm of moments. The proof is left to the student. 

Cor I It follows from this theorem that if the algebraic 
sum of the moments, of the forces about a pmnt in the plaru 
vanishis, either (t) the point lies on the resultant, or {ii) the 

resultant vanishes, and theforc^_ are 

This fact is very useful in finding ihe hne of of tie 

resultant If the forces arc parallel, we have only to find 
such point about which the algebraic sum of the moments of 

the force would vanish. In the ease of non-parallel forces, two 
points will determine the position of the resultant. 

The magnitude and direction of the resultant being 
determined by the application of Art. 32 for non-paralle 
Ses the resultant will thus be completely determined 
whether the forces are concurrent or not- 
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Cor. 2. If the sum of the moments of co-p!anar forces 
about two points be the same, the resultant is parallel to the 
straight line joining the points. 

49. Ex. 1. .4 uniform rod 3' long, and weighing 6 Ihs. has 
weights of '3 and 4 Ihs, respectively attached io its ends. Find the 
point about zvhich the rod would he balanced. 

The rod would balance about the point where the 
resultant meets A B. Tiie position of the resultant could be 
found by compounding2 lbs. and 4 lbs. and then com¬ 
pounding the force of 0 lbs. 
so obtained with the rema¬ 
ining force of 0 lbs Hut 
the IVinciple of Moments 
would get the result more 
easily. 

I Method. T.et the (inal resultant H ( = 12 lbs.) act at D. 
Since the altrebraic sum of the moment of the forces about B 
is equal to the moment of the resultant about H, 

2.3-f r).M 4.0 = 12.1)H 

I)H = }.5 = L8'\ 

If a prop is placed at D, the rod would balance and the 
reaction S = 12 lbs. • 

II. Method. Let DB=.r, then CD=§-j. 

Since the algebraic sum of the moments of the forces 
would vanish about D. 

which ccpiation gives the value of .r. 

Ex. 2. AliC isan isoseela triangh, nght-miolfd at C 

three equal forces act along A If, IiC\CA. Find the resultant 
eompletely. [p ^ 

I Method. The resullant of forces alot»g CA and BC is 
P^/2 along CD, where 

(’D is parallel to B.\. 

'thus the final result¬ 
ant of parallel forces 
l’v/2 and P along AB 
may be found. Tne 
magnitude is P(^ 2 —l) o. 
and direction parallel 
to BA. 
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11 Method. It is obvious that the magnitude and direc¬ 
tion of the resultant would be the same as if the forces were 
concurrent at any point (say C). Taking CB and CA for co¬ 
ordinate axes, we have 


X=~P+P cos 45°=- 


Pv/2-l 


Y = P—P sin 45°= 


Pv/2-1 

v/2 


Hence R (rcsultant) = — Z2 —1). 

Y 
X 


f R makes an angle 0 with OX, tan Q — 




0 = U}5°, i.e.y R is parallel to BA. 

The line of action of R may he found by determining the 
point where R would meet BC. Let it be D and let CD = a', 
and CB=a. Taking moments about D, we have 

P.a; —P. (x-\-a) sin 45°=0 




or a:= 


a 

^2-1 ' 


If X were found negative, D would lie on the other side 

of C. 

Note. The algebraic sum of the moments of the forces about A 
is obviously — P. tr=algebrAic sum of the moments about B. It follows 
that the resultant is parallel to BA. 

• Ex. 3. Forces 5P, 4P, P, 2P act along the sides AB,BC, 

CD, DA of a square, 
taken in order. Find 
the magnitude, dir¬ 
ection and line of 
action of their result¬ 
ant. 

The resultant R of 
the forces must meet 
all the sides of the 
square (whose side is 
taken equal to a) since 
the forces along the parallel sides are unequal. Suppose [i 

meets AB in X and BC in Y. 
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(0 The alfrebraic Sum of the moments about X (which is 
a point on the line ol action of resultant) must be zero 

/. 5PxO-4PxnX+Pxa+2r(ri-t-BX) = a 

J>V-_ 

. . 1jA= . 

(u‘) Similarly, takin^r moments about V, we have, 4PxO 

P («-hnY)-f.2Px«-5PxBV=:=0 

Mn 
4 ■ 

Again, the vertical forces (4P and 2P) will coTupound into 
a force 21* upwtmh acting at L, and the liorizontal forces (5P 
and P) will cornpo iml into 4P acting at M. The resolved parts 

0 rt patallcl to AB, BC are 4P and 2P meeting at O, which 
must be situate on the line of action of R. 

the final re9ultant = v'(2P)2+(4P)2 = V20P = 2v\5P. 

r r. B HX Iiad como out we would have checked the 

ucometry by means of Algebra, and X would have been on the left of A 

in AB produced, at a distance '^"-from B. 

Similar remarks would apply to BY. 

Ex. 4. ABC is a triangle ; D, E, F are the middle points of 

the sides BC, CA, AB respectively. 
Show that the forces represented 
by the straight lines AD, HE, CF, 
and acting at a point are in equili¬ 
brium. 

Take moments about the 
vertex A. 

Moment of force AD about A is zero 

BE ,, ,, IS 2 area of aABE = 

+ureaA ABC 

Cl’ ,, ,, is -2 area ACFs—area of 

. . algebraic sum of the moments of the forces about \ 

~P+area of A ABC — area of aABI' = 0, 
i^he moment ol the resultant R of the forces ~() 

(t) . , either R = 0, or R must pass tlirough A. 

Similarly taking moments separately about B and C, we 



% f 








if 


If 


have 
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(n) either R=0, or R must pass through both B and C. 

But R cannot pass simultaneously throu^Ii A, B and C. 

Hence the Resultant R must be zero, 

t.c., the forces are in equilibrium. 

Simpler Exercises VII 

1. Parallel forces 3, 5, 6, 4, act at equal distances of S 
inches along a rod ; where must a prop be placed in order that 

the rod may rest in a horizontal position ? 

2. Five parallel forces, 1, 6, 3, 4, 8, act one foot apart 

on a straight horizontal rod ; what force must be added to the ^ 
force 1, in order that if the rod be supported where the force 3 
acts, it may remain horizontal ? 

3. A rod is 6 feet long ; parallel forces 6, 12, 18 act at 
the ends and middle point respectively, and at right angles to v 
the rod\: find the magnitude anti point of application of the 
force which will protluce equilibrium. 

4. Four parallel forces, I, 6, 8 act at points 3 inches 

apart along a straight rod and at right angles to the rod ; 
where must the rod be supported in order that it may remain 
tn equilibrium ? 

5. A uniform rod has a vertical force W acting at its^ 

middle point and when suspended at a ('^rtam ^ 

horizontal position with vertical forces Wq and Wi at its 
extremities or and at the same ends, respectively. 
What vertical force at one end will keep it horizontal . 

6. AB is a diameter of a circle and BP and BQ are 
chords at right angles to each other ; show that the moments 
of forces represented by BP and BQ about A are equal. 

7. Musses of 2, 4, S and 16 lbs. are j)iaced at a series of 
points in a line at right angles to the edge of a table and at 
distances of 4, 3, 2 and I ft, from the edge. Find the magnitude 
and point of application of the resultant torce. 

^•8. A uniform beam 20 ft. long and weighing 200 lbs. is 
supported on two props, one 6 ft. from one end and the other 
0 ft. from the other end-of the beam; calculate the pressu^on 
each prop, when a man weighing 180 lbs. stands as neaf^is 
latter end as he can without upsetting the beam. [LoiiaonJ 
9, ABC is a right-angled triangle, the angle A bemg 
right and the sides 6, c, being 5, 3, 4 units of len^h 
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respectively ; the moments of a force F about A, B, C are 0,. 
H> and 9 units of monunt, respectively. Find the magnitude** 
and direction of F. 

10. A uniform plank AKC of length 12 ft and weight 
80 lbs. rests on two suf)ports A and B one at tlie end A and the 
other B, 4^ ft. from end C. A boy walks along the plank from 
A to C and just as he reaches C, tlic plank eommenecs to tilt. 

Find the weight of the boy. [M. U.] 

11. Forces proportional to 1. 2, 3, 4 act along the sides 
AB, BC, AD and DC respectively, of the scpiare ABt'D, the 
length of whose side is 2 ft. Find the magnitude and line of 
action of their resultant. 

12. Forces 3P. 4P, 5P aet along the sides AB. BC and 
C’A of an equiangular triangle ABC; find the magnitude, 
direction and position of their resultant. 

13. Masses 2,3,4.5 arc fasteneil to the rim of a wheel at 
points syniiiietrically arranged round the cireumferenee. A 
string, coiled round the circumference, supports a im^xt o(^2 
lbs. If the wheel is free to rotate ina vertical plane about its 
centre ,prove lliat in the jiosition of etjuilibrium, the radius to 
the first weight is inclined at 15® to the vertical, 

14. At what point of a tree must one end of a rope of 

given length a bo attached so that a man pulling at the other 
end with a given force may have the greatest tendency to 
pull it over? (P. fr. ‘mr)) 

15. Forces 3, 7, 5 act along the sides AB, BC, CA of an 
e(liiilaterul A ABC; find their resultant. 

Id. Forces I, 2, 5, 4 act along the sides of a rectangle 
ABCD taken in order; find their resultant if AH = 3 ami 
BC = 2. 

17. ABCD is a square; along AB. CB AD and DC. equal 
forces P act; show that their resultant acts along DC and its 
magnitude is equal to double of any component. 

^ 18. A rod is supported by means of two strings which 

arc attached to a fixed point and tied to each end of the rod. 
Assuming that the weight of the rod acts at its middle point, 

prove that the tensions ot the strings are proportional to their 
lengths, 

19, The moment of a lorce of given magnitude about 
two given points are known. Find geometrically its line of 
action; state all the possible solutions. 
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Ans The perpendicular distances p, and from the two 
given points A and B to the line of action of the force 
Therefore, the line of action of the force is acommonangenttothe 
two circles described Kith centres A and B and radii equal to pi 

^ 2 o!^*TunifV^rm bar i feet long rests on a t 

table with one end projecting 6 inches over the edge. It the . 

weierhtofthe barbe lOlbs, find the maximi m weight that 

cair be suspended from this end so that the bar may not turn 

A liiht rod 3 ft. long rests on a hori 7 ontal position 
on two pegs which are at distances 15 and 0 inches from the 
two ends^respectively. K each peg fa" support a I^^sure 
equal to the weight of 50 lbs. without giving way, find the 
greatest magnitude of equal weights that can be suspended 

from the two ends of the rod. ^ 

22, A uniform beam 12 ft. long and weighing 50 lbs. rests 
on two supports at equal distances from the ends. 

Find the maximum value of this distance so that a man 
weighing U stone may stand anywhere on the beam \Mthout 

tilting it. ^ • A • 

28. A uniform bar, 2 feet long and weighing 34 lbs. is 

suspended bj’ two vertical strings. One is attached at a poin 

Shes fror^ one end and can just support a wejght of 18 lbs 
without breaking; the other is attached 4 ;"^he« from the 
other end and can just support 20 lbs. A weight of 85 lbs., 
is now attached to thUod ; find the limits of the posiDonsV 
in which it can be attached without breaking either string 

[Delhi 1944.] 

50. Example. If ABCD is a ^^cjangle such tha^l the 

diagmal AC is 2 AB and forces of 2 lbs., 4 lbs and 8 lbs. act 

alono AB, AC, and BD, respectively, prove that their resultant is 


parallel to AD, and find its position. 

, 2 . c- AH _ 1 

I Method, bince ~ 2 * 

]:BCA.-=30°. 

Force of 4 lbs. has the components 
2^/8 lbs. and 2 lbs. along AD and AB, 
respectively. Similarly 8 lbs. has the 
components 4\/3 lbs. and—4 lbs. along 
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nr and AB, respectively. 'I’be forces alon^ AB vanish and 
we arc l*^ft with forces alont; AO and 4^/3 along BC. 

'I'hese have obvionslv the resultant (t^3 lbs. parallel to AD, 
acting at M in AB, such that AM/MB—2. 

II Method. The genera! method of procedure will be as 
follows : — 

Resolving the forces parallel to AD and AB, we have 

X =4 cos 30'd-S cos 30*^=: 12 

Y=2-f4.fin 30'^-S sin 30 =0. 

Hence the resultant has the magnitude Ov^S lbs. and is 
parallel to AD. [(J. I'.x. II, .Art. 32 ] 

To find the line of action of the res'uUaut, let us suppose 
that the resultant meets AB in M. Then taking moments of 
the forces about M, we have 

4 AM sin 60'^ + 8 BM sin 60°^-0, 
or AM + ‘? BM=0, 

■ _ ^ AM/BM — —2, showing that .M is the internul point of 

division. 


Exercises VII A j 

I 1. A unilorm roil 6 ft. long and weighing 4 lbs. is 
•supported by two vertical strings attached to irs ends, and r/ 
weights of 2, 3, 4, 5 lbs. are suspended Irom points on the rod ^ 

H 2. 4, 5 ft. respectively from one end ; find the tensions of 
the strings. 


^ 2 . A uniform rod AB. HI ft long, wciglis 2 lbs.; a wt. 

of 4 lbs. is hung from A, I lb. at a point 3 ' ft, from A, and a / 

force of 11 lbs wt. acts vertically upwards at a point 9 ft. 

Irom B ; find where a suitable weight must be attached to the 

rod to keep it liorizontal, and what is that wei*»ht 

^ * 

•1. A (iiiiforni luan> AB. 10 ft. long, and weighiinr 20 

lbs IS ptapcd on two supports C and D e.juidistant froin tlie 

middk- point. A weight of lbs. ntta<-h,‘d to A is on the 

point of dislurhing the ispiilibnuni ; lind what I'nrther weight 

Miould be attaehed lo the point B so that it inav just balance 

the beam about the su,)port I). Also find the ‘ pressures on 
the supports* 
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4. A uniform beam 6 ft. lonjr we\^fhs 50 lbs, and is 
placed on two supports at its ends. If one of the supports 
can bear a maximum pressure of li cwt., find the least 
ance from this support at which a body of 3 cwt. can be 

suspended. 

5. A heavy rod ACDB where AC=:a and DB=6. rests 
horizontally upon two smooth pegs C and D. If a load P were 
applied at A, it would just disturb the eqmlil^mm, and 
similarly would do the load Q ai)plied to B. If CD —c, prove 
that the weight of the rod = (Pa + Q6)/c. Determine where this 

weight acts. 

6 Forces of 3 lbs., 2 lbs., 3 lbs., respectively, act along 
the sides AB, AD, CD of a square ABCD. Find the magnitude 
and line of action of the fourth force which wilt be in 
equilibrium with these three forces, 

7 ABCD is a square and forces of 2 lbs., 4 lbs., C lbs., 
and 8‘lbs,, act along the sides AB, RC, CD, DA respectively. 
Find the magnitude and line of action of the resultant. 

8. If ABCD is a rect angle such that CD : AC 3 : 5 ^d 

forces of 3 lbs., 5 lbs., 5 lbs. act along AB, oc 

ly, show that their resultant is parallel to AB ; also tmd its 

magnitude and position. 

0. Forces P,Q,R act on a rit/icl body along tke sides of a 
right-angled isosceles triangle ABC (BC being the hypotenuse), 
taken the same way round ; find the resultant. 


10 Forces equal to the weights of 3. 5, 7 lbs. act along 
three of the sides of a square taken in order ; find the magni¬ 
tude of the force in the remaining side, which together with 
some force acting through the centre of the square will balance 
the three given forces. Find also the force . 

centre• ' 

11. A bicvcle and its rider weigh 4 stone 10 lbs. and 8 
stone 8 lbs., respectively, and their respective 
frravitv are at horizontal distances of 8 in. and 6 m. froqi th 

centre of Hie front wheel. Find the pressures 

exerted bv tiie wheels, if their points of contact with the 

ground are 3 ft, apart. 

12. Forces of 3 lbs. 5 lbs. and 7 lbs. ^ 
sides AB, BC, CA of ah equilateral triangle ABC. Find the 
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magnitude and direction of the resultant, ind the point where 
it meets AB. 


13. If three forces acting along the altitudes of a triangle 
are in equilibrium, show tfuit they are proportional to the 
(torresponding sides. 

14. If O be the circuincentre of the triangle ABC and 

if forces act along O\, OB, OC, respectively proportional 'to ^ 
the sides BC, CA, AB; show that their resultant* passes 
tlirough the incentre. {P. U. 

[Hint': If the l)iscetor of (lAiueetBC in D, (5+r). OD 
is the resultant of b. OB and c, OB.] 

51. To fiti'I the centre of a syfttem of parallel forces. 

The centre of a system of parallel forces is the point at 
which the resultant of the system would act, whatever be the 
direction of the forces. 


Let the like parallel forces Pr, act at points Ar, lying in 

the plane XOY and having co-ordinates (jv» /a). ^ — 1* 2» 
with respect to OX, OY as axes. 

Let U, be the resultant of Pi and P^ acting at Gi, (.rj, 



J’rom{l).^:= from (2) 


Also R, = P,-t-P 2 . 

Applying this result to Hi and Pg, we get 

_ _ _ Pi‘r,H-P..r:+lV3 

R,+P, P,l-P,+ P3 


- p,+p,+P3 ’ 

unci Rj^Pi + Pa + Pj. 

By this process the result can be extended to any number 
of like parallel forces. 



•resultant of forces on a rigid rody 


i I 


Hence if (', y) be the point of application of resultant 
U of the forces, R=JJP„ 

_ SPrTr - 

*= EP; ’ y - LPr 

Motel. If Ai, A2 are kept fixed and P,, Pj are kept of 

the same magnitude, but are changed in direction, remaining 

parallel to each other, the point Gi will not change, since there 

is only one point which divides a given line in a given ratio 

[See also Note 8, Art. 40.J 

The resnltant would also turn about Gi and become 
parallel to the changed direction of the forces. It follows that 
the centre of parallel forces is independent of the direction ot 


the forces. 
Note 2, 

when some of 


The formulae will be easily seen to hold even 
the forces have the opposite direction, provided 


such forces are given negative signs. , , ,, 

52. Ex. 1. Parallel forces of U 2, 3 Ihs. xct. act at the 
corners A, C, E of a regular hexagon ABCDEF, and forces 4.0, 
G, lbs. wt. act at the corners B, Z), F in a direction parallel to the 
first three but in the opposite sense. Find the point 
nf the resultant. 

Let O be the centre of the hexagon. Then AL), RL, Cl 




5^; 


2^ 


r/Xc^ 


Stl's \ 


are all concurrent at O. 

Let the resultant meet FC 
at G at a distance x from O. 

I.et the sides of the hexagon 
be r. 

It would be convenient to 
take moments of all the forces 
about O, since O is symmetri¬ 
cally situated with respect to 
the corners of the hexagon, 

where the forces act. ^ oCXd 

Let the forces make any ^ . 

angle a with AB, FC, or ED, 

which are all parallel. , 

Now since the algebraic sum of the moments 01 

component forces about O is equal to the moment of the 

resultant, 9 lbs. wt. (acting in'the opposite sense), about U, 

we have 


the moments of the 
to the moment of the 
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1. r sin (60°—a) —4-r sin (120*^ —a) + 2r sin oi 
+ 5r sill (60°-<ji) —3r sin (<iO’+a)4-G^ sin a = —9a: sin , 
or f { 6 sin (60® —a)-7 sin (60°sin a ) 

= —91 sin a, [*.' sin (1- a) = siu (60°+^^) 

or H o ^ ) 




s/3 


COS 


a+ 2 sin a ) +8 sin a | =—Oo: sin a, 


or 


/3 3 

, r-{ — ' * cos a+ ' sin a } = —Ox sin a, 

2 2 


or, +rV8 <^<>s (60® ha)=9x sin a. 


Hence x= 


r VS cos (60° f a) 
9 sin a 



This point where the resultant meets VC, ilepends upon a. 
The result can be verified by considering the special cases, 

xchcn a=0^, or 


When a=0, the forces become all parallel to FC and 
tliorcforc, their resultant is also parallel to FC, and meets it at 
infinity, wdiich is the value of .r giv'en by the result (1). 


Othermse. \Vc may tind the centre of the parallel 
forces as tbllows :— 

Choosing OC as J-a\is and a st. line perp. to OC through 

O as 7/ axis, (a:, \j ), the co-ordinates of the centre, will be 

round even though all the forces are notby giving the 
negative sign to the unlike forces. 


'I'he co-ordinates of A are 


r 

I 



;of B, 




of C, (r, 0) ; of 






and of F, {—r, 0). 





2 +-’. r -5 . +» • (--2 )- 6 (- r ) 


I - d ;-2-5+3-C 


X 
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— r 


y = 






r v'3 . 

— — o 


rv8 


2 


+3 


rv 3 
2 


-f V3 

18 


1_4_^2-5+3-6 

Thus the centre of the parallel forces is ^-^ ) 

This point is independent of a* which means that the 
centre is always the same, whatever the direction of the parallel 

forces may be. 

The equation of the line of action of the force, which 
depends upon a is given by 

18 

Where it cuts or-axis, t/=sO. 

r 

6 


y+ 


( X H--g- ] tan a. 


• • 


rV3 

- 


18 

_ __fV3 


cot a— 




cosa — 




sin a j — OG. | from 


9 sin a \ 2 ” 2 

Ex.. 2. Forces act along the three sides of a triangle ABC 
such that their resultant passes through the orthocentre and the 
drcumcentre. Prove that tJu forces are in the ratio 

cos B cos C . cos C cos A . cos A cos B 

cos C 


cos^B * cos A cos C 


cos B cos A * 

(P. U, 1922,) 


Let the forces P, Q, R act 

along the sides BC, CA, AB. 

Let 0, H he the drcumcentre 

and orihocentrey OD and AL per¬ 
pendiculars from O and A, respec¬ 
tively on BC. 

ThenOD=OBcos A= . - ^ n , n 

R' cos A, where R' is the wcu- » ^ ^ r r. ^ 

tnradius ; and similarly for distances of other forces from U. 
AlsoHL=LC tan LCH=LC cot B=6 cos C cot B 

=6 cos C cos B/sin B 
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cos H 



sill A sin B sin C J 


= 211 '. 

It should be iiotrd the distcincc H L has been put 
it! the symmetrical form, so tliat the result may apply to 

other forces in a similar way. 

Now since the resultant acts along OH. its moment and 

hence the algebraic sum of the moments of the forces about 

each of the points O and II vanishes. 

Hence taking moments about O, 

1* cos A '■‘J'* B "h H cos C“ O •••(M- 

Taking moments al)out II, 

F cos B cos cos C cos A f R cos A cos B = 0 


or 


COS A cos B cos C 


O 



From (1) and (2), by cross-multiplication, the ratios of 
F, (i. R are easily found. 

*Ex. 3. Forces F, 11 along the lines £-=0, y=0 and 

£ COS 0 \-!J ^'iinO = i>. Fin I tke tnagnitude of the resultant and 
the aniation of its line of action. {The axes oj co-ordinates arc 
rectangular). [F. U. JU20.\ 

V OX, OY being the axes, let NN' 

represent the line x cos 6+y sin 
so that OL=p and /.XOL = 0. 

(i) To find the niflgnitude of the 
resultant. 

Resolving the forces along the 
axes. 

X=Q-U sin 9. 

Y = F + R cos 0. 

Hence the resultant=V (Q —sin 0 )^+(P + R cos 0 )- 

= \/P2 + Q“+R2 + 2R (PCOS0-Q sin 0). 

(ii) Now to Jind the efjuaiion of the line of action, let us 
sujipose that it meets the axes in A, B respectively, where A 
is (j’,, 0) and B is (0, //,). 

Taking moments of the forces about A and B, 

-Pj:i + R. AN-^O, and Qt/i-R. BN' = 0. 

But AN=ML=0L —OM = p—, 1 ’, cos 0 
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of parallel 
act at the 




and BN'=OM‘-OL=//i sin @-p. 

Hence —Px’i + R 0) — 

and Q//i-U(/yi sin ^-p )=0 

• g ^ cos 9) Jmd yi=Rp!(l\ 9-W)- 

Hence the eqaatioii of AB is + 
or ir(P+ R cos #9)+^(R i9-Q) = RP 

or A’P —^Q 4 -R (‘C 0 sin 0 -p)-O, 

Exercises VII B 

1, Explain what is meant by the centre 

** If like parallel forces of equal magnitude 
vertices of a triangle, show that the centre of the parallel forces 

coincides with the centroid of the triangle. 

2 . If equal and like parallel forces act at the vertices of 

a quadrilateral, find the centre of the forces 

^*3. Particles of weights 1, 2, 3, 4, o, 6 lbs., respective y. 

are arranged in this order round the cireumterence ot a circle 

of radius 10 inches at intervals of 60°. I md the distance o 

their centroid from the centre of the circle. L/'- 

Hint. Take the centre of the circle as the origin, and find 

Cl-’ )^ + (^)^’ , PA AB 

4 . Forces P, Q. R act along the sides BC. CA, AB, 

respectively, of a triangle ABt l a ,q/po<; R4- 

through the oi'thoceiitre, show that 1 /c Q/ 

R/cos^C Q from the angular points A. B, C 

of a tri'ansle ABC, perpendicular to the opposite sides. Prove 
^ Sat if their resultant passes through the centre of the c.rcum- 

' r(6’co!c-?cosB)+Q(c cos A-a cos C) 

; ^ forces P Q, R act along the sides BC, CA, AB of a 

; triangle ABC, show that if their resultant passes through the 

^ orthocentre and centre of gravity of the tnangle, 

I P ; Q; R ::_sin 2 A sin (B -C) : sin 2B sin (C-A) . sin 2 C 

If three forces act as in Ex. 6 above, and their 
resultant passes through the incentre and circumcentre of tl 

triangle, show that the forces are in the ratio 

cos B-cos C : cos C-cos A: cos A—cos B. 
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8 . Three forces act along: the bisectors of the angles 
A, R, L of a trifingle ARC. Show that if the forces be in 
equilibrium, they are in the ratio 

cos ^ ; cos cos ~ . (P. U. LW) 

9. Along the sides of a regular hexagon, taken in order, 

act six forces represented in magnitude by 1, 2, 3, 4, 5, 6 
respectivelv. Prove that their resultant will be represented 
by 6, that its direction will be parallel to one of the sides and 
that its line of action will be at a distance from the centre of 
the hexagon ccpial to 3.j times the radius of the inscribeJ 
circle. (P. i , 1917) 

10 . AIU’DKF is a regular hexagon. Equal forces P 
act along AC, BD, CK, DE, EA, BE ; show that their resultant 
is 2P j)ara!lel to BE and find its line of action. (P. Lf. 191S) 

Hint.— rake moments about the centre of the hexagou. 

11 . Three like parallel forces P, Q, U act at the corners 
of a triangle ARC ; prove that their resultant passes through 
the circuiiiccntrc of the triangle for all directions of the forces 
if P, Q, 11 are iti the ratios sin 2A : i>in 2B : sin 2C. (P. U, 1939) 

Hint: If O is the circumcentre and if AO produced 
meets HC in D, prove that 

BD : DC as sin BOD : sin DOC, or as sin 2C : sin 2B. 

12 . A rod AB of weight 10 lbs. is supported by a hinge 

at A, and carries a weight of 8o lbs, at B. It is tied back by 
a string attached at a point C in the rod, to a point D 
vertically above A. Both the rod and the siring make angles 
of 45° with the vertical. If AB = 8AC, find tlie tension of the 
string. (P. U, 1931) 

Hint, Take moments of the forces about A. 

13. Four forces acting along the sides of a quadrilateral 
are in equilibrium ; prove that the quadrilateral is plane. If 
also tl\e quadrilateral can bo inscribed in a circle, prove that 
each force is proportional to the opposite side. (P. U, 1927) 

Hint. Take moments about the vertices. 

14. Four ooplanar forces act on a rigid body, their lines 
of action being the sides of a square ABCD. Their magnitudes 
and directions are (1) 20 lbs. along AB, (2) -10 lbs. along BC, 
(8) 80 lbs. along CD, (4)—40 lbs. along DA. Find the forces 
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P and Q whose lines of action are respectively CA and a line 
ILri? the point B which will produce ehudihriun,. Give 

also the direction of Q. 

Revision Paper I 

1 A weight of 24 lbs. is suspended by two flexible 

■trinffs' one of which is horizontal, and the other is inclined at 

^ 1 r.f to the vertical. What is the tension in each 
an angle of 30 to the vertical. ^ Supp.) 

string ? 

2 Two forces given in magnitude act at 

fixed point, and are inclined at a 

their resultant also passes through a xe P 1937 Supp.) 

show that the locus of A is a circle. (f'- U- > 

<1 A uniform cubical block of weight W rests on a 

plane is @. Find the pressures on the wall and on thepl 

4 Show that the resultant of twoJorcesFi^ 
inclined at an angle a to each other is ^FiW+ 2 FiF. cosa. 
and that the resultant makes with Fi an angle 

/ F2 sina^^^^\ 

si" - ‘ V^^rW+^2^ +2F,F2 cos a > 

■ . o E -^Fi in magnitude, prove that if the 

;:;u"ltan\^aresTHg^hfa!^ with^ the direction of F. then 

■n . . Fi {P.U. 1940 Supp.) 


a= 


+ sin ^ 


5 ABCDEF is a regular hexagon, and at A forces act 

«rhi“ n= 

resultant is V^olAB. 

forces proportional to ?/-2» - > £/ , triangle" remains at 

CA, and AB respectively. Show that the trmng^ ^ 

rest. 
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7. A string of length I is fastened t.o two points A, B at 
the same levtl at a distance a apart. A ring of weight W can 
slide on string, and a horizontal force x is ap]died to it such 
that it is in c(juilibrium vertically beneath B. Prove that 




W and that the tension of the string 


IS 


21 ^ 


{P. IK W4l) 

8 . ABC is an isosceles triangle whose angle A = 120°, 
and forces of magnitude 1, 1, y/3 lbs. weight act along AB. 
Ac and B(-; show that the resultant bi^ects BC and is parallel 
to one of the other sides of the triangle. {P. IK 1941) 


9. ABCD is a square. Along AB, BC, CD. DA act 

forces F, 2F, 3F', 4F respectively. Show that their resultant 
is parallel to CA and meets CD produced, at P such that 
DP=5 DC. (P. 17. 1940 Supp.) 

10 . Forces P, 3P, 2P, 5P act along the sides AB, BC, 

CD, DA of a square ABCD. Find the magnitude and direc¬ 
tion of their resultant and prove that it meets AD produced at 
a point E such that AE : DE = 5^ 4. {P. U. 1040) 

11. A light table stands on three e(|ual vertical legs and 
a weight is placed at the centre of the circle inscribed in the 
triangle formed by the points of intersection of the legs with 
the table. Show that the pressures on the legs are propor¬ 
tional to the lengths of the opposite sides of the triangle. 

(P.IK 1941) 


12 . A rod, of length 2/ and weight W\ is lying across 
two pegs on the same level a feet apart. If neither peg can 
bear a pressure greater than P, find the greatest length 
of the rod which may project beyond eitheV peg. (D. C7. 1937) 

18. A beam 20 feet long rests on two supports 16 feet 
apart and overhangs the left hand support by 3 feet and the 
right hand support by 1 foot. It carries a load of 5 tons at the 
left hand end of the beam and one of 7 tons midway between 
the supports. The weight of the beam which may be looked 
upon as a load at its centre is 1 ton. Find the reactions at 
the supports. What upward force at the right hand end of 
the beam would be necessary to tilt the beam? (P. IK 1946) 



CHAPTER V 



COUPLES 

“”■'W?hav^3‘.'iy seen (.Irt .0, N.W *) '«» 

and oppo,iU /cm »ol “i!!;”,"'ft 

t::iCtoT:s’^L:!z:sx 

=V“a.r.^r“^ 

when a smgie 
Mon 

what we called the -f . - ^ f giving the motion 

forces of a Couple cannot have the eltecc oi g. g 

of translation t o the body. 

The perpendicular distance is called 

action of the constituent torces P, P ot tde coup 

the arm of the Couple and may ®, nt^of the Couple 

The product P P tl« Cou^ and p 

where P is the niHgiiituae ot eitlur loice 

is the arm of the couple. zp 

This couple will be sy-bolie^ repM ^ 

The student can easily iu- constilueni 

couple is also equal to the moment of 

54 ., Tu, gpirpit »»»/ 'ir 1 . »»« s: 

of a couple ahoW any point m tfiei p 
equal to ike moment of the Couple. 

OAB perpenibeular to the 

d-he® ^Igebraie'sum of ihe moments 
of te;or^-_P. P^a^bou^t O 3^pp. 

TgabC'd wftike moments about 
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a point O' situated between the forces, the algebraic sum of 
moments about O'. 

-P. O'B + P. 0'A = P (O'B+O'A) 

= P. AB= moment of the Couple. 

Hence the proposition is true wherever the point 5 
may be taken in the plane of the forces. 

Note.—The moment of n Couple meivsurcs tlie turning eft€ot of n 
eoijple on the bo^ly on wijicli it acts and Is called a torque. 

Sign of a Couple. U e have already seen tliat a couple 
acting on a body has a rotatory effect on it measured bv 

the moment of the couple, the couple is said to be positive 

when it produces rotation in the conira docki^isc direction, and 

negaUve when the rotation produced is in the dockxvise rfirec- 
hon. 



Fig, 2, 

Thus, the Couple is negative in Fig, 1, and positive in 
Fig. 2. 

Axis of the Couple. Tlie axis of a Couple is a line 

perpendicular to the plane of the couple through any point 

in this plane and of such length as to indicate the magnitude 
of its moment. ^ 

The direction of rotation produced by a couple (setwtf of 

the couple) is indicated by the sign ol its axis wliich is 
ueterniined as follows: 

“ Place a watch on the plane of the Couple face up¬ 
wards; if the direction of rotation is contra-clockwise, the 
axis IS drawn upwards, and is considered positive ; if clockwise, 
the axis is drawn dowmvards. and is considered negative.” 

In the figures (1) and (2), if the bodies be free to move, 
and be pivoted at any points 0,0' of the bodies in the plane 
ol the couples, they would rotate in the directions indicated, 
inis can be experimentally verilied. 
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sign, 



Note—The student should carefully note that every rotation takes 

1 an axis and when we say that the moment of a force about a 

ootntO^ineasures its turning effect, the turning of the body really takes 

^lace aboaf an axis passing through O and perp.nd.eular to the plane 
through the lines of action of the forces and the point O. 

*^55 Two couples acting in the same plane upon a 
rigidbody whose moments are equal in magnitude but, opposite in 

balance each other. i 

Let the two couples (P, p) and (Q, q) be of equal and 

opposite moments, i.e. P.p = Q q- 

Case I. When the forces F, and Q are not parallel. 

Let one of the forces P meet one of the forces Q at -O 

and let the other two forces meet at O'. 

Draw O'M, O'N perpendiculars to the 

directions of P and Q passing through O; 

0'M.=ar7n p and O'N =ar?n q- 

Now, the sum of the moments about 

O'of P and Q at O 

■ =P. O'M-Q, 0'N=Pp-Qq, 

=or • * Pp-Q.q=0, by hypothesis] 

The resultant R of P and Q acting at 

through O'. , 

i e R must act along O O . . 

Similarly, the resultant R' of P and Q acting at O rnust 

act along O'O so that R' acts opposite to the direction of R . 

Again R = PQ cos a=R' 

Where a is the measure of the angle at O and O between 

P O at O and their parallels P', Q' at O'. 

’ ^ rtence R at O and R' at O' being equal and opposite 

balance each other, i.e., the four forces of the P-couple and 

the 0-couple balance each other. i u «ii 

Case U. Let the four forces of the two couples, be all 

Let any straight line perp. to their directions cut their 

Q lines of action in A, B, L, u. 

We are given that, 

P. AB= QCD "vb) 

The resultant of P at A and Q at 
D is P + Q, acting at a point G, which 
is Such that P. AG=Q. GD ... (2) 

, . Stihtracting (1) from (2), 

J p. BG =Q. CG ... (3) 


B 
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But the resultant of the two forces at B anri C is also 

B+Q, but in the opposite direction; and (3) shows that G is 
tlie point where it acts. 

Hence all the four forces of the P couple and the Q couple 
are in equilibrium. 

56. Since two co-pIanar couples of eciual moments 
but of opposite signs, balance one another, we get, by 
reversing the forces of one of the balancing couples, the follow¬ 
ing propositions. 

(i) Any two co-j)lciHQr couples of Cf/uol ruoments ore 
^uivalent. 

(ii) Two like couples of equal moment arc equhaUnl to a 
couple of double the moment. 

X Resultant of a single force and a couple. 

y ^7. A couple and a force in the same plane cannot 
balance but ore equivalent to a single force equal and parallel to 
the given force and having the same direction. 

hot (P, p) be the couple, and let F be the force. 

7-0 that the resultant of P, P, F is a single force 

which IS equal in magnitude and lias, the same direction as the 
given force F. 

Case I. P and F arc not parallel. 


J-ct F intersect P (one of the forces of 

the couple) at O, and let the resultant of 
P and F at O be R. Produce R to meet 
the other force P at O'. 

At 0, the components of R are P 
and F. 

When tlie point of application of R is 
transferred to O', the components of R 
at O' must be P and F, (the same as 
at O) in directions parallel to the respective 
directions of the components of R at O. 
t- have now two equal and oonositp 

n 'resultant foicc F at 

O and the given force F at 0. 
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Now F at 0'=tesultant of P, F at () an^ P at O' aotnii,' 

° ■ Takiiie moments about O, we have 
• ■FxOM = moment of F about O {wh.ch >s ^ro) 
+moment of the couple (winch is Pp) = 1 P 

• OM= - 

9 • 


F 


F 




Case II. Force^ and F are all parallel 

Draw a line perpemltcular to p 

the direction of tlie 
meet them in the points A, ii, ^ 

as shown. * - 

Now, the resultant of P at B 
and F at C is a force P+P 
parallel to them Acting at a ^ 

torces P « A »"•' 

P4-F at D r «et as the final resultant a force f parallel to 
fhtm .nd “'ttol F. 1., AD produced, ,uch ll«t 

'''“’^Hc'niFoc^ertEp.r.lleHo'iM original direclion Ir 

"S'cTr .1 “f. E^e”ul..n. of F at C, P at B arrd P at A 

acting in the opposite direction. 

Taking moments about C, • u • 

F><cl = nioment of F about C (which is zero) 

d-moment of the couple Pp. 

••• CE= -y- 

which gives the distance bet\veen the final resultant F at E 

'"“sf “tern«i™ P~.t or rh. .he.r.m in Ar., 57 

Resultant of a single force and a couple. ^ 

Let the given couple be (P, p), and let the ^ 

'■Ivi"™ feplac. the eonple by another eo.rple of c.n.l 

""■"t “be'^eplared by .he e,niv.l.n, couple (F, p'l .« 

P.P 

that P.p=F.p', i.e^ p'= 
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The new couple is to be taken in su'ch a way that one of 
Its forces P acts along AL, opposite to the direction of the 

given force F. 



'yF 

I 


Tl-e Riven force F at A and F alon„ AL. balance and 

arc Icit with the single force F acting at H, wh. rc AH 

I'.P 


we 
= P' 


Ilencc, F acting at B parallel to its original direction is the 
resultant o the system. Cmverscly. a force mu:, he transferred 

to hy the intLuction if a coupie. 


.Irawn in the opposite direction So w p h. ’.k 

richt or left of the % ij j the resiiUnnt force is to the 

the Riven couple ‘ of the luo.ocnt of 

not i{f (I coiiple upon a riiiid bod;/ is 

itself in its o- ^yuple, so that the arm moves pfiraUel to 

Itself, in ts o- n plan^ or in o parallel plane, 

moved si tinit tile ann'n'amjrr' 

the position A'B '» in its own fP 

plane or in a parallel plane 5 ZpA 

Introduce at A' and also at ii\ - |- TV 

two opposite forces, each e<]u ii i\ 1 /' \ 

to P in magnitude, and parallel ^ \ '''' 4 '' \ / 

to the original forces of the \ ^ \ ^ 

couple. These forces do not \i^'' '' \t^ 

affect the system in anv way. _ '''-M / 

Since any two parallel lines are ° ^ 

coplanar, AB and A'B' lie in 

the same plane, and hcncc AB’ ^ ^ 


'2P 
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A’B intersect Jit-p;This point O is the middle point of 
AB' and also of AA'B'B is a parallelogram. 

Now thei^^talrt of P at A and P at ^'L is 

2 P at O. J^irWilarlv. the resultant of-P at H and P at A. 


Zon. iV M) is O. These two resultants destrov each 

SS ... left with the to...., P at A' .long .V NP ...d 

-P at B' falonff B'L') which constitute the couple >■ 

, If A'B't in rparallel plane, this couple will lie in that plane. 

'f- 60. Composition of coupUs.-The resultant of any 

i number of couples in a plane is a couple whose moment is the 

algebraic sum of the moments olf the^ component couples. 

Let (P,p), (Q,g), (R>) etritfee the^given eouples in the 

algebraically. Novr the tsouple (Q.?) can be replaced by the 

couple (Q',p), where Q'p=Q9'» t.e., by the couple y* P 


/ Rr 

In the same way (R, r) can be replaced by 


P 


)• 


Similarly for other couples ; so that all the couples have the 

same arm p. Thus ^11 the given couples are equ.vaknt to a 

single couple whose arm is p> and P 


forces are each equal to^P + 


Qf/ ^ Rr 




P V 

Hence the moment of the resultant couple is 




i.e., the algebraic sum of the moments of the given couples. 

Cor Since a couple is equivalent to another couple of 
enual moment in a parallel plane, all the couples which be in 
■{Parallel planes can be compounded into a single couple, exactly in 

the same way as co-planar couples. rn.- 

61. Example. ABCI) is a rectangle such that .IB-t IJ- 

a and BC=i>A = b. Forces P act along AD and CB 

forces q aci along AB and ( D. Prow that 

distance beUveen the resultant of the for(es . Q 

Pa—Qb tjy T' 

resultant of the forces P, Q at C ts 
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« 

The resultant Rj at A 

=the resultaut 'll at C. 

If d be the perpendicular dist¬ 
ance between the twp resultants, the 
,, moment of the couple (R; d), formed 
^ p ^ by them must be equal to the sum 

of the moments of the couple (P, u) and (Q, M, 

Hence Kd = Pa—Q6, 

• d= ^ Pa-^Qfr . 

R ~ a/P?+'Q2 

Exercises Vlll 

1. ABCD is a square of sklei 2 'ft. Alomr the sides BA 
and lie act forces of 24, lbs. and i Ibs^ and aloiijr th ■ diagonals V 

AC and I/DOact forces of 10V2 and 14^2 lbs., res|)ectively. 

Show tiiat the resultant is a,couple of moment —iO it. pounds, 
the sfjuarc being drawn positively. 

2 . ABCD is a rectangle such that AB=4 i t. and BC = 2 
It. Along AC, BD, DC, AO act forces of 15^/3, 20 v 5. P and 
Q ll)s., respectively. Determine P and Q so that tlic svstefu 
may reduce to a couple, and lind its moment. 

<'i. In a regular hexagon ABCDKF, forces of 12 3 1 

2. 3 lbs. act along the sides AH. BC, Cl), etc., taken in ord'er^ 

and forces o| 4 ibs. each, net along CA and FI). Fm.l the 

forces wh.rh should act alo'ng KC and BF. i.i order to keep tiie 
sy.stiMii to ('(juilihriuni. ‘ 

62 f I three forces act along the of a /y h/ng/e, taken 

m order and he represented hp these sides, thuj au- ujnh alent to a 

, 'tun!e Kdiose moment is ,n presf nfed ‘,if l:vire tin' area the 
t‘'uinglc» 

Let the three forees I>, Q 1{ :,rt 
aloiig the sides ot tin- triuML'Ie AlU' 
and be represented by lU', ( A, nnd ' 

AB, respectively 

Introduce nt M tv.o oi,,,„,.ito 
torees, each e,,n.d to Q pnrallel to 
AC along BK and MI,. 

and ;!;:s;med by Al^ tl^^ in 
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S-croni;-: 

"T I Ur^ a ooupTe The momeat of this eo^n.le is equal 

isift iiihf 

moment ty ^twi«‘the'area of'thrtnangle 

fo® es are equivalent, is represented by twice the area ol the 
triangle. This theorem is capable ot extension to a i . » 

as is shown below. ., 

i^'X If a sustem of forces acting in 07ie plane on a ri^ia 

polygon. 

Let the sides AB. CD, DE, LA, 
represent forces P. Q, R. S, T in all res- 
peets. At A introduce two eqiiMl and 
opposite forces each equal to Q (repre- 
sented by BC) ; the effect of the force 
Q will be unaltered by this process. 

Hence Q along BC = Q at A in the 

direction BC. 

+ a couple whose moment is 

2 A ABC. Similarly. R along CD = B at 
CD+ a couple whose moment is 2 A At D. - 

♦ given forcest=P.Q^ ^ acting A in the direc- 

tion indicated by arrowheads plus a number of couples whose 
moments are 2 a ABC, 2 a ACD, 2ADP_j etc. 
-ziiTolbyvoygonof forces) plus 0 . coup\e whose moment is 
is'S to algebraic sum of2AABC2AACD 2AADEetc. 

= A couple of moment equal to twice the area ot the 

polygon. . 

/ 64. Any number of co-planar forces acting on a ngia 

My is equivalent to a force aeting at an arbitrary point together 

ivith a couple. 

Let Pi, P 2 any number of forces and O any 

arbitrarily selected point in the plane. 



A in the direction 




ELEMENTARY STATICS 


By introducing two opflnsite forces at O, each 
equal and parallel to Pj, the force Pj may be 
replaced by a parallel force P^ at O, having 
the same sense, and a couple, whose arm pj 
is i)erpendieular from O on the given force 
P,. (sec Art. 57.) Proceeding in this way 
with the other given forces, we obtain forces 
Pi, Py, ..all acting*at O, and an equal 
number of couples. 

Since ail the forces at () can be com¬ 
pounded into a single force and all the 

couples into a single couple, the sifstein of given forces reduces 
to a single force at O and a single couple, u'hose moinent is the 
algebraic su7n of the moments of the forces about (), 

It iS irnpostant to consider the three special cases that 
arise according as H is or is not zero :— 

(i) If K = 0, the system of forces reduces to a single 
couple. 

(ii) If R/0 but G=0, the system reduces to the single 

force H. ^ 

(Hi) If neither B nor (J vanishes, the two together will 
be ccjuivalent to a single force, whose magnitude is R. but 
which has a dilTerent line of action, parallel to its original 
direction. 

lienee wc dednee tliat any system of forces (not in equili¬ 
brium) acting in one plane upon a rigid body reduces either 
to a single force or to u single couple ? 

♦The analytical expressions for the single force and the 
single couple may be obtained as follows : — 

(’boosing the arbitrary point (> 
as the origin and any perpendicular 
lines through it as the axes, let tlxc 
<'o-ordinates of A,, the point of app¬ 
lication of the force P,, be (.t’l,//,). Let 
X], Yi be tlie resolved parts of P, 
parallel-to the axes. Now introduc¬ 
ing at O along OX two forces Xj 
and —Xi, and along OY, forces Yi 
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and-Yi, we replace P, by forces X^, Y, at O, and a couple of 
iTioment cTiYi—^ i^i* 

5yr-k5i;,''‘io?g »<i th. «.! n,.™.... 

^'*''Th'‘terne! SX, .nd SY, may be compounded into« 
.in,,. ,0,0. K, 

“Vr''|S"tn”TYyd1,^n'o^repSel, v.ni.l. B oinnot 

Tn lhat**‘case the force R and the couple G may be 

;.X.d by . .Urr..«l..o. R, pamliel to R at O Non ne 
pmceed to obtain the eyitatton oflhis stnyie resultant It. 

JC 00'(=p) be the perpendicular from O on this resultant, 

G 


then p = 


R 


[See Case I Art, 57]. 


Now if R makes an angle a with OX, :^Xi—R cos a 




S Yi =R sin a» so that tan a— ^Xi ‘ 

Let the resultant meet the axis of 
cc at B. Then O'B is the line of action ot 
the resultant whose equation is required. 

Now, OB sin a==00' 

• OB=00' cosec a=p cosec a= 

G ' ■ G ^ R _ 

— cosec a= “[r ^ ' ^Y^ ' 

The co-ordinates of B are, therefore 

iS -») 

Hence the equalion'o, the line o, act,on ot tl.e re<nllan« 

V 



(i.e. of O'B ) which passes through ( 


SY, 

G 

"sYi 


, o) and W 


hose 


slope is tan a isy— 0 —tan a 


a:— 
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(; 


i.c. y/vX^-rvY, ( (; = (), 

or .r^Vi—^ i;X, —G = 0, 

or^i:Y,-/yvX,-v(^,Vj_^jXi)=0. 

65. Ex. 1 Show that the force R represented completely 
by the side AR ol a triangle ABC, cun be replaced by forces 

acting along and n- ,resented by AC and CB, respectively 

together with a roup e ot moment equal to twice the area o'f 
the triangle. 

By the Triangle of Forres, the 
force R is equivalent to forces P and 
Q, acting at B, but represented in 
magnitude and direction by AC and 
CB, respectively. 

Now introduce at C two t qual 
and opposite forces P. The force P 
at B and the force P at C, along 
C A, give rise to a couple of moment 
ctjual to twice tlic area of tile triangle. The other forces left 
by CB^ force P represented by AC and the force Q represented 

hn,ln W forces P, Q arl on a rigid 

/ ■'? opposite forces S in <mi/ two parallel 

-oftil them, shoto that the 

resultant is displaced bp a distance 6A7(P —(P, {i 
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Let P, Q have the resultant P--Q at A, Draw AB perpendicular 

to P-Q such that AB= p_Q'* The couple (S, 6) can now 

be replaced by the couple (P —Q, AB). The resultant P —Q 
combined with the couple (P-Q, AB) gives^the resultant 
P-Q at B. The resultant P-Q is thus displaced by the 

distance AB, i.c. ■ 


vm A 


1. Prove that if three co-planar forces, no two of which 
are parallel, and which do not meet in a point, are equivalent 
to a couple, they can be represented in magnitude and direc¬ 
tion by the sides of a triangle drawn parallel to their lines of 

action. 


2. X, Y, Z are points on the sides BC, CA, AB of a 
triangle ABC, such that BX : XC=CY ; YA = AZ : ZB=p : ry. 

Prove that the forces completely represented by AA, B\, LA 

reduce to a couple whose moment is — p hTa ” ’ where A 


IS 


the area of the triangle ABC. (^* 

3 . Points P, Q, R are taken on the sides BC, CA, AB of 
a triangle dividing each in the same ratio. 1 +A. 1 —A, round 
the triangle. Prove that the forces acting along and represented 
by AP, BQ, CR are equivalent to a couple. Find the moment 

of the couple. (■^* 

4 . Six co-planar forces act on a body along the sides 

AB, BC, CD, DE, EF, FA of a regular hexagon ABCDEF, in 
which AC is 1 ft. long. Their magnitudes are 10, 20, 30,40, 
P and Q lbs. respectively. Find P and Q so that the system 
reduces to a pure couple; and sh^^v that the moment of the 
couple is 75 footpounds. (P- U- 

Hi 7 it. Take two perpendicular lines through the centre 
as axes, say, FC as a:-axis. etc. Sum of the resolved parts 
along each of the axes must vanish. 

5. The moments of a system of co-planar forces acting 
on a rigid body {not in equilibrium) about three collinear points 
A, B, C in the plane are Gj, G2, G3. Prove that 
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Gi-BC+G^.CA+Gg.AB^O. (P. U. J939) 

Hint. If the force at A is F along with the couple G,, 
G.. —G,-(-F AB sin a and Gj=Cii-l“F.AC sin a. where a is the 
angle F make s with AB. 

6 . OABC is a tetrahedron. Show that the eou])les 

represented hv the areas OBC, OCA, 0;VB can have a couple 
represented by tlie area ABC as resultant. (P. P. I93S) 

7. Forces P, 2 P respectively act along the sides AB. BC 

of a rectangle ABCI) and a couple of moment I* (\l)-|- -AH) 
acts in the plane of the rectangle in the sense ADCB. If the 
resultant of the system meets AB, AI) in H, K res])eetivelv 
lind AH, AK. * (P. H. 19-J4) 

Hint, The resultant of P and 2 P is ^/5 P, acting at B 
at an angle B (=tan ‘2) with AB. 

Taking moments of the forces about II, 2 P (HA-j-AB) — 
P (AD+ 2 AB)= 0 . 

.'.IIA= , and AK = IIA. tan 0 = AD, i.e. K coincides 

with D. 

8 . Forces act along the sides AB, BC, CD, DA of a 
plane quadrilateral, taken in order, and their magnitudes are 
Py qy r, s times the lengths of the sides in which they act. Prove 
that they are equivalent to a couple if (p — 7 ) ()B = (r —s) 01), 
and (7 —r) OC = (s-p) OA, where 0 is the intersection of AC 

(D. V. m3,) 

Hint. As in Fx. 1 . Art. 65 the force-p. AB can be 
replaced by forces p. AO and ]>. OB acting along AO and OB 
respectively, together with a couple of moment P titnes twic>‘ 
A ABO. Proceeding in this way, a couple of moment 2 
(p.AABO+ 7 . ABCO+rA CDO+s. a DAO) along with forces 
in the diagonals AC and BD arc obtained. These latter forces 
balance under the given conditions. 
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Equilibrium of forces on a rigid body 

66 . // three co-pLniar forces acting on a rigid body keep 

it in equilibrium, they muU be concurrent unless they are all ^ 

parallel, 

Let the three forces be P, Q, R, If they are not all ' 
parallel, let any two of them, say, P and Q meet in O. Hence 
the resultant of P and Q passes through O. Now this resultant 
' and R must be equal and opposite, since they keep the body m 
e<iuilibrium. This is possible only when R also passes through 
O. Hence the three forces are concurrent. 

Thus the equilibrium of three forces acting on a rigid body 
is reduced to the equilibrium of three forces acting at a point. 
Hence the conditions of equilibrium may be found by (1) 
Lami’s Theorem, or (v») by ihe Converse of the Triangle of 
Forces, or (IJ) by resoiving the forces along two lines and 
equating tlie sum of the resolved parts along each of the lines 
separately to zero (Art. 32). 

67. The e<iuilihrium of three forces acting at a point 
has already been considered in some detail. The problem o 
three forces acting on a rigid body ‘Will not, therefore, offer 
any didiculty to the student. If two forces with their direc¬ 
tions are given and a third force, at a given point, is required 
which will keep the body in equilibrium, it is necessary only 
to join tlie intersection of the two given forces to the point of 
application of the third and the direction of the third force is 
found. The magnitude will be easily found by any one of 
the methods set forth above in Art. 6t>. If, on the other hand, 
the position of eiiuilibriurn of the body is required, this can be 
obtained from the consideration that the three forces on the 
body must meet in a point. 

Now it remains only to emphasize that the forces on a 
body must be taken properly, according to the form in which 
they may occur. If the force of Tension is exerted by a string, 
it is obvious that it can only be a pull, as distinguished from a 
push. The force of Attraction between two bodies acts along 
the line of their centres. The Reaction of one smooth body 
on another must be along the normal to the common surface 
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f)f contact, there being no tangential action between such 
bodies. Thus when a smooth sphere or a rod presses against 
:i smooth vertical wall, the reaction must be horizontal; when 
a rod rests inside a smooth sphere, the reactions being along 
the normals, intersect at the centre of the sphere. But when 
the force of reaction acts at a hinge or a joint, it may have 
any direction, according to the circumstances of the case under 
consideration. 

AVe proceed to illustrate these points by means of a few 
examples. 

68 . Ex. 1. A sphere hangs hy a strings one end of ivhich 
is fastened to a point on the surface of the sphere and the other to 
a point in a smooth vertical walL Find the position of equili- 
hrium of the sphere and the tension of the string. 

Let a be the radius of the sphere and / the length of the 
siring, having its one end at A and the other at B in the wall. 
Let the sphere rest against the wall at C. 

If O is the centre of the sphere, the reaction R of the 



wall at C must be along the normal CO which 
is horizontal. Now since the weight and the 
reaction meet at O, the third force, tciision, 
must also pass through O. Hence OA and AB 
are in the same straight line. Let the anc^le 

OBCbee. 

Then sin , ... (t), 

which gives the position of equilibrium of the 
sphere. 

By the Converse of the Triangle of Forces, 
R, T and AV are represented by the skies CO, 
OB and BC of the triangle OHC. 




Hence 

or 


T OB 

W nc “ 
T=n’scc0. 


/ 

V 


Now 0 being known from (i), T is found. 
Similarly K can be found. 





Bx, 2. ./ uniform rod AB is ynovahle about a hinge at A 

and rests xvith the other end against a smooth vertical xcali ‘ If a 

be the angle uhich the rod inakes u ith the xvall, determine the 
reactions ai the hinge and at B. 
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Let the horizontal reaction R at B and the weight W 
O, the middle point of AB, meet at O. Then the 
direction of the reaction at A must be along AO, 
meeting the wall in C. 

Let the angle ACB be 0. We have first to 
find the relation between a and 9- This may be 
found by considering that BL—jCL (where 

AL 1 CL). 

Hence BL/AL=:| CL/AL, 
or cot cot 0. 

Resolving the forces, R'_cos^ 0 ^V, 

R'=W sec e =WVl4-i tan^a. 

Xiso R^R' sin 0 , etc. 

Two useful Trigonometrical formulae.— 

The relation (1) could be found at once from ^ 
AAOB by the application of the trigonometrical formula, 

(m+n) cot a =^m cot AOG —n cot BOG. 

where G divides AB such that AG ; GB : : m : n. 


at 



(A) 


Here this ratio is 1, and the formula gives 2 cot a—cot 0. 
The formula (A) can be established as below: 

m _ AG _ AG/G^^ rinJI/sin (a-0) 
Let /BOG= 5 i, then ^ — GB/GO“ sin ^/sin (a + 9 i) 


_sin (a+?i)/sin 9 ^_sin a cot ^4 -cos a 
“siir(a—@)/sin'0 sin a cot 0-cos a' 

whence (m + «) cos a = sin a (m cot 0-n cot 
or (w+n) cot a=w» cot 0—^ cot 0. 

There is another similar formula, which is equally 
useful:— 

(m+n) cot a=n cot A — m cot B. (®) 

m AG/GO_ sin (a—A)/sm A 
For proving (B). “gB/GO" sin (B+a)/sin B 

_sin a cot A-cos 
^cos a-l^sin a cot B 

Ex. 3. A heavy rod whose centre of gravity divides it in 

the ratio a: b/is placed inside a smooth sphere; find the position 

of oquiltbrium of the rod, given that 2a. is the angle subtended by 
it at the centre of the sphere. 
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angle 0 with the hori/ontal. 

The reactions R and S at A and R, 
respectively, pass through the centre 0. 
The vertical through O, therefore, also 
passes through O. 

Applying the cotangent fonnula (R), 
Ex. 2» we get inunediately. 


(a+6) cot ( 2 -9 ) 


cot A — a cot R 
= (/> —^?) cot R 

• X ^ h-a ^ 

. . tan 0= cot B 

O+rt 

b — a 

= I , -—tan a: . 
b-\-a 

The reactions R and S can be found easily by Lami’s 
fheorem. 

^oie 1. From the above, we can easily deduce that 

sin 9= _ 

^\/ 

where r is the radius of the circle. For. we have 
tan 0 = 


sin 9 = 


b~a 
(b+a) cot a 
_ h~a 

^(b—aY-\‘(h-\-aY cot^ a 

__ _ h—a 

a/( 6—a)®4-(ft-f-fl)2(cosec2a-1) 

b—a 


\/(b (6d-a)®+(6-)-aj'cosec - a 

6—a 


j 


4r3 


(a+ 6)2 


h-a r,. r 1 

the fign'rej 
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Note 2. Applying Lami’s Theorem at O, 

\V ^ R ^ S 

sill 2 a sill (ciL + 0) 

Since a, Q are both known, the pressures H and S can be 
calculated in terms of W. 

Ex. 4. One end of a string is fixed to the extremity of a 
smooth uniform rod, and the other to a ring without weight which 
slides on the rod, and the string is hung over a smooth rad ; 
prove that if G be the inclination of the rod to the horizon in the 
position of equilibrium, 21 the length of the string and 2 a the 

length of the rod. 

Since the string ACB passes over the smooth rail at C, the 

tensions in the two parts are equal, 
hence the weight W bisects the angle 

\CB. 

So d XC^x, CB=yy 

= -l-y ... ( 1 ) 

where GB=6 (suppose). 

Since the rod is smooth, the 
reaction R of the rod on the ring is 
perpendicular to AB ; hence the equili¬ 
brium of the 

ring gives T=R, 
and ZABC is a right angle. 

zBCG = Z.BAH=@. 

Now applying the cotangent formula, 

(a+i) cot ^ -0 ^ = (a-6) cot 0. 



« a —6 

Again, y=b cot 0 [from rt.-angled a BCG] 
a;=a cot 0. [from (1)] 

But x-\-y=2l y=2l'-x~2l — a cot Q. 

From (2), we have 

x^y a cot 0— l-’O cot G) 

- ^ - 2/ 


tan^@= 


• • 


x-i-y 

21 tan^04'2/==2 a cot Q. 


» • » 
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. a tan=0+l ^ (tan^e + l)' 

I cot 0 

Ex. 5. A uniform beam of length 2a, tests in equilibrium, 
xviih one end resting against a smooth vertical wall and with a 
point of its length resting upon a smooth horizontal rod which is 
parallel to the wall, and at a distance b from it, show that thr 
inclination of the beam to the vertical is 



Let AR be the rod resting at C on a smooth horizontal rod 

at a distance b from the vertical 
wall. Let the inclination of the rod 
to the vertical wall AL be Q. 

The forces acting on the rod 
are : 

(i) The reaction S at C, per¬ 
pendicular to the rod AB and as 
well as to the smooth horizontal 
rod. 

(it) The reaction at A, perpendi¬ 
cular to the wall. 

(iii) The weight of the rod 
acting vertically downwards at G, 
where G is supposed to be the C. G. of the rod AR, 

Since these three forces keep the rod in equilibrium, they 
must be coplanar and meet in a point. 

It is evident from the figure that 

Z GAL= zCOA= Z.AGO=9. 



Now sin 0 = 


CM 

CA 


(ACAM). 


Also sin 0 = 


CA 

OA 


(A OAC). 


And sin Q ~ (aOAG). 

• Q - OA _ CM _ 6 

^ CA ■ OA ■ AG AG 

9 - (~)f 9- sin ■ ( )? 
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Ex 6 A uniform rod rests vartly within and partly 

.ithoTa fixed smo/th >-rnisphMbo^.ll}^^ 

the iZlh of'the rod it makes the greatest angle with 

th( hor^ont^^^ vertical section of the hemispherical 

howl through the central line of the rod ; 
the other halt of the section is shown by 
the dotted line. Let AB be the rod, touch- 

ing the rim at C. . 

The reaction R at A passes through the 

centre O and meets the circular section at 

E The reaction S of the rim on the rod is 

along the perpendicular CE to the rod. 

(AE is a diameter and ACL is a right 

U should be noted that at C the rod is 

upon by the rim, while at A only the end 
aL CE is perpendicular to the tangential line at L to t 

Since the tlurd force is the weight of 

vertical through E passes thr(mgh , obviously the 

AB, meeting the sphere at F. Now AF is oDvi > 

horizontal line through A. 

Let LCAF=@, then Z.OCA= 0 = zOAC, 
tnd ZEAF = 2e. 

If AB=2aandradius=r, 

then AF=acos 0, and also = 2rcos20, 

jjence a cos 0 = 2 r cos 20 

gives the position of equilibrium of the rod. 

Arranging (1) as a quadratic equation in cos 0 » 

4 r cos^ 0 —rt cos 0 — 2 r= 0 , 

whence cos 0 = (<zib^/ 

Since cos § is^ve,, the positive sign must be 
before the radical. 

Hence as a decreases, cos 0 decreases ana 

crease^.^ ^ tft«re/orc, the greatest when the rod has the 

least length, which is AC. In that case 

a=sr cos 0 . 


from triangle 

...( 1 ) 


...( 2 ) 

taken 

© in- 





10t> 


elementary statics 




Hence from (2) and (3). 2r-=3a2 

i. e., the angle 0 is greatest when cos #9='^^ 

v/3 ’ 


or 




-v 2 


and from (3), the length of the rod, in that position, 


3 


T. 


'I’hc mnv'un’un IcmHh of the rn,I r i i 

e = 0 ,n(,), which gives VHl/r.l7eJh [vhieh 

otlierwisc. ^ which is obvious, 

Exercises IX 

L A unitorni ladder of \vci*'ht Ki IK»; ]»..., 

perfec-tly smooth wall, l-'.iid the thritJ v ieh 

against the wall and the ground when the ladder is 4 ft T 
and reaches a lieight of 16 ft. 

2- A uniform rod AH of wei.dit i ewt . » 

[s supported in a Imrizontal position by a rope Shed ; ’ 

i nnd .nnkmg an angle of 45^ with the rod Find the tc 
Mon m the rope and the force at the hinge ^ 

=<■ '>». 

binooth vertical wall n =* t-nd rests against a 

is !> inched Sad Se posSo^ or: r^ 

ol pressure on the peg, quilibrium and the force 

l>«. is'sus;lS“'b;/So"l'int'^ '- 

pectively, wliich arc attached'’ to the 
alsotoa nail above the lod Fin I tl 

bnum and the tension of each string^ Position oi equili- 

•■al pkne IbTu'flhe fiVe^.^n" f"';, a" 

pended from H, ami th^od ''is l" T'- f 

tothehorizontal F .7,," to A and inclined at 30° 

force of constraint at C. “"d the 



EQUILIBRIUM OF FORCES ON A RIGID BODY 


107 


C. A uniform rod AB of mass 20 lbs. can turn freely 
about the extremity A which is fixed and rests in a position 
Lvi Jd at an angle of 60° to the vertical, being supported 
by a horizontal force applied at the lower end B. ^ md the 
magnitude of the applied force and of the reaction at A 

^ 7. If in Q. 6 above, the applied force be inclined at 60 

to the horizontal, find the force and the reaction, 
to tne nor ^ weight 6 lbs. rests on two smooth in¬ 

clined pla^es^ of inclination 30“, 60°, whose common section 
is a Lizontal straight line ; find the pressure on each 

A heavy equilateral triangle suspended from a 
smooth peg bv a string, the ends of which are attached to 
tw^of its angular points, rests with one of its sides vertical ; 

show that the length of the string is^Jouble the altitude ot 

the tnang^trian iar lamina ABC is suspended from a point 
O by light strings fastened to the points A, B and hangs so 
that BC is vertical. Prove that if a, be the angles which 
the strings AO, BO make with the vertical, then 

2 cot a-cot fl=3 cotB. , 

11 . A circular disc is kept at rest by three forces acting 

perpendicularly to the circumference at three given poiiBs 
therein. Show that the forces are as the sides of the circum¬ 
scribing triangle, that pass through those po’nts 

12. A weight is suspended from a light rod which 

passes over two Exed supports, 6 ft. apart. On moving the 
weight 6 inches nearer to one support, the pressure on that 
support is increased by 10 lbs., what is the amount ot the 

A plummet of weight 10 lbs., is immersed in a 

current of water, the string being held in the hand ; and the 
string ultimately settles in a position m which it 
angle of 80° with the vertical. Draw a diagram, showing 
the nature of the forces acting on lhe plummet, and deter¬ 
mine the tension of the string. , - • j 

14. A rod weighing 20 lbs. is placed inside a sm^th 

sphere and subtends a right angle at the centre. It - 

centre of gravity divides it in the ratio ' . i 

sLw that the rod makes the angle 30° with the horjzonta 
in the position of equilibrium, and that the reactions 
5(v/6-f V2) and lbs., wt. respectively. 
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•15. Prove that a uniform rod cannot rest entirely with¬ 
in a smooth hemispherical bowl, except in a horizontal 
position. 

16. If a uniform heavy rod be supported by a string 
fastened at its ends and passing over a smooth peg, prove 
that it can rest only in a horizontal or a vertical position. 

. 17. A uniform heavy rod of length 2a is placed across 
a smootli horizontal rail and rests with one end against a 
smooth vertical wall, the distance of which from the Tail is h. 
Show that the angle the rod makes with a horizon is 

cos- ( '' ) i 

18. Show that no uniform rod can rest partly within 
and partly without a fixed smooth hemispherical bowl at an 


inclination to the horizon greater than siir' 
ed Kx. 6]. 



[See work- 


19. A uniform rod is capable of turning freely in a 
vertical plane round a hinge at one extremity : a cord attach¬ 
ed to tiie other extremity passes over a smooth horizontal 
rail (perpendicular to the vertical plane through the rod, 
and in the same horizontal plane with the himjef and sup- 

. * — " *1“ • j. s hanging freely ; determine the 

position of equilibrium of the rod, and direction and ma^rni- 
tude of the reaction at the hinge. “ 


20. Show that the inclination of the rod to the vertical 
in Kx. 6, Art. 68, cannot be less than 45° and that the least 
length of the string, for which equilibrium is^possible, is a. 

/D I ^ uniform rod of weight W ; it is supported 

(B being uppermost) with the end A against a fnnooth verti- 

string being horizontal 

and CU inclined to the wall at an angle 80°. Find the ten¬ 
sion of the string and the reaction of the wall. [P.U, 1944], 

*22. A heavy uniform beam AB can turn freely about 
a lunge at A and the end B is attached to a string which 
passes over a smooth pulley at C vertically above "a and 
carries a weight P hanging freely. Prove that in equilibrium 

2P 

BC = ^ AC. 
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Hint • AO is the direction of the reaction of the 
atA, wher;0 is the midpoint of BC. Forces. are parallel 

•ind nroDortional to the sides ot the A AUL. . , . 

23 ^ A string 9 ft. long has one end attaclvd to the 

extreinitv of a smooth uniform heavy rod 2 ft. long, and at 
the other end carries a weightless ring, which slides on the 
rod The rod is suspended by means of the string irom a 
smooth peg ; show that the angle 9 which the rod makes 

with the horizon is given by tan0=8 -3 

Conditions of Equilibrium of any number of 

Co-planar Forces. 

/ 69 Equilibrium ofCo-planarForces.—If any numlier of 

co-planhr forces act on a rigid body, the system is equiva¬ 
lent to a simde force R at an arbitrarily chosen point O, 
!md a cLple°G, whose moment is equ d to the algebraic 

sum of the moments of the torces about O (Art. 64). 

Since a force and a couple cannot balance each otl e , 

U and G must vanish sep.irately, m order that 

may be in equilibrium. Thus the conditions of equilibrium 

ape that , ^ ^ 

K =0 and G = 0. 

Now R=0, if the sum of the resolved parts of the forces 

alonaany two directions, separately^ is zero. (Art. 3‘2) d ) 

Ac.ain,G^O,i/t/ie algebraic sum of the moments of the 

forces about any point in the plane vanishes. ■■ l-| 

These two conditions may analytically be expressed 

by three conditicms as follows, (from Art. 64) 

SXi = 0, sYi=0, 

r and S(iriYi—= 0. ■••W 

It should be clearly understood that 1\ is tne 

same in magnitude for any i>oint of reference O, '' inicG 
would have different values for different positions ot U. 
But when R=0, the couple G has a constant value for any 
point O. Hence in such a case when G vanishes for one 
position of O, it vanishes for every other position also in the 

plane. 

Note 2. The above three conditions, namely, SXi = 0, 
SYi=0 andS(iriY,-2/iXi)-0 (i.r. the algebraic sum of the 
moments of the forces about any point in their plane should 
also vanish) are both necessary and sufficient. 
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(z) Ijiatthey live nvcrssary co/u/i/ionj of cquiiibrhim 
IS evident froni the faet that if any one of the conditions 
were siipprcsse<I, the eijuilihriuiti eouM not be guaranteed. 

vv oidy two of the conditions, namelv 

i.Xj=0 and:^Y,==0are satidied but the third condition is 
not satished, the system ot forces would then reduce to a 
couple. 

(6) Agah. suppose that XXi = 0 and v,a.,Y, - y,X,)=0 
but , IS >mt zero, theu the system of forees would reduce 
to a Single force perpendicular to the <Iirection of ^Xi. 

Similar remarks apply when iiY, =0, v(,i. y,-,v,X,) = (), 
but l.Xi IS not zero. ‘ *' 

(//) These three conditions when simultanoouslv satis- 
tie<l are evidently sujjkirnt for equilibrium. For ’ if the 
system ol forees be not in equilibrium, the furees must 

eil' (Ar"'64)! 

Hut the forces cannot reduce to a single force ; since 
the algehnm- sum of the resolved parts of the forces aloim 
two^mes m the plane vanishes {i. since vX,=0 as well as 

.Vgam, the system cannot rciluce to a single couple, 
smecthc algebraic sum of tne moments of the forces ahm.t 

a point m the plane is zero |, , . smec y(y,Xi-.c,V,) = 0], 

70. Other forms of the conditions of equilibrium. 

forces is in ciiiillhritim if 

O, vamslics. either R = ,). or U acts alon<r 0,0. Wi„ 

since tlic sum of the moments of the forces about O’also’ 

vanishes, the moment of R about O, vanishes. This is not 
)t»ssible un OSS U = () becaiK#* n m"* n i • . 

i‘ ...; ?i;e r,";™ ? 

equilibrium. *ae svstem is, therefore, in 
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The forces are in eguiUbrium if the sum of their monunis 

/ .mJ tL poMs 0„ O, vanishes separately, an , 
fZ of ^ke relived parts of the forces in any direcHon except the 

one perpendicular to Oi also vanishes. 

Proceeding as before, either R=0, or R acts «> O- 

tL givcf d-rection. which is contrary to the hypothesis. Hence 
IX^O and the system is in equilibrium. 

71 Recapitulation We have seen that every set of the 
conditions of equilibrium gives rise to three equations among 
the forces These three statical relations combined with other 

or analytical relations which may exist, will 

determine the equilibrium of the bod> . 

The three statical relations are generally found convenient 
when obtained in the following manner 


1, Resolve the forces in any suitable direction. 

2. Resolve the forces in the perpendicular direction. 

Much simplification may be brought about by choosing the 
two perpendicular directions in such a way that most ol Uie 

forces act in one or the other direction. 

In practical problems it will be found that the convenient 
directions are generally, horizontal and vefticah 

5, Take nKmtents of the forces abovi a suitable point. 

This point should be chosen in such a way that most ot 
the forces pass through it, so that the fewest forces appear m 

the relation. 

72. Constrained Bodies. Case (i).—When a body is fixed at 
one point, as a rod or a lamina by means of a hinse, tlie body 
is said to be constrained. The rod whose one point is fixed, 
can turn in any plane about that point, but the lamina can 
turn about the fixed point in its own plane only. 


If a number offerees, coplanar with the lamina, act upon 
it, they can be reduced to a single force 1< at the hinge and a 
couple G whose moment is equal to the algebraic sum of the 
moments of the forces about the hinge. The force R is neutral¬ 
ised by the reaction of the hinge; hence the condition ot 
equilibrium for a constrained lamina is that the algebraic sum of 
the moments of the forces about ike point of constraint vanishes. 
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Case (ii) If a body has two points Ji ved, as a door fixcH by 
two hiu^'cs, tlie body can turn only about the straight line 
joining the points as aris. N -w {a) if a door be acted upon by 
a force perpendicular to the plane of the door, its tendency to 
turn would depend upon the magnitude of the force and the 
perpendicular distance between the force and the axis; (b) but 
if the force be inclincti at any other an<»lc to tlie door, it can be 
resolved into two conip )nents, one perpendicular to the plane 
of the door and the other lying in the plane. The component 
lying in the plane can have obviously no turning ellVct. and so 
the turning ell'cct of the force would depend upon its resolved 

part perpendicular to the ]>lanc of the door, l-'or these reasons 

we have the following tlelinilion :— 


The moment of a f on t about a straight line is dejlncd to be 
the product oj the pomponenf, perpendieulur to the straight line and 
the shoriesf tiisfanre between the straight line tnid the line o/ 
action < f this component. 

lienee for tlie equilibrium of a b idy constrained to turn 
about an axis and acted upon (oj anp forces \cc /nn'e ih condition 

that the aigtbraic sum of the moments'of the forces ah .ut the axis 
vanishes. 

73. 'Theorem If three forces keep a body in equilibr 
ium, they must lie in the same plane. 

Oraw any straight line / meeting the 
lines of action of the two forces 1\ Q and 
not parallel to any third force U. then P 
and g (since they meet/) has e no mo¬ 
ment about /; K also has no moment 
about /, otherwise it will have the ten¬ 
dency to turn the body about 1. Hence 
the line of action of R meets Since any 
straight line / which meets the line of 
action of P. Q and is not parallel to R, 
meets the lino of action of R, the forces 
P, Q, R, must be oo-planar. 

Remarks In solving problems on the equilibrium, of a 

S.\ S cm o( bodies under the action of co-planar forces, we may 

Cjlhei triNit the systrin as a whole, ignoring the mutual actions 
I" of wliich It IS constituted, since these actions are 

each nan ^ the e.iuilibrium of 

each part ol the system separately, under the action of external 
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forces iropressed upon it and of such other parts of the systern 
as act upon it. It may be noted carefully that if a group 
of bodies is in equilibrium, the external forces acting on the 
group will form a system of forces in equilibrium. VVe now 
give a few illustrative examples. 

Ex. 1. Forces act along the sides of a regular hexagon 
ABCDEF as follows : along CB^ 5 lbs ; CD, 8 lbs.\ ED, 6 lbs.; EF, 
lb. : FA, 'J lbs. Is the system in equilibrium ? 

Let each side—a. g 

Taking moments about C, D, E, 
respectively we have 

{i) (C) 6.a sin 60° —1.2 a cos :J0®—2.2a 
cos 30®, which vanishes. 

(u) (D) 5.a sin 60®-l.a sin 60®-2.2a 
cos 30® ; this also vanishes. 

(Hi) (E) 5.2a cos 30®-8. a sin 60® —2a 
sin 60® ; this also vanishes. 

Thus the algebraic sum of the moments of the forces 
about each of three points is zero. Hence the system is in 
equilibrium. 

The student should obtain the result by the other two 
methods also. 



Ex. 2. Two equal heavy 
are freely hinged together, and 
smooth fixed sphere of radius r. 
rod to the horizontal is given by 



Treating the rod as a rigid 
upon it, are the weights W, 
Resolving vertically, we have 


rods, of weight W and length 2a, 
placed symmetrically over a 
Show that the inclination of each 
r {la7v^S+tan0)—a. 

Both the rods are symmetri¬ 
cally situated with respect to the 
sphere, centre C. 

The reactions R at the points 
of contact D, E of the rods with 
the sphere are equal and pass 
through C. 

The weight W of each rod 
acts at its middle point, and is 
evidently vertical. 

body, the external forces acting 
W, and the reactions R, R, 
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... ( 1 ) 
... ( 2 ) 


W = R cos 

Taking moments about A for the rod AB, we have 
VV. a cos ^ = AD. 

Now AD = r tan Q. 
a cos ()—r tan f) ‘^cc f) 
i.e.y r tan Q 

i.e.^ r (taii^O + tan©) = u. 

Ex. 3. A ladder rest'i at an angle d to the liorhotK with its 

ends resting on a smooth floor and against a smo dh verlicdl wal^ 
the lower end being attachvl btj a string to the junclinn of the wall 
and the floor ; find the tension of the string. 

Find %lso the tension of tif string when a man, xvhose 
weight is ^ne-half that of the ladder, has ascended the ladder two- 
thirds of its length. 



Lot AH be the ladder of length a and G 
its middle point. 


Let r be the tension of the string, R, S. 
the reactions of the wall aTuI (he lloor ; ^V. \V' 
the weights of the rod and man. 

Resolving horizontally and vertically, we 
have 


\V 1 W'=:S 
T = R. 

• • 

Taking moments about A, we have 


(1) 

( 2 ) 



2 

cos a ^ a cos a —R. « sin a. 


i.e. 3\V+4U' = 6 R tan a* 

(‘3 VV ^-4^V') eot a=T. 



v\--fvv*' VV' = 0. and in the 2nd case. 

\y — 2 VV, 

5 # 

. , T = ^ W cot a andT = -^ VV cot a, respectively. 

Ex. 4. If jO triarigle is suspended from a fijred point btf 

strings attached to the angles, show that the tension of each string 

ts proportional to its length. 

Assume that the weight VV of the triangle ABC acts at its 
centroid G. 
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T Pt T. T. T., be the tensions of 

the string; 6 OC, O being the 

point of suspension. 

The triangle is under the action 

of four forces Ti, T 2 , I 3 , p rr. rp 
If T be the resultant 01 1 2 , ^3 

then the four forces acting on the 
triangle are reducible to three forces 

Ij, T, W. ■ T T W must be coplanar. Thus the 

,i,„ .f B u .h. or bc ...<1 

the line of action ot W passes through O. 

From L.ml'. Thc.orm . 

sin GOD _ sin ODA 

“ O G • 



Now from A GOD, Qjy 


Also GD = 


1 

3 


ad, and 

Ti 


sin ODA 
sin AOD 

W 


OA 

AD 


• ♦ 


OA 3 OG 


Hence 


Ti 

OA 


_ Tj T3 

OB "" OC 


KJlJ ^ , 

respectively to t Z£c!l and also find the 

Find the inchnation oftne roa 10 

reaction.^ at the ends of the rod, 

C 
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Let OA and OD be the two planes, and let a rod AB rest 
on the planes at an inclination © to the vertical. Since the rod 
IS uniform . . the C. G. must lie at its middle point. 

ij , Jl'e forces acting upon the rod are the reactions, S and 

wpi kI'vv ® A, and the 

weight W of the rod acting vertically downwards. 

in one^pofnt^c’^^^ ^ co-planar. and should meet 

tlie folmida'^^'^ •■'^''nation © to the vertical we apply 

(w+n) cot 0~m cot a-n cot /3. 

In the A ABC, since G is the mid. point of AB we have 

(« +n) cot © = n cot ;8-« cot a 

2a cot Q=a cot 0—a cot ql 

.•.©=cot > « y 

Thcorem”'^^*’^ ^ "'® “PP‘-'' 


Thus _S __ 

Sin (tt— sin (tt —a) 

reactions. 


VV 


sin (a + jS) 


Aliter. 

(Kiuilibrium, 


—Let us apply the three 

i. e. X=0. Y=0, G = 0. 


general 


conditions of 


Hcsolvirig horizontally and vertically we Iiave 
K sin a“S sin ft 

U cos a+S cos jS = \V 

Ltt us take moments about G 

S. BG sin (©-;8)=R. AG sin [w_(© + a)]. 

or S. sin (©-/3) = R sin (a+©) 

From (i) and (m) we have 
R^ sin sin (©-^) 

S sin a siiv;a-f©)' 

• • ® ;8)=sin /3 sin (tt+©), 

or sin a fsin © cos fi -cos © sin fi) 

=sin fi (sin a cos 9+cos a sin ©) 
or sin a sin © cos -sin a cos © sin y9 

-sin sin a cos ©+siii 0 cos a sin ©, 


•(>■) 

(III) 
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\ 2 cot 6 = cot/3—tot a, 

,(cot ^ cot a) 
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/9=cot 


Again from (?) and (ii) 


R 

sin B 


S 

sin a 


R cos a -i- S cos p 


“ (cos a sin yQ+sin acos /3) 

- VV 
~ sin (a+^) 

Wsin^ 5 = ----^'^-- 

. Fx 6 A uniform rod has its upper end fixed Jo « 

, • ^ A, mhereid attached by a string to a fixed point m 

hinge “""* *'* nlane as the hinge, the length of the string 

the .j fiisiance between the fixed point and the hinge^ 

iTT ihJrnd is iriclined to the horizontal at an angle 
Sr> t-ndtliltthe action at the hinge is eyual to a force 

V /10 inclined at an angle lan-J 

" Sol. Let AB be the rod with a hinge at A. Let 

a string of tension VV be 
attached to the rod at B ana 
to a point C in the same 
horizontal plane as A. 

• • BC=AC, 

/BAC=/ABC = 0. 

The forces acting on the 
rod are, the reaction of the 

hinge at A (since the inch- w , v H 

nation of the reaction is unknown, iv«*always take X and 
Y to be the horizontal and vertical components of the re 
action at A), the weight VV acting vertically ^.^^ownwar^^ 
passing through the middle point, and 
the string. 

Equating horizontal and vertical components, 





rf*vv' 
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X = T cos {180"-2e)=-\V cos 2©, 
Y+Tsin (180°-2©) = VV, 

I e, Y + \V sin 2@ = W. 

Take moments about A. 

VV. a cos © = \V x2a sin Q ( 

tan ©=i ©-=tan * 

From (i) and (»') 

1 + tiin^© 


-.-(0 
• ••('0 


r = \V) 


X = -VV. cos 


_ 'V’(l-l)__vv . 


This shows that X acts in the opposite direction, and 
the figure is to be corrected. 

Y=\V-\V. sin 2©-=\V( 1- “ 

\ 1-htan^© 

2x1 


-W 1- 


1-H 


w 


= 'v {1_5)= " . 


• » 


Resultant reaction ul A 


= VXHV= 


_v 10 VV 

• 

5 

Inclination of the reaction 


/ontaI = tan'* 


Y 


at the hiiiffc 


to the hori 


tan *- J. 


Exercises X 

1. The following lorces act along the sides of a regular 
hexagon AHCDEF : along IIA. 7 lbs. ; BC, 5 lbs. : DC. 1 lb.; 

Fi). 1 Ib.; FE, 1 lb, ; FA, 5 lbs. Show this system is in equili¬ 
brium. 

2. hour forces ^Represented in magnitude and lines of 

action by the lines AB, BC. CD, DA are in equilibrium • 
show that AC and BD are parallel. 

ABCD is a quadrilateral; forces act along tnc sides 
AB, BC, CD, DA, measured by a. S times these sides 

respectively. Find the actual direction of the forces if there 
IS equilibrium, and prove that a. =y9. S. 
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4. A circular table of weight 20 lbs. rests on three 
legs placed svnimetricallv round its edge; find the least weight 
whicli placed' on the table would just cause it to overturn, 

and find tlie position of the weight. 

5. A circular table of weight 40 lbs* rests on four legs 

placed symmetrically round its edges, find the least weight 
wbicli placed on the table would just cause it to overturn. 

t>. A square four legged table has lost one leg ; where 
on the table should a weight, equal to the weight of the 
table, be placed, so that the pressure on the three remaining 

legs of the table may be equal ? , i 

'7. Two small rings, whose weights may be neglected, 

slitie oil the arc of a smooth vertical circle ; a string passes 
through both rings and has three equal heavy particles attach¬ 
ed to it, one at each end, and one between the rings ; show 
that in the position of equilibrium, the distance between the 

rings is equal to the radius of the circle. _ 

8. Prove that any coplanar system of forces, not in 
equilibrium, can be reduced to two forces acting at two 
given points A and B, one of which may be inclined at any 

required angle to the line AB. a.- i n 

9. A ladder AB rests against a smooth vertical wall 

at A, and is supported by a socket in which its lower end 
B is placed ; the vertical through G (the centre of gravity of 
the ladder and its load) meets the horizontal through A lu 

K, and the same horizontal cuts the vertical through B m 

L. Prove that the triangle BKL will serve as a triangle ot 

forces for the weight and the reactions at A and B. 

10. A smooth uniform ladder of weight 100 lbs. and 
length 30 ft. rests with its extremities against a smooth verti¬ 
cal wall at A, making an angle of 15° with the vertical, and 
the smooth horizontal plane at B. It is kept from slipping 
by a cord CD one end of wliich is attached to a ring on the 
ladder one third of the way up. A man of v^ight 150 lbs. 
climbs up the ladder to E where BE = 20 ft. Find the ten¬ 
sion in the cord and the reaction at A, a!hd verify that the 

reaction at B is 400 lbs. i + 

11. A square rests with its plane perpendicular to a 

smooth wall, one corner being attached to a point m the wall 
by a string whose length is equal to a side of t e square. 
Show that the distances of three of its angu*” points from 
the wall are as 1, 3. and 4. (PV. 1931 B.A. Hons.) 
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* 12. A rectangle AHCD in wh ch AR, IK* arc rcsprctively 
8 and 12 cms., is fonned of smoothly jointed rods, and is 
made stilT by a diagonal BD ; the frame is liung up from A 
and a weight of 10 kilogrammes is fastened at C. Find the 
stresses, distinguishing between thrusts and tensions. 

13. Prove that any co-planar system of forces, not in 
equilibrium, can be balanced by forces acting along the sides 
of a given triangle. 

Given the system and the triangle, prove that ojdy one 
set of forces will balance it. 

Find the condition that the required force along any 
side may be zero. 

14. Four light rods AB, CD, BC, AD of lengths 4, 10, 5, 

5 ft. rcs})cctively, freely jointed at A. B, C, D, form a trape¬ 
zium in a vertical plane, AB and CD being horizontal and AB 
above CD. The whole is placed on smooth ho.izontal sup- 
})orts at C and D, and a weight of 200 lbs. is placed at the 
middle point Fv of AB. Find the stresses in the rods AD, 

BC, CD. 

15. 'l*wo equal beams AB, AC connected by a hinge at 
A are placed in a vertical plane with their extremities B, 
C resting on a horizontal plane ; they are kept from falling 
by strings eoimecting B and C with the middle points of the 
opposite beams. Show that the tension of each string is 

\V 

^ Vt) cot^(9+l. 9 and \V being, respectively, the inclination 

to the horizon and the weight of each beam. 

10. A triangle formed by three smooth rods is lixed 
horizontally and a homogeneous sphere rests on it. Prove 
that the pressure on each rod is proportional to its length. 

17. A sphere rests on three smooth ])egs which lie in a 
horizontal plane and are at distances a, b. c from one an¬ 
other. Prove that tlie press\ires on the pegs are in the ratios 

a^cosX : b cosH : c cos C. 

18. A uniform circular disc of weight nW ,has a parti¬ 

cle of weiglit \V, attached to a point on its rim. If the disc 
be suspended from a point A on its rim, B is the lowest 
point ; also, if suspended from B, A is - the lowest point. 
Show that the angle subtended by AB at the centre of the 
disc is 2 sec ^ 2(n+1). {l\L\ 2932) 
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19 If the algebraic sum of the moments of a system of 
co-vlanar forces is the same aad of the same sign, when taken 
about each of three non-collinear points, prove that the system 

rerluew/o^a alternatives for the system of 

forces • nameiy, (i) equilibrium ; (n) reduction to a single 
Zcl, A Mion ti a couple. The system is not m equili¬ 
brium as the moments have values other than zero. It 
cannot reduce to a single force for if I be the force we 
must h^xe¥p, = Fp,=Fp, in magnitude and sign. 

\ the perpendiculars from the given points A, B, C 

are equal, 

showing that A, B. C are at eqiial ^ 

same side of F, which is contrary to hypothesis (that A.B.t 
'are non-collinear points). We are, therefore, left with the third 

alternative.] ... i, 

20. Three equal light rods are freely jointed together 
to form an equilateral triangle ABC which is suspended 
from A and carries two equal weights suspended froiii the 
joints B and C, respectively. Determine the reactions at the 

joints. ^ ,, , * 

21. A uniform bar of length a rests suspended by two 
strings of lengths land!' fastened to the ends of the bar 
and to two fixed points in the same horizonta line at a 
distance c apart. If the directions of these strings bei g 
produced meet at right angles, prove that the ratio of their 

tensions is , „ ■ / 

al + cV : aV+cL 

22. A uniform sphere of weight VV and radius r, rests on 
a smooth inclined plane and is supported by a string of length /, 
attached to the sphere, the other end of the string being 
atUched to a point in the plane. Show that the string makes 

the angle sin'^ —^-,-with the plane. Determine the tension 

r +1 

the react extremities 

form a hexagon ABCDEF. The bar AF is fixed in a horizontal 
position and its middle point is connected by means of a string 
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with the middle points of the lowest bar in such a manner that 
the bars form a regular hexagon. Find the tension T of the 
string and the stresses R and S at B and C. respectively. 

Four light rods smoothly jointed together form a 
parallelogram ABCD ; strings connect A with C and B with D. 
bhow that their tensions are in the ratio of their lengths. 

25. Tiiree equal uniform rods, each of weight W are 
hinged together to form an equilateral triangle. If the system 
be suspended by the middle point of one of the rods, show that 


the stress at the lowest angle is ^ W, and that at each of 

the upper angles * \V. 

2 y/ 3 

afi. A regular hexagon ABCDKF is formed by six equal 

uniform jointed rods and is kept in shape by two light wires 

joining B to F and C to E. Find the force along thtse wirL 
When the hexagon is suspended from A. 

27. A balance has two pans, each of weight 8 o/s 

suspended from a beam, each at a distance 7 in. from the pivot' 

A dishonest tradesman moves one pan half an inch nearer to 

the first, adding weight to this same pan in order that the 

two pans may still balance. Find how much weight he must 

add and by how much his profits will be increased by his 
dishonesty. ' 

28. A light rod rests wholly within ii smooth hemispherical 
bowl of radius r, and a weight W is clamped on to the rod at a 
point whose distances from the ends are a ami b. Show that q 
the inclination of the rod to the hori/.on, in the position of 
ecpnlibrium, is given by the equation 

2\/r2—aft sin q = a-b. 

1 T'c '■“‘‘‘''g"''*'-g-‘te of weight W, C feet wide 

and 5 feet high is supported by two hinges placed 6 inches 

weial f"'respectively. If all the 
weight of the gate is supported by the bottom hinge, find the 

magnitude and directions of the reactions at the Uvo hingel! 

(D. II. 1944.) 

80. One end of a uniform rod is attiiched to a hiime and 
the other end is supported by a string attached to the extre 
mity of the rod and the rod and the string are inclined at the 
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same angle Q to the horizon. If VV be the weight of the rod, 

find the "tension of the string and the action at the hinge. 

(P. U. 1943) 

•[Hint. We have 

_ R ^ 

sin (90° —0) 

_ _ T 

sin 96 

Whence, R=VV. 
sin ^ 


T=W 



cos (0 — 0 ) 

Also, from aAOB, since AG : GB = 1 
(1 + 1) cot (90 —0) = cot 0 —cot (90 — 0) 
i.e, cot 0=3 tan 0. 

3 tan 0 


• • 


cos $4= 


v/1+9 tan^e 


sin 56 = 


v-'l + Q t!in-(9 


( 2 ) 


Substituting in (1) from (3), we get 
W __ VV 


R = v 9+cot2(9 ; ' 1 '- 4 


cosec 0. 


^j'ote.—It will be an useful exercise for the student to solve this 
example by resolving the forces horizontally and vertically and taking 
moments about A. 

Revision Paper II 

V !• If two equal and opposite forces S in any two parallel 
directions, distant Z apart, are combined with two like forces 
P, Q, in their plane and parallel to them, show that the 

IS 

Resultant of the forces is displaced a distance 


V 


P+Q 

{P. U, 1935 Supp.) 

2 . ABCD is a framew'ork of four rods in the form of a 
rhombus of sides I and angle a. A square CEFD of rods is 
structed on CD, so as to lie on that side of CD which is 
opposite to AB. In each of the rods AB, FE, DA, BC, DF, 
EC acts a force P, and in the rod CD acts a force 2 P, the 
directions of the forces being indicated by the orders of the 
letters A->B in A B etc. Show that the system reduces to a 
single couple of moment 2 /P(l—sin a). {P^ U, 1940*) 
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3, ABCDEF is a regular liexagon and O is its centre. 
Forees of magnitudes 1, 2, 3, 4, 5, 0 act in the lines AB, CB, 
CD, KD. KF, AF in the senses indicated by the order of the 
Ictlers. Ueduce the system to a force at O and a couple and 
find the point in AH through which tlic single resultant force 
acts. {txoorkec C. E, 19ih) 

4* Two uniform rods AB, IK\ rigidly jointed at B so 
that ABC is a rt. angle, hang Ireely in equilibrium from a fixed 
point at A. d'he lengths of rods a and h and their i<'eights are 
w(i and ivb. Prove that if AB makes an angle 0 with vertical, 


tan e = 


+ 2ab 


(/. M. A. 103S). 


5. A howl is formed from a hollow sphere of radius a ; it 
is so fixed that the radius of the sphere drawn to each point in 
the rim makes an angle a witli the vertical, and the radius 
drawn to a point A of the bowl makes an angle fi with the 
vertical. If a smootli uniform rod remains at rest when placed 
with one extremity at A, with a point in its length on the rim 
rtf the bowl, show thdt the length of the rod is -ta sin p 
sec I (a—/3). 

0 . A rod of length 2a rests on a smooth vertical circle of 
radius by one end being attached to a string, to the other end of 
which is tied a weight which hangs down over the circle. The 
distance of the point of contact from this end of the rod na. 
Prove that in tlie position of equilibrium the rod makes with 

the vertical an angle tan • , . (/. M, A. lUo4) 

7. If forces A, B. C, 1) acting along the sides a, by c, and 

(I of a nuadrilatend arc in equilibrium, prove that —, 

^ ac bd 


( D.E 1943.) 

[Hint, 'fake moments about two opposite angular points 
of tlic <iuadrilatcral. [Cf. Q. 10. Examples III], 

8. A square tabic, of weight 20 lbs. has legs at the 
middle points of its sides, and three equal weights, each equal 
to the weight of the table, are placed at three of tlie angular 
points. Whal is the greatest weight that can be placed at the 
fourth (*orner to preserve equilibrium ? (P. V. 1933 Snpp)s 


EQUILIBRIUM OF FORCFS ON A RIGID BODY 



9. A circular tr<ay of radius a stands on a single circular 
foot of radius b. If P is the whole weight of the tray and its 
support, find lu>vv far from the centre a weight Qcan be placed 
without the tray falling over. (P. U, 1938) 


I 10. A square of side 2a is placed with its plane vertical 
between two smooth pegs, which are in the same horizontal line, 
and at a distance c Show that it will be in equilibrium when 
the inclination of one of its edges to the horizon is either 45° 


or ^sin 


-1 


a 


2 ^ A 


.2 


(P. U. 1940 Supp.) 


11 . A heavy uniform rod, 15 inches long, is suspended 
from a fixed point by strings fastened to its . ends, their 
lengths being 9 and 12 inches. If 0 be the angle at which 
the rod is inclined to the vertical, show that 25 sin @ = 24. 

(P. U. 1937 Supp.) 


12 . A triangular lamina ABC is suspended from a 

point O by light strings fastened to the points A, B and 
hangs so that the side BC is vertical. Prove that if a, /Q, are 
the angles which the strings AO, BO make with the vertical, 
then 2 cot a—cot fi=S cot B, (P. U. 1936) 

13. A uniform rod rests with its ends on two smooth 

inclined planes of inclinations a and ^0. Find the angle it 
makes with the vertical. (P. U. 1941) 

14. One end of a string of length I is attached to one 

end of a smooth uniform rod of length a, and the other end 
of the string is attached to a light ring which slides on the 
rod. If the string passes over a small smooth pulley, prove 
that in the position of equilibrium the inclination @ of the 
rod to the vertical is given'by a sin cos Q. 

15. A uniform rod AB is in equilibrium at an angle a 
with the horizontal with its upper end A resting against a 
smooth peg and its lower end B attached to a light cord 
which is fastened to a point C in the same level as A. Prove 
that the angle jQ at which the cord is inclined to the horiz¬ 
ontal is given by the equation 

tan ^ = 2 tan a-[-cot a. 
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1C. Apply exercise 19 Examples X to prove Arts. 62 
and 03. 


17. A heavy carriage wheel of weight W and radius r, 
is to be dragged over an obstacle of height h, by a horizontal 
force F, applied to the centre of the wheel; show that F 

must be slightly greater than \V —/i-. 

r - h 

IS. A rigid wire without weight, in the form of the 
arc of a circle subtending an angle a at its centre, and having 
two weiglds V and Q at its extremities, rests with its 
convexity downwards upon a horizontal plane. Show that if 
0 be the inclination to the vertical of the radius to the end at 
which P is suspended, then 


tan 0 = 


Q sin g 
F t Q cos a 


19. A beam of weight W, is divided by its centre of 
gravity (' into two portions AC and BC. whose lengths are a 
and h respectively. 1'he beam rests in a vertical plane on a 
smooth (ioor Al) and against a smooth vertical wall DB. A 
string is attached to a hook at 1) and to the beam at a point 
P. If T be the tension of the string and Q and ^ be the 
incliimtions of the beam and the string respectively to the 
horizon, show that 

T = \V. a cos Q I {a-\-b) sin (@ — 9 ^). 

20. A uniform rod of length a hangs against a smooth 
vertical wall being sup|H)rted by a string of length / tied to 
one end of the rod, the other ciul of the string being attached 
to a point iti the wall, prove that the rod can rest inclined 

—a* 

to the vertical-at an angle 0 where cos“0 = What are 

3rt“ 

the limits of the ratio a : I that equilibrium may be possible? 

21. Equal weights P and P attached to two strings 
ACP and HCP passing over a smooth peg C. AB is a heavy 
beam of weight W whose centre of gravity is a feet from A 
and b feet from B ; show that AB is inclined to the horizon at 
at an angle 

tan — ‘I , tan sin~* ,, I 

[a + /* 2P J 
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22 A triangular plate ABC obtuse angled at C, stands 
ir^vertiLl plane having the side AC .n contaet 
with the ?able ; show that the least weight which suspended 
from B will overturn it is 


i W 


p_a2_52 


23. A uniform rod whose weight is \\ , is 
two fine strings, one attached to each end, which after 
paLng over small smooth fixed pulleys carry M ^ 

Ld VV ^2 respectively at the other ends. Show that the rod 

inclined to the horizon at an angle 


Sin“ 


Wj2-\V23 


\\V2(Wi^ + 'V/)-\V^ 

24 A smooth hemispherical bowl of diameter a, is placed 
so that its edge touches smooth vertical wall; a heavy uni¬ 
form rod is ia equilibrium, inclined at 00 to the homo ., 
with one end resting on the inner surface ^ 
the other end resting against the wall. Show that tne 


length of the rod must be a+ 

2 .; A uniform rod of weight W, is supported m equilibrium 
25. A u length 2l. attached to its end and passing 

by a string g .,veight W'is now attached to one 

:roVthe°rod.'Ihow that it Ln be placed in another pos. 
tion of equilibrium by sliding a length of the string 


over the peg. 
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- To find the resultant and centre of any number 

of like parallel forces of given magnitudes Mpplied at jjiveu 
poinls ot a rigid body, 7 iof ncccsmrUy in the same plane 

Let P,. 1 * 2 . P 3 be the 

forces acting at Aj, A„ A3...A,,. 

The two forces Pj and P^ 
have a resultant Pi 4-P^ acting 
in the same direction as l*i or 
Jit (ii, where 

AiG, _ P, 

(mA, P, ■ 

UeplaciiiR the forces 1>, and P 3 bv their resultant P, + P, and 
combining tliis with the next force P,. we see that the forces 
„ 1 2 , 1 3 can be replaced by P. + P^+P^ acting in the direc- 
jon of the parallel forces at G^, where G, lies in the line 
UjA 3 and divides it in suol) a manner that 

G,^,^ P 3 
r.3A3 p,+p; 

Proceeding in this way till all the parallel forces are exhausted 
we see that the resultant of the nUire syitrm is equal ,0 <i 
sii^le f>rce IV,+ V, + V,.. + V„^.V) acting in the same 
direction as the eoniponcnts P,, P^. etc,, hnd this final resultant 
passes through a ,K,int G rc/ih/i d pends ant,, upm (i) the 
iwsjlinns Ilf the pnuits if iipplienlioii ..f ..J 4 

the relative magnitudes if the forces, and' m/on 
iiirevtion. 

forces**'^ centre of the system of parallel 

\Vc have made no assumption with regard to the eommon 

'll ,'t ; ■ Vr ‘ .therefore, follows 

hat the point G. through which resultant passes will remain 

Ured no matter how the forces P„ P^, P,...P,. are turned 

lound the points A„ A,. A,.A,, so as always to remain 

I'iirallcl amongst themselves. 
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Note L The distinction between centre of a system of 
parallel forces and the point of application of the resultant 
should be carefully observed. The resultant R may be supposed 
to be applied at any point, say K. in its line of action by the 
principle of Transmissibility of Forces. But if the forces 

Pj, Pg. P 3 .acting at the points Aj, Ag, A 3 .are turned 

round in a different direction their resultant R ( = 5 ; P) will 
still pass through G. the centre of the system of parallel 
forces but it will no linger pass through K. Thus the 
of application K of the resultant of like parallel forces acting 
at given points is not necessarily the centre of the parallel set 

of forces. 

Note 2. It is clear that the centre of like parallel forces is 
unique, for the resultant cannot pass through two centres of 
forces except when the direction of the forces is parallel to the 
line joining the two centres. 

75. Centre of Mass (C. M.) or Centre of Inertia (C. I). 

If in the figure of the preceding article, we suppose a 

svstem of rigidly connected particles /n,, m 2 , m 3 .placed 

at the points Ai. A 3 , A 3 .A,,, respectively,^ acted upon by 

like parallel forces, the force on each particle being proportional 
to its mass, the centre of this system of parallel forces is called 
the centre of mass (or centre of inertia) of the system of particles, 

A rigid body may be regarded as a system of rigidly 
connected'^particles of indefinitely small mass and the centre of 
mass (or centre of inertia) of a rigid body is the centre of the 
system of parallel forces supposed to be acting on these 
particles, the force on each particle being proportional to its 
mass. 

76. Centre of Gravity. On account of the attraction 
of the earth (known as gravity) every particle of matter is 
drawn towards the centre of the earth with a force propor¬ 
tional to its mass. This force is called the weight of the 
particle. 

A rigid body is considered as an assemblage of material 
particles and these particles are all subject to the attractive 
forces of the earth. The directions of these forces which the 
earth exerts on the different particles composing the body, are 
not, strictly speaking, parallel. But if the dimensions of the 
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body arc small in comparison xviih those of the earth, these forces 
may he considered to be paral.el and the resultant of this 
system of like parallel forces [which is the sum of the weights of 
the component particles) is called the weight of the body. The 
weight of the body being the resultant of a set of like 
parallel forces will pass through a definite point of the body. 
This point is called the centre of gravity of the body and 
being the centre of a set of like parallel forces acting virtically 
downwards can be determined by the construction of Art. 74 
and as explained there, it is a point fixed relatively to the body. 

Definition. The centre of gravity of a body may, therefore, 
be defined to be that point fixed in the body or rigidly connected 
with it through which the line of action of the weight of the body 
always passes ivhatever be the position of the body provided that. 
its size and shape remain unaltered. 

Centre of gravity is denoted by the letters C. G. Since 
the weights of the particles constituting a body are practically 
proportional to their masses when the body is outside tlie 
earth and near its surface, the centre of mass (centre of inertia) 
of a body practically coincides wWi its centre of gravity. 

Note 1. The cintre of gravity does not necessarily lie in the 
body itself. Thus the centre of gravity of a circular material 
ring is at its centre, which point is rigidly connected with the 
ring. 

Note 2. The centre of gravity of a straight thin wire is 
at its centre. But if the wire he bent in the form of a circular 
arc, its centre of gravity will be outside the matter constitut¬ 
ing the arc. A different arrangement of particles xmuilly alters 
the centre of gravity, or ct7Ure of mass. 

77. Distinction between centre of gravity (C. G.) and 
centre of mass (C. M.) 

I*rom what has been stated in the foregoing articles, it 
tollows that a body has a centre of gravity only— 

(i) when it is acted on by gravity, i. e., when it has 
weight. 

(ii) and secondly, when the weights of the particles 
constituting the body are supposed to form a system of 
like parallel forces, proportional to the masses of these 
particles. 
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If a body be imagined to be removed to an infinite 
distance in space where the earth ceases to exercise any 
attraction on it or if it be imagined to be removed to the 
centre of the earth where the force of gravity is nil. the body 
will have no weight ; and it is meaningless to speak of the 
existence of a point in the body through which its weight 
always acts. Under these circumsUnceSy the body will have 
no centre of gravity. But the body will retain its mass which, 
being an inherent property of matter is quite independent 
of gravity. The body, therefore, will have a centre of mass. 


Again, the existence of the centre of gravity of the 
body depends on the parallelism of the weights of its consti¬ 
tuent particles but this assumption is only justified in the 
case of rigid bodies zvhose size is small in comparison rviih 
the dimensions of the earth. 


If the volume of the body be not small in comparison 
with that of the earth, the weights of the particles compos¬ 
ing the body cannot be considered parallel and it will, there¬ 
fore, have no centre of gravity. 


The centre of gravity of a body, when it exists, being the 
centre of a particular set of parallel forces, namely, the 
weights of its constituent particles, must be the same as its 
centre of mass, (Art. 76). 


We, therefore, summarise our conclusions as 
follows :— 

1. A rigid body small in size as compared with the 
earth and situated on or near its surface, has a centre of 
gravity. 

2. A very large body, that is, a body which cannot be 
considered small, in comparison with the earth has not neces¬ 
sarily a centre of gravity but it has a centre of mass. 

A body spherical in shape however large it may be ,has 
a centre of gravity, 

3. A body imagined to be removed to an infinite dis¬ 
tance in space where-earth’s attractive force is inoperative 
or a body imagined to be removed to the centre of the earth 
where gravity is nil, has no centre of gravity. 
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4. The centre of gra\ ity of a body if it exists, coin¬ 
cides with its centre of mass. 

Note. Every rigid body dealt with in this book will be assum¬ 
ed to have a centre of gravity. 


78. The iffcci of on any body is the saine as if the 

zvhole mass of the body xven colb'ctcd at the centre of gravity. 
This follows from the construction of Art. 74 wliich is ahso 
the constructi'- n for the centre of gravity Art. 76. 

The C. (i. ofa system of rigid bodies, when the C. G. 
of each body is known, can be easily deduced from the 
above. For the weights of the component bodies from a 
set of parallel forces acting at their centres of gravity and 
the centre of these parallel forces is the C. G. of the system. 

79. 7f a body acted upon by gravity only be supported 
at its centre nf gravity, it will rest in any position. 

For, in every position, the weight of the body acts 
vertically downwards through the point of support and will, 
tiierclore be bnlanceil b\ its eejuai and opposite rcactioir. 

Note that the point of support is fixed, and that the weicht of 
the botly and the reaction of the support on the body pass through it. 
I hese cannot turn the body round, for they have no moment about 
that point. 

80. A body cannot have more than one centre of 
gravity. 


For if possible, assume that there arc two centres of 
gravity (i and G'. Let the lunly bo so placed ns to have 
tr (f' horhontal, then by dermition, the line of action of the 
weight of the body must pass through (J and G'; but this 
is impossible since it contradicts the well-known fact that 
this line is always vertical. 


Hence there can be only one cf litre of gravity. 

The position of the C.G. of a larniria may be eirptri- 
mentally found thus :— 


suspended first from a point 0 and 
then from a point O'. Assuming the connections at O and O' 
to be frictionless, we see that the only forces acting on the 
body in either case are its weight and the reaction at the 
point of support. Hence from equilibrium. OG and 0'(i 
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must be vertical. These vertical lines through O and O' 
may be marked by means of a plumb-line. G is then their 
point of intersection, 

80. Position of C. G. found by inspection. The cen¬ 
tre of gravity of a body which is symmetrical with respect to 
a point wiii coincide with the point; * for the body may be 
supposed to be composed of pairs of particles of equal weight 
lying on lines passing through the centre of symmetry and 
at equal distances from it. Similar remarks apply to the 
position of C. G. in a body which is symmetrical with respect 
to a straight line or a plane. Thus 

(tt) the centre of gravity of a uniform straight rod is at 
its middle point, for it is the point of symmetry for the rod ; 

(6) the centre of gravity of a circle, a circular ring, a 
sphere, or a spherical surface is its centre ; 

(c) pie centre of gravity of a parallelogram, or a paraU 
lelopiped is the intersection of its diagonals ; 

(d) the centre of gravity of a triangular lamina is the 
centroid of the lamina, for a median of a triangle is a line of 
summetry for the triangle. 

(e) the centre of gravity of a right circular cylinder lies 
at the middle point of its axis, for its axis is a line of sym¬ 
metry and the plane bisecting the axis perpendicularly is 
the plane of symmetry ; 

(/) the centre of gravity of a right circular cone lies 
071 its axis. 


♦Two points PandQ are said to be symmetrically placed with 
respect to a point O, ora straight line /, or a plane a, when PQ is 
bisected at O, or by / at right angles, orbyg^ perpendicularly, 

A figure is said to be symmetrical with respect to a given point, 
or a straight line, or a plane, when there exist such pairs of points. 
For instance, a circle is symmetrical with respect (f) to its centre, (i*) 
to any diameter, and (iii)U) the normal to its plane through the centre 
a sphere is symmetrical with respect (i) to its centre, (it) to any 
diametre, and (tit) to any plane through the centre ; and a cube is sym¬ 
metrical with respect (i) to its centre, and (it) to a plane through the 

centre parallel to any two opposite faces, and has evidently three 
axes of symmetry. 
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Determiaation of the C. G, of a few elementary 
bodies. 

82. To find the C. G, of a material straight line. 

Let AB be the given straight line. 

. P C Q B 

A , -,.. .. .1- 


We may suppose the line to be made-up of equal parti¬ 
cles equidistant from its middle point C. The C. of 
each pair of particles (such as P and Q) will be at the 
middle point C of the line (PQ) joining them. Therefore C 
will be the centre of gravity of the whole line AB. 

82. 1. To find the C. G. of a lujnina in the form of a 
parallelogram. 

Let ABCD be a parallelogram, regarded as a lamina 
or a thin sheet of matter. 



H 


C The parallelogram may be 

supposed to be made u|) of an 
indefinitely great number of 


\ C ♦ w 

^ material straight lines each paral¬ 
lel to AB. 

The C. G. of each is at its 
® middle point. 

The line HK which joii^s the middle points of AB and 
CD will bisect every such liile parallel to AB. 

C. G. of the parallelogram is in UK. 

Similarly the C. G. is in EF which joins the middle 
points of BC, AD, 

*. G, the point of intersection of EF and UK is the 
C. G. of the parallelogram. 

83. To find the C\ G. of a lamina in the form of a plane 
triangle. 


The triangle ABC may be 
supposed to be made up of an 
indefinitely groat number of 
material straight lines parallel 
to the side BC. 

Let be be one of these 

lines. 

Join A to D, the middle 
point of BC. 


A 
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Now AD bisects every line such as be parallel to BC. 

• C. G. of the A is in AO, the median to the side BC. 
Similarly, C. G. of the A is in BE, the median to the 

side Cud, 

' G, the point of intersection of the medians is the 

C. G. of the A. ^ . j- ^ n 

83. 1. To determine the position of G in the median AD, 

Now, DE = | BA, and || to BA 

[• E, D are mid-points of CA and CB. 

Again as DGE, AGB are equiangular, similar. 

GA 
2DE 

DG=iAD. 


dg_ga 

Hence 


Thus, Se%.G^tf a triangle lies in any median at one- 
third of its length from the corresponding side, or 
« triangle is th- point of intersection of any two medians. 

84. To show that the C. G. of a triangle 
the C. G. of three particles of equal masses placed at its 

angular points, . 

Let ABC be the triangle. 

Bisect BC at D ; then D is the C. G. 

of equal particles at B and C. 

W being the weight of each 

particle, we have now 2W at D and 

W at A. 

Their C. G. is at the point O in 
W) ad such that 


AW) 







AO 2W 




OD W 


• DO=iAO DO = JAp. 

O coincides with G, the C. G of the triangle. 

the C.a of Are" eq"ua^ par't'icts “placeTaftfif middle points 

of its sides. 

85. To find the C.G. of a wire bent into the form of a 
triangle. 
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Let ABC be the form of the wire. 
D, R, F, the middle points of the sides 
B(\ CA, AH are the centres of gravity 
of BC, CA, AH. 

Evidently EF = i HC, 

FD = J CA, = J AH. 


Masses proportional to HC, CA, 
AH are at D, E, F. 

If L be the centre of gravity of masses at E and F. 
EL : FL —mass at F : mass at E 
=AH : AC=DE : DF. 

DL is the internal bisector of /.EDF, 

Thus the C. G. of the wire lies on the internal bisector 
of ^EDF. 

internal bisector of 

ZDEF. 

Hence the C. G. (of the wire, or) of the perimeter of 
the triangle, is at the incentre. 



Exercises XI 

1. If a heavy uniform lamina, in the shape of an equi- 
lateral triangle, be suspended from any of its angles, show 
that the opposite side is always horizontal. 

2. If a right angled triangle be suspended from eitlier 
of the points of trisection of tlie hypotenuse, show that it 
will rest with one side horizontal. 

3. A triangular lamina, when suspended from a point 

tliat AP=2BP: show 

4. Show that the locus of the C. G.’s of all right-angled 
triangles which c_an be described on the same hypotenuse is a 
Circle, and find the Radius of this circle. 

5. If G be the C. G. of a triangle ABC. whose sides 
are d, 4, 5. prove that 8(GA* + GB2+GC3) = 50. 

6. If a paral/eJogram be divided into four triangles bv 
1 5. diagonals and the C. G.’s of these triangles be joined', 
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show that these joining lines will form a parallelogram. 

7 . If the C. G. of a triangle coincides with the centre of 
the circumscribed circle, the triangle is equilateral. 

8 . If the leiigtbs of the sides of a triangular lamina 
are 3 . 4 , and 5 feet, find the distance of the C. G. from each 

of its sides. 

9. The equal sides of an isosceles triangular lamina 
ABC are 10 feet in length and its base BC is 12 feet. Find 
the distance of its C. G from the sides. 

[Hints, If Pi, Pz. Pi are the perpendiculars from A, B. 

C on the opposite sides, then (5 —fe)(s—c) 

2 2 2 2 

_ 10+10 + 12 ^ 

< 2 
The distances of C. G. from the sides are evidently 



and 


P-6 

3 


In this particular case 6 = c and p^-pi-] 

10. If two triangles stand on the same base, show t^t 
t.ie line joining their centres of gravity is parallel to the line 
joining their vertices. 

11. The base of a triangle is fixed; its vertex moves 
on a given straight line ; show that the centre of, gravity also 
moves on a straight line. 

12 . The base of a triangle is fixed, and it has a given 
vertical angle ; show that the C. G. of the triangle moves 
on an arc of a certain circle. 

13 The sides of a uniform triangular lamina are 5,12 
and 13 centimetres in length. If- it be suspended from the 
vertex opposite to the shortest side, find the inclination of 
this side to the horizon. • 

14. A uniform bar of length 30 feet and of weight 
15 lbs, is bent into the form of a triangle of sides 5, 12, 
13 feet, respectively, and rests on a rough horizontal table. 
Find the least force which, applied at a corner, is on the 
point of raising that corner from the table. 



138 


ELEMENTARY STATICS 


15. Show that the C. G. of four equal weights, at the ver¬ 
tices of a qjia Irilateral coincides with the C. G. of the paral¬ 
lelogram formed by joining the middle points of the sides. 

IG. The C. G. of a quadrilateral lamina lies on one of 
its diagonals; show that this «diagoaaI bisects the otiier 
diagonal. 

17. I f the centre of gravity of a quadrilateral lamina 
coinridcft 7vitk the point of intersection of the diagonals; show 
that the quadrilatefal is a parallelogram. 

86. To find the centre of gravity of a uniform tetrahed¬ 
ron or a pyramid on a triangular base. 

Let A'B'C' be a section of a tetrahedron OABC by a 
plane parallel to the base ABC, and L the centre of gravity 
of A AMC. Let WL cut the plane A'B'C' in L'. Then L' 
js the C. G. of the A .\'B'C'. 


u 


Since any plane cuts parallel planes in parallel lines. 

A'lV 11 AB, B'C'II BC, C'A'IICA. 
AS A'B'C' and ABC are 

similar. 

And OD bisects AMV at D'. OD 
being the median of a OAB. 

Sinee CD' H CD and OL'L meets 
them at L' and L, 

D'L'rL'C = DL:LC. 
Hence L' is the C.G. of a A'B'C'. 

^ Assuming the tetrahedron to be 

divided into triangular strips parallel to 
the base ABC, Ave sec that the C.G. of 
the tetrahedron lies on OL. 

Similarly the C.G. of the tetrahedron lies on CM where 
M is the C.CL of OAB. 



liien G, the point of intersection of OL and CM, is the 
centre of gravity of the solid. 

Sinee DL-=^Dt\ DM=^DO. 

LMyOC and LM = JOC. 

Note --The centre of gravity of a tetrahedron coincides with 
he ernfre of gravity oj four equal particles placed one at each oj 
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its annular points. The centre of gravity of three equal 
particles each of weight VV placed at A, B, C is at L, the 
centre of gravity of A ABC. 

•, The centre of gravity of two particles—one of weight 
W at A and the other of weight 3 VV at L—will divide OL at 
G' such that OG': G'L = 3 : 1. 


Thus G' coincides with G. 

When we know that the C. G. of the tetrahedron lies on 
both OL and CM and that of four equal particles placed at the 
angular points also on these lines, the actual position of the 
C. G. of the tetrahedron may more easily be found from the 

latter fact. Thus we have 

^ OG=|OL. 

87. To find the centre of gravity of any pyramid having a 
plane polygonal base. 

Divide the given pyramid into slices parallel to the base. 
All such slices have for their faces polygons similar to the 
base. It may be shown, as in the preceding article, that the 
C. G. of every polygon lies on the,straight line joining O, the • 
vertex of the pyramid, and L, the centre of gravity of the 
base. Hence the C. G. of the pyramid lies on OL. 

Now take any point in the base and join it to its angular 
points and the vertex of the pyramid. The pyramid will, 
therefore, be divided into triangular, pyramids. 

The centres of gravity of these tetrahedra lie on a plane 
parallel to the base, at one-fourth of the distance of the com¬ 
mon verte;: from it. 

Hence the centre of gravity, G of the pyramid, is the 
point of intersection of OL with this plane and at a distance 
from the base equal to one-fourth of the distance of the vertex 
O from the base, i.e., OG = fOL. 

88. To find the centre of gravity of a cone. 

(i) Iftheconeis solid, its centre of gravity is on the 
line joining the vertex to the centre of gravity of the base at 
one-fourth of the length of this line from the base ; for the 
cone can be split up into infinitesimal pyramids having a 
common vertex. 

In the case of a right circular cone, the centre of the 
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circular base is the C. G. of the base. 

Hence the C. G, of a right solid cone is on the a,vis at one 
fourth of its length from the base, 

(ii) Let the cone be hollow. 


Take A,, .points on the boundary of the base 

Jdin them to the vertex 0. We get the slant surfaces of the 
pyramid whoso ve tex is O-anci base is the polygon A^ A ... 

A„. The centre of gravity of CHoh triangle is at a'distanee 

from its base equal to one-third the distance of the vertex O. 

Hence the C. G. of the whole surface is at a height above 
the base equal to one-third the height of the pyramid. 

If the number of the sides of the polygonal base indefin¬ 
itely increased, the slant surface of the pyramid, will ultimately 
become the slant surface of the cone. 

Thus the C. G, of the slant surface of a cone lies in a 
plane parallel to the base and at a distance- from the base 
equal to one-third of the height. 

The aetual position of the C. G. eannot be found bv an 
elementary method. 

But if the cone be right, the C. G. of the slant surface is 

on tts axis at (idistancc from the base equal to one-third of the 

height. '' 

Note. It may be noticed that the surface of the base is 
not taken into consideration while linding the C. G, of the 
surface of a pyramid or a cone. 

89. Before \ve .solve some e.vaniples on the forej»oiniT 
articles, we draw the attention of the students to the 
theorems whose application is wide and which have already 
been proved in a different form : the resultant of two p.arallel 
forces divides tlu- line joining their points of application in the 
inverse ratio ol the lorccs. 

Theorem (a) C. G. of a compound body. Given the 
centres of gravity of two parts -which compose a bodu to find the 

centre of gravity of the whole body. 
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Method, (a) Let Gu Gg be the centres of gravity of 
the parts having weighing weights Wj, W 2 . 

Divide the line G, 63 internally at G, such that 



The G is the C. G. of the whole body. 

This p^sult may be found directly as follows 
G is the C. G. of W^ at Gi and VV—-Wj at G 2 , 
(W-WJ GG 2 =Wi. G 1 G 3 . 


If it is f ecessary to find the distance of G from Gj or G 2 
n terms of the distance GjGa, we have from (A), 


GjG _ GG3 _ GjG2 

'w; Wi-fVV3 



w 


GjG 2 and GG2= 


VV,_ 

W, + W 2 



( 6 ) Given the centre of gravity 
of a part of a body and also the 
centre of gravity of the whole, to 
find the centre of gravity of the 
remainder. 

Theorem, (fe) Let Gi be the 
C.G. of a part of weight W'u 
and G that of the whole body 

having weight W. 

Divide the line GjG externally at G 2 , such that 

GjGa ^ VV 

GG 2 Wi* 

1 hen Gj is the C. G. of the remainder. 

Subtracting unity from both sides we have 

GiGa-^Ga _ W-W, 

GG2 ~wr * 

G,G W-Wi 
~GG, —W;- 

Hence GG 2 = G.G. 

This equation gives the position of G 2 when those of 
G and Gj are known. 
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Note I. Theorom (h) determines the G. G. of a body when a 
Portion ts removed. 

If G^. the C. G. of the removed part (the remainder) 
coincides with G, the C. G. of the whole body, then GG 2 is 
zero. 


GGi is also, zero I'.c., Gj also coincides with G, and the 
centres of gravity of the two parts and the whole are all 
coincident. 


Note. 2. Hy way of illustration, we may point out that the C. G. 
of a trapezium can be found by dividing it into triangles, or int'> a 
triangle and a parallelogram, and that the C. G. of the sector of a circle 
can be deduce(i from the segment of a circle, and vice versa. 

Ex. 1. A homogeneous solid is formed of a hemisphere 
of radius r soldered to a right circular cylinder of the same 
radius. If h be the height of the cylinder, find the distance 
of the C. G. of the solid from the common base. 






If w be the weight of unit 
volume of the solid, then 


Weight at G^ is 7rr-/*ic 
». G, is I TTf^io. 

If G be the C. G. of the com¬ 
pound body, we have 

ttHu’ 


i.f, GGiX/i =GG2X|r 

I'" h Ir + h ir + h 



s 

‘ 3h + 2r 



CENTRE OF GRAVITY 


143 


Note,— G is on the base, below the base or above the 
base according as is equal to, greater than, or less than 

zero i.e., according as k is equal to, greater than or less than 

r . 

Ex. 2. A solid right circular cone of height (54 inches 
and mass 8192 lbs. is cut by a plane perpendicular to its axis 
so that the mass of the small cone removed is 686 lbs. Find 
the height of the' C. G. of the truncated portion above the 
base of the cone. [P, U, 1943] 

wt. of A B'C' _ 686 _ 343 

wt. of ABC T192 ” 4096 
vol. ofAB'C' 343 / 7 v3 


{given) 


343 _/ 7 \ 

‘ vol. of ABC 4096 \ 16 / 

_/ AD' 

\ AD y • 

■ AD'=r’,AD=i''sX64 = 28 in. 

AG, = |x 28 = 21 in. ; also, 
AG = fx 64 = 48 in. 

GGi = 48-21 = 27 in. 

GGiX686=GG3X7j06. 



sasofj 


( 3 / 92 - 666 ) 


GG*=- 


686 


X27~ 

7506 139 

Hence DGa=DG-GG2=:16 — 


in. 


343 


= 13 


74 


. 139 139 

—18‘532 in, to 3 places of decimals. 

90. Find the centre of gravity of a trapezium. 



bet ABCD be the tra¬ 
pezium having AB and 
CD parallel and equal to 
2 a and 26, respectively. 

Let E and F be the 
middle points of AB and 
CD. 

Let p be the perpend- 


rhvMprf between AB and CD. The trapezium may be 

two triangles ABC and ACD by the diagonal AC, 

triangle are pa and pb ; thereW their 
weights are proportional to a and b. 
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Replace them by particles equal to one-third of th<*ir 
weights placed at their angular points. 

We thus have weights proportional to 

^ ^ at each of A and C, 

O fj 


- ~ at B and 
3 




Again, the diagonal RD divides the trapezium into two 
triangles AB!) and BCD, whose weiglits are also proportional 
to a and h. 

Ue|)lace them similarly by particles placed at tlieir ■' 
angular points. / 

We thus have weights proportional to / 

^—4- ^ at each of B and D, ^ at A, at C. 
t> o o o 

Jlence the C. (i. zcill be the same when the latter veeighis are 
added to the former, i.e.^ whei) we have double the trapezium, 
and it is the C. G. of the weights proportional to 

^(2a -j-^) at A, J (2a f 6) at B, J (a4-2fc) at C, 

J (a f- 26) at D. 

The resultant of the weights at A and B is proportional 
to 2a+ 6 and acts at K, the mid-point of AB. 

The resultant of the weights at C and D is proportional 
to a-\-2b and acts at F, the mid-point of CD. 

Hence the C. (i. of the trapezium is on KK at G such 
that EG : GF =26-fa : 2a-K6. 



Alternative Method. 


By joining AF and BF, the 
trapezium may be divided into 
three triangles BCF, BFA, AFD. 


If p be the perpendicular be¬ 
tween AB and CD, the areas of 


these triangles are , pa 


pb . 
2 


their weights are proportional to 6, 2a, 6. Replace 
them by particles equal to one-third of their weights at the 
vertices of these triangles. We, thus, have weights 
proportional to 
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— at each of A and B1 


ate and — atD 


at F. 


U5 


26 , 4a 

T+3 


i.e., weights J 26 


3 


I 

I 

J 


proportional to 


3 

2 a 


at F 


4-26 , 

3 


weights proportional to 


( 


2a 


+ 


26 


)+ 


26 


26 , 4a 

"o' —g- at E and 


at F. 


3/3 

The problem, therefore, reduces to finding the C. G. ef 
weights proportional to ^ E 


Hence, (i, the required C. G. lies on EF such that 

(^H-4i)EO=( 


+-‘I-)GF. 


that ■ 26%a trapezium is at G on EF such 

~ 2a+T- _ 

‘f eenire of straight line. To 

/ 




Ihe eentre 0/Pray/» nf T • To fine 

W: w ^ A of heavy particles of weigh 

3.... IF.., placed at given points in a straight line 

X 





L t 

lor convVJi';ntete fh\S^^^^^^^^^ which 

the points from a fixed po"ni O of 

respectively. At A a OX, being a?., a?,, cc. r 

weights Wi, Wj, W 3 VV'’ particles "S 
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Let the result int R ( = ^Vl + \V 3 +Wg.-.W,,) of the «yslem 
of par^illel forces Wi, Wj. \V., ..\V ^ct vertieally downwarLls 

at G. where OG=x. .r is to terms of .rj, .r,„ and 

\\\, We liave, by taking moments about O, of the 

component forces and the resultant, 

OGx(W, + W3MV3+...-f\V„) 

•* ■ w,+w3+w3+..:w; 

.Vo/r. This foriniila will remain true even if the direc¬ 
tions of Wi, W^ etc, are at right angles to OX. 

92. C. G. obtained by taking moments about a line. 
To find the centre of gravity of a series of heavy particles of 

7ieiohts- U'l, ir^, n '3 .ir,, placed at given points lying in a 

plane. 

Let Ai, A, A 3 .Ay be the points in a plane and let the 

**o-ordir ates of these points referred to two rectangular axes 

ox, OV, ill the plane be (x,. 1/,), (x,, 1/,) (x,, 1/3) .(x,,, ?/„). At 

A|, A 2 , A 3 .An are placed particles of weights W,, \W, 

\V3.W,.. o I . 

Let G be the centre of gravity of the particles and let 

its co-ordinates be (.r, y). Suppose the pline pin rd horizoutally 
so that ihc direction of the xceights is perpendicular to the plane 
(the plane of tiie paper). 

The C. G. remains unaltered by this process since the 
centre of a system of parallel forces docs not change if the 
torccs \mdcrgo e(jual rotations in the S iine sense. 

The weights W,, W 3 , W 3 .W„ are like parallal forces 

acting vertically downwauis and their resultant (Wi-f-Wy-b 
W^-f-.W„) in the same direction. 

OX being in the horizontal plane, is perpendicular to the 
direction of the weights and to their resultant. 

Taking moments about the line OK and remembering 
that the sum of the moments of any number of forces about a 
I)erpendicular straight line is equal to the niuiuent of their 
resultant, we have 

y (W1+W2+ 


^V^)=^^^^/, + W3^/3-^VV3!/3^-.Wn!/n 
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C 


~ ._ SW„V„ . 

*•"•■2^ - VV,+\V,+ \V 3 +.:;... + \V„ - J]VV„ 

Similarly, by taking moments about OY, we get 

W,2/,+W,2/,+VV32/3+VV„2/„ 

W 1 + VV 2 +W 3 .\V, ' 

Remarks : Observe that in the formulae for C. G. in 

Arts, 91 and 92 it will make no difference a 

in the position of the centre of gravity if 
we use quantities proportional to the weights 
instead of the actual weights themselves. 

Worked Examples 

93. Ex. 1. An equilateral triangle is 
described upon one side of a square whose 
side is 16 inches. Find ike distance of the 

G. G of the figure so formed from the vertex 
of the triangle. 

The C. G. must be in the line AM. from 
the symmetry of the figure. LM = 16in.: 

AL = 8\/3 in. 

A ABC = 64v/ 3 sq. inches; square =256 
sq.inch. 

The weights are all arranged in one line. 

Taking A as origin, we have, by Art. 91. 

Ar:= multiplied by its c orresponding distance) 

sum of the weights 

256xAGi + 64v/3xAG2 

256+64^/3 “ C 

256 x( ^4-8^3)+6 V3 X (| X 8 V3) 

256 + 64^/3“' 

^^(S+8\/3)-fl6 

4 + v' 8 ’ 

32x2*73 + 16 

^3 -- 18 04 inches. 

, # ^ triangle is cut off towards the 

Terminder ^ to the base. Find the C, G, of the 


/ ^ 

\ 

/ 8 

fl \ 

i' 


G/'- 



M 


D 
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iACAB 

ACA8 
^U'i)ACAB 


A CA'B' _ 1 __CA'2_ . p. 

A CAB 9 CA 2 • 

Also CDi = J CD, and DDi = § CD. 

A CA'H' is cut off; 
we have to find the C. G. 
ot‘ the quadrilateral 

A'ABB'. If (; be the C.G. / g, 

of ACAB. (i lies in the / g 

median CD and C(J = J 
CD. Similarly, if Gi be / 
the C. G. of A CA'B'. G^ A 0 

lies in CDi, and CG,=3 CD^ Let G3 be the C, G. of iiuad. 
A'ABB', the wts. at G and Gj and G3 are represented by 
arrow-heads as shown and they are arranged in the line CD; 
(Xij is to be found. 

By Art. 91 , 

pf' — " (']) _ X wt. at Gj-f CG3X wt. at G 

~ wt. at Gi-h wt. at G2 

CGiX j A CAB-l-CGaX^ A CAB 
“ A CAB 

_ 5n),X?; + CG3X§ 


(•(ia =iCD- 


1 

2 

27 

1 


5CG3 -^CD- .:;CD, = 5 CD- - x-CD. 


2^ 


,0.= ^^*CD = ^;=^CD 
39 39 18 


i.e. DG, = 


^ CD= ** of nicdifiii. 
18 18 


Alternative method. When a portion of a body is removed, 

the xcei^hi of the portion r( 7 )wvi(l 
mo// be tokcfi negatively, ond adcled 
to the xvJwle. 

d he C. G. of the remainder may 
tlius be found in a simpler manner. 

The weight W of the whole 
may be distributed to the three 

\\ 

corners, i.e. - at each of A, B 

O 
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and C. The weight of the porlinn removed may 

taken to be - at each of the corners A', B' and C. 


Thus we have 

^ 2W ^ ^ 
and —o“ 

O 


w 

3 


W S'V ^ ^ 2\V 

27 "" 27 “ ‘ 


27 


at Di, 


Taking moments about C, 


2VV 


CD- 


2\V 

27 


CD,4. 


8W 


27 


o = 


8W 


CG 


it 


or J CD — 


27 


• 3 


4^CD=S. CG 


2» 


13 


Whence CG^^s-- CD. 

is 

Ex 3. Show hozo to cut out nf a unifor7ti cylinder, a cone 
whose base coincides with that of the cylinder, so that Uie centre 
of sravity of the remaining solid may coincide with the vertex 
of the cone. 

Let the base of the 
cylinder whose height is h 
be a circle of radius r, and 
let the height of the cone 
be h\ Let G be the C.G. 
of the cylinder, and G| 
that of the cone. Then 
evidently EGj = Jh', 

EG = ^ ;EGt ( = V) is 

to be found where G 2 is, by 

the question the C.G. of the fentiaining solid. From symmetry, 
ail the weights are arranged in one line. Therefore, by the 
theorem of Moments 



TTir%-iTnrA' 

tts^A 



EG 


(each wt, xcorresponding distance) 


sum of the weights 

EGi x^'7rr*A'-l-EG2(‘irr2A—^frr^V) 
Jirr^A^ +(Trr*ft— Jx-rW) 


o 
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X ^-nr^h' -\~h'(TiT^h~~\Trr^h*) 

vr^h 

\h'x\h'^h-{ h- 


or ■— =hh'^ + h'{h- -^^)=^hh'-\h'\ 

••• H(-^)-i(D 

{-'r) "^( r)+^=®- 

ft' _ 4-4 ±v/1^8“ 

* ' '/»■ 2 
= 2 + V2. 

i.^,, / 2 ' = (2+\/2)ft» or (2 —^"2)/*. 

But h' cannot be greater than h. 

the value (2+v'2) is rejected. 

';-=2-v/2. 

Exercises XIA 

1. Four heavy particles whose weights are 3, 5. 4 and 
2 lbs , are placed at the corners of a square whose side is a ; 
find the distance of their C. G. from the centre. 

2. Four particles whose weights are 4. 6, 5, and 3 lbs. 
are placed at the corners of a square plate whose side is 26 
inches and whose weight is 8 lbs,; find the distance of the 
common C, G, from the centre of the plate. 

8. Particles whose weights are 1, 9, 2, 3, 3 and 6 lbs. 
respectively, are placed at the angular points taken in order, 
of a regular hexagon whose side is a ; find their C. G. and its 
distance from the centre of the hexagon. 

4. On a uniform straight bar 5 ft. long and of weight 
o lbs., bodies whose weights are 1, 2. 8. 4 lbs. are hung bv 
strings at distances 1, 2. 3, 4 feet respectively from aii 
extremity ; find the distance from the centre of the bar of the 
fulcrum, on which the whole will rest. 
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'5 On a line AB, 12 inches long are placed two Particles 
of masses 1 and 3 lbs. at distances 1 and 3 inches from A and 
B resnectively Find the position of a third particle of mass 
2 lbs. such fhat the C. G. of the particles may be at the 

middle point of AB. 

W. A uniform rod AB is 4 ft long and weighs 3 lbs 1 

lb is then attached to the end A. 2 lbs. at a point distant l it 
from A, 3 lbs. at. 2 ft. from A, 4 lbs. at 3 . 

lbs. at the end B. Find the distance from A, of the C. G. of 

the system. 

7. A uniform rod AB is 4 feet long and weighs 6 lbs. 
and weights are attaclied to it as follows ; 1 lb. at A, 2 Ibs^aG 
1 foot from A, 3 lbs. at 2 ft. from A 4 lbs at 3 ft. fron^^ A 
and 5 lbs. at B. Find the distance from A of the C. G. of the 


system. 

8 . Weights of.1, 2. 3, 4 lbs. are placed at the corners 
A, B, C, D respectively of a square ABCD of side 8 inch^. 
Find the distance of the C. G. of the system from AB and AD. 

) 9 Weights of 5, 6, 9 and 7 lbs. are placed at the corners 
A, B, C, D of a square of side 27 inches. Find the distance 

of their centre of gravity from A. 

10. Weights of 1, 5. 3, 4, 2 and 6 lbs. are placed at the 
angular points of a regular hexagon taken in order. Show 
thskt their centre of gravity is at the centre of the hexagon# 

11. Weights of 1, 2. 3, 4, 5 and 6 lbs. are placed at the 
angular points of a regular hexagon taken in order. Find the 
distance of their centre of gravity from the centre of the 
hexagon, the length of the side being 14 inches. 

12. Masses weighing I, 2, 3, 4 lbs. are placed respectively 
at the corners A, B, C, D of a rectangle ; AB =6 feet, BC—12 
feet. Find the perpendicular distances of the centre of gravity 
from AB and BC, 

13. Four like parallel forces 1 lb., 2 lbs„ 8 lbs. and 4 
lbs. act at points placed at equal intervals along a_ line ; sho-x' 
that their centre is unaltered by the removal of the third force. 

14. A uniform triangular lamina is supported at 
its three angular points; show that whatever be the form of 
the triangle, the pressures on the supports are equal. 
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15. Five equal particles are placed at five of ifir angular 
points of a regular hexagon. Kind the distance of their centre 
of mass from the centre of the,hexagon, the side being a. 

16. Seven equal particles are placed at seven of the 
angular points of a cuIk* whose diaijonal is n. Find the distance 
of their centre of inertia from the unoeen})ied^ a7)g)c. 

17. Having given the positions of three parti<-les P, Q, U» 
and the positions of centres of gravity of P'i^nd Q and of P 
and U, find the centre of gravity of Q and H. 

[Let P, Q, R he placed at the vertices A, B, (*; let (i be 
the C.(L of the 3 particles. Then C (J. of Q, K is the point 
where the line A(i cuts the side BC.] 

18. Jf a (juaclrilaieral be 9uch that one of its tHogonaJs 
divides it into txvo equal triangles, shou' that the centre of gravity 
ff the quadrilateral lies in that diagonal. {It £.r. A 7 ) 

19. How would you place masses 1, 1 and at circum- 
terenee of a circle, so that their centre of gravity should 
fall at tlic centre. 

[If the particles be joined to form a triangle, the sides 
subtend the angles 135®, 135®, 90® at the centre], 

20. If the centre of gravity of three particles placed one 
at each of the angular points of a triangle coincide with the 
centre of gravity of the triangle, prove that ihe particles are 
equal. 

21. If a given weight be placed anywliere on a given 
heavy uniform triangular lamina, show tluit the centre of 
gravity oi the system will be within a certain triangle. 

22. Show how to place three given masses on a circle so 
that its centre may b“ the.r centre of mass. What conditions 
must the masses satisfy in order that it mav bo possible? 

(P. U. W(tS) 

23. A triangtdar lamina whose sides arc in the ratio 

3: 4: 5, is suspended from the middle point of the longest 
Find its inclination to the vertical. (P. U. 1907} 

24. A triangular lamina whose sides are 7, 24, 25 inches 
is suspended from the vertex opposite to the longest side. 

Find the inclination of this side to the vertical in the'^position 
of equilibrium. 
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25. ABCD is a square, O the centre. If A AOB ts 

removed find the C, G. of the remainder. .. 

26. Find the C. G. of a plane area formed by an equi - 

ateral triangle and a square of side a, the base of the triangle 

coinciding with one of the sides of the square. j e- * i . 

27. The sides of a triangular area are 3, 4 and 5 incUes, 

Txud'Msin-cirdeisre-moved: find the distance of the t. G..of 

the remainder firoin the sides 3 and 4. * t> r* 

28. If three parallel forces P, Q, R act at A, B, G tee 

angular points of a triangle ABC, find the condition that their 
centre falls at (t) the in-centre («) an ecentre (wi) the circum- 
centre (ir) the centroid (u) the orthocentre. 

29. On the side AB of an equilateral triangle ABC and 

on the side remote from C is described a rectangle whose 
height is \ AB ; prove that the C. G. of the whole figure thus 
formed is the middle point of AB. {P* 1909) 


30. ABCD is a square of paper, and E, F are the middle 
points of AB, AD. Find the centre of gravity of the portion 
left when a AEF is cut off and the centre of gravity of the 
whole when A AEF is doubled over. 


31. A uniform wire is bent into the form of three sides 
of an equilateral polygon. If the sides be AB, BC, CD, and 
the centre of gravitv of the wire be the intersection of AC 
and BD, show that the poly; 4 on is a regular hexagon. 


32. Show by integration or otherwise that the centre of 
gravity of a circular lamina or ring is at its centre. 

33. In the trapezium ABCD, the parallel sidfs AB and CD 
arc of lengths a and 6 , respectively. Find the position of its 
C. (J. Also if this C. G. is the same as that of particles tn, m, 
m', w' placed at A, B, C, D, respectively, find the ratio m: m'. 

(P, U, 1915) 

34. A quadrilateral lamina has its C. G. at the intersect 

tion oj its diagonals, show that it must be parallelogram. 
[15 Ex. XI] (P. U. 1912) 

35. If (iCi, 2 /i), (xzy 2 /i), (^^ 3 , 2 / 3 ) be the co-ordinates of the 
vertices A, B, C of a triangle ABC, show that the co-ordi¬ 
nates of its C. G. are J {x^+Xz+x^, J [yx+yz+y^). 

Hint : The C. G. of the triangle is the same as that of 
three equal masses m, m, m placed at A, B, C. Apply 
Art. 92. 
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86, From a body of weight W, a piece, of weight tr, is 
cut off and moved to a distance show tliat the centre of 
gravity of the whole is thereby moved to a distance 

[P. V. 1935], 

37. Front a uniform circular disc of radius r, and centre 
O is cut out a circle whose centre is Gj and which passes 
througli O and whose diameter is e pml to the radius of the 
disc. Find G 2 . the C.G. of the rcniHinder, 

88. From a circular pi ite, a square whose vertices lie 
on the circumference, is removed. Show that the centre of 
gravity of tlu' remainder of the plate is the same as that of 
the whole plate. [See Note 1 Art, 81]. 

89. Show that if a circular hole be drilled in a uniform 
triangular lamina with its centre at the C.G of the A, the 
C. G. of the lamina will remain unaltered. 

Hint : Proceed as in Ex. 88. 

40. Where must a circular whole of I'foot radius, be 
punched out of a circular disc, of 3 feet radius so that the 
centre of gravity of the remainder may be 2 inches from 
the centre of the disc. ? 


41. On the same base BC are two triangles ABC, A'BC, 
the vertex A' falling within the former triangle. Find the 
position of A' when it is the centre of gravity of the area 
between the two triangles. 

42. A square plate of 10 inches side has a circular por¬ 
tion removed from it, the boundary of the removed portion 
touching a side of the square and passing through its centre. 
If the line joining tlieir side is perpendicular to a side of the 
square, find the C.G. of the plate. 


43. ABCD is a trape/.ium whose parallel sides AB, CD 
are ot lengths a and h and h is the perpendicular distance 
between them. If X, Y denote the distances of the C.G. of 
the figure from a and b respectively, prove that 



2t-f a 



2rt 4*^ 


CHAPTER VIII 


DETERMINATION OF C.G. BY AID OF 

integral calculus 


94. If Wi. Wg, VVj.be the weights of a number of 

particles placed at points A,, Aj, A 3 .in space whose 

distances from a fixed plane are Zi, 22 , 23 .respectively, 

then 

+ VV,;..+VV.z .'-. _ 2 Wz 

- Wj+Wj+Wa. 2VV 


where' is the distance of the C. G of the particles from the 
same plane. 

Let Gi be the C. G. of 
W, at Ai and Wg at A 2 , and 
GiL=:z'i ; draw line AiMiMj 
parallel to the plane. Then 

W2_AiGi ^GiMi 
Wi GA A 2 M 2 

2_l 

. Wi 2 ,+W 222 

• • W, + W 2 ' 

Again, if 2*2 be the distance from the plane of the 
C. G. of Wi+^Vg at Gi and at A 3 , we have, similarly, 

_J^\ + W2)2y-W323 

(w;+w,)+vv 7 

_WiZ,+VV322+W3Z3 

W 1 + VV 3 + VV, • 

Proceeding in this way till all the weights are exhaust¬ 
ed, we get, if z be distance of the final C.G. from the plane, 

- VV2Za + W,23-t-.._2W,2, 

^ VVa+VV3-f::^ SWT- 

Corollary. If YOZ, ZOX, XOY be three planes at 

nght to each other, the co-ordinates 2 /, 2 and the 

final resultant are easily shown in the following orm 
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\V, + W,+W 3 + ,. v\v, ’ 

^ W,vi+Wjj/3 + \V,f/3-i- ... W,((, 

y w,+Wj+w3+.. vw, 

^ W.z. + VV,Z, + \V,37.3 + ... ^ V \\>, 

^ VV, + \V,4-VV3+ .. v\v, • 

Final resjiltant=:i\Vr. 


95. If is an elementary volume of a body whose 
uniform density is P, tlie mas'i of the corresponding small 
element at tlie point {x. y, t) is Pgy. Hence. Iroiii the pre¬ 
vious article, we have, for the eo ordinates of tlie C. ti. 


_'^gp$vx 

:igpsv. 



J X. opdv 

"^jgpdv 

in the notation 

of Integral 
C'aJculus 

X 

i.e. T = . 

j,{. . 



j f/dv 

Similarly, ^-, 

I de 


• 


These are also the C 0 ‘ 0 rdinatrs of the ctnlrc of nierh'rt. 

Determination of the centre of gravity. 

96. (a) To find the centre of s^ravity of a uniform 

straight wire. 



Let OA be the wire of sectional area k and length ‘2a. 
Take OA as a;-axis and O as origin. 

The element PP’ of the wire=A*SJ, where OP=j’. 
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If G be the C.G. at distance x from O, then 


X = 




j 

I 


xdx 


2a^ 


2a 




Hence C. G. is at the middle point. 

(b) To find the centre of gravity of a parallelogram oy 
tmiform thickness and density. 

Let O and L be the middle points of AB and CD of 
the parallelogram ABCD. Then OL is evidently a line ot 

symmetry. Take 0 as ^ ^ ^ 

origin and OL as oj-axis. 

Divide the parallelo¬ 
gram into strips paral¬ 
lel to AB. The area of 
a strip at distance x 
from 0 measured along 

OX varies as the width, or as 

2b 





where BC=2&, 


I 


dx 


Thus the C. G. of the parallelogram is at the intersection 
of the line joining the mid-points of the opposite sides. 

The result can also be deduced from (a). 

(c) To find the centre of gravity o/a triangular lamina 
of unif .rm thickness k and density p. 

Let AD be the median of A ABC, Then AD is a line 
A of symmerty. Take A as origin 

and AD as cc-axis. 

Divide the triangle into strips 
parallel to the base BC. Consider 
any strip at a distance x measur¬ 
ed along AD. The width of the 
strip is proportional to S®, the 
length intercepted on AD and 
the length of the strip is propor¬ 
tional to X, 
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Thus the mass of tlie strip is proportional to A'Po’S.r. 


« • 


AU 

X>'P-i'6x tad 

i'(Lt 


f. 

/. 


= sAD 


0 

If 0 he the C. G. of the lamina, AG^gAO. 

'J’lie result can be dedueed from (a). 

nccoiint, tins point is oullofi centroid nf tL t}- this 

or 0 wlJnmilfni itetrahedron 

Or (I p!fT(ini)(l Oil (I it'UinfiHUif bosc. 

on Ol'''''T!rn n''"'" '’ *'r R-f’- tetrahedron lies 

onOL rakc OasoniTin and OL as .r-axis. Consider the 

lamina lymi; between two parallel planes A'H'C' and A^B C' 

mectina OL in 1/ and L '. Let OL' = r ()I "-r -]-ti 

the thickness of the lamina is proportional to S.r! ’ 

A A'B'C' : A ABC = OL’2 ; OL'. 

the area of the lamina is pniportion tl to 

OL 

(Lr . X 
O 

__ H 01 

fOL 

) x^dx 
0 

solid conc.'^'"’^"'"'"’ '!“■ centre of prariln of a 

Take O the vertex and OC the axis, as ori«in and 
r-uMs respectively, C betiur centre of the base. 


* 0 


/ 


X = 
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U a be the radius of the 
base and h the height of the 
cone, the radius of any c rcular 
section or slice parallel to the 
base at a distan(;e x from O is 

equal to - ^ • 

If Sir be the thickness and 
p the uniform density of that 
cone, the mass of the slice 


0 



\ 


\ 

- - 



=:pTT 






,Bx to the 1st. approximation. 

h 


j 


w 


dx.x 


- 0 

X = -i— 


• • 


I« 

I 




dx 


j 

J 


dx 


dx 


_3U 


0 


(/) Analytical determination of the C, G, of the surface of 

a hollow cone. 

Take the vertex O as origin and the axis of the line as 
o’-axis. Let h be its height and a the radius of the base. 

The circumferenee of a circular ring at a distance x is 
a 

e<iual to 2'ir 

The area of an elementary surface between two rings at 


distance Sx is proportional to 2^ 

h 


a 


h 


xBx. 


s 


Itt 


a 


h 


X dx.x 


X = 


0 


h 

/ 

0 


27r 


a 


■X, dx 


/ 

/ 


x^ dx 


dx 


=|h. 
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97. To find the centre of gravity of a circular arc. 

Let th(* arc L\f subtciui an aiij'le 'J<x at the centre O 

and let OA bisect the arc. 

'J'akc tlie origin at O and OA as a'-axis. OA 
is an axis of symmetry. Consider a stnali 
element PQ of half the arc A^l. Let Z^AOP=0 
and / AOQ = 0 + 8@. 

11 Ic denote the area of u transverse section, 
a tlic r;uiius, and p the density, the mass of 
this element-pAa 50- 

There is a sirr.ilar clement P'Q' in the other 



half AL. 


Thus \vc have two ecjual particles e<iuidistant from the 
<eiilral line. Their centre of gravity lies on OA at distance 

a cose (9 from (). 

Iiei»ce the centre of gravity of the arc is given ^y 




2 pkad Q, a cos 0 
2 Pafid 9 


o J cos 0 dQ 

>19 



k 


sin a 
a 


VoT n si micircuJar arc .r 



98. To find the centre of gravity of a segment of a 
circle. 


Let LAMNL be the segment, O the centre 
and OA bisect the arc L.M. 

Let /LOM = ‘2a. 

lake tlie origin at O and OA as .r-axis, 

OA is an axis of symmetrv. 

Dividr tlie segment by strips parallel to the 
< bord LN.M. 

liCt PQQ'P' be one of them. 

Let Z,AOP = 0, / AOQ = eH-o9. 

Then PP' —2fl sin Q 



iii.d the width of tlie strip = l'Q sin sin Q. 
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If P be the density and k the thickness, the mass of the 
^rip IS 2A:/>a and it has its C, G. on OA at K where 

UK = a cos 0, * 

Thus the centre of gravity of the segment is given by 


2pa^ sin^Q, de a cosQ j 
j"^2/t pa^ sin^Q dQ f 


= a — 


o 

i sin-*a 


i (oL—sin acos a) 


sin^oL 


_ - (X’^sin d. cos n • 

It follows that the centre of gravity of a semi-circle is at a 

ance from the centre, 

Le?OI teT" T"'" “ «««>«• 

Let OLM be the sector of radius a 

^ f«icldle point of the ^ 

OA is an axis of symmetry. 

Draw two concentric arcs PP» and 00' 

of radii r and r+gr. 

The area of the circular strip PQO'P 
= atr-i-6r)2—r3], 

and its C. G. li^es on OA at distance 

r sin a 

a 

If k be the thickness and^o . 

of the sector is given by ^ ‘^en the C. G. 





/ 

1 


kP2ardr 


a 


= sin a 


r r^dr 

O A * 

^ 2a sin a 


/ 


rdr 


a 


Corollaries. 


I. For a 


semi-cirde. x = ^1,. ( _’L) 
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, — 4^/2 / 

2 . For a quadrayit x = Stt ^ \ '4 / 

100. Ex. 1. A heavy triangle ABC is suspended succes¬ 
sively from the angles A and B. and two positions of any side 
are f>und to be at right angles to each other, prove that 















{P. V. VJW) 
Let At) and BE be the medians. 
In the first case, for equilibrium 
Al) is vertical. 

Let AB make an angle 0 with 
the \ ertical. 

In the second case, for e(iuilibrium 
BE is \ertical. 

Let BA make an angle 0 with the 
L vertical. 


Then 0 + 0= g’ (By the question). 

AAGB is a right angled triangle, 
ilence AG^ + BG® = AB2, 

‘ 4ADH^BE2=rAB2 

fe. |(AB=*+AC2-2BD3)4-5(AB24 BC2-2AE‘) = AB^ 

i.e. 5c^ = a^+//“. 

Ex. 2. Prove that if equal triangles be cut from the corners 
of a given triangle by lines paralleJ to the respective opposite 
sides, the centre of rnass of the rernnindcr u ill coincide u ith that 
of the triangle. 

AS AKL, BMX, CPQ arc ctiunl. eacli of mass m 


(suppose). . 

It is given that KL1|BC, MN CA, 
PQIIAB 

these triangles are similar, 
and hence equal in all respects. 

/. AK=N'B, BM = g(:, CP = LA. 

Thus the middle points of BC', 
MQ;ofCA, PL; of AB, KX are 


the same. 

Replace each of these triangles 
= placed one at each vertex. 


A 



by equal masses, each 
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We thus have 


-g- at A, -g at K 


m 

3 




B etc. 


The centre of mass of 


^ at K and 


m 

3 


at N is at 



the middle point of AB. 


The centre of mass of 



at M and 


m 

3 


at Q is at D, the 


middle point of BC. 


The centre of mass 



m 


3 


— at P and 


^-at L is at E, the 

o 


middle point of CA. 

Now the centre of mass of equal particles at D, E, ¥ 
is the same as the centre of mass of equal particles at A, B, C. 

Thus the centre of ma^s of the rem wed portion is the centre 
of mass of A ABC. 

Hence the centre of mass of the remainder is also the 
centre of mass of A ABC. 

Ex. 3, A uniform ivire is bent into the form of a circular 
arc and the two boun ing radii^ and the centre of gravity of the 
whole is found to be at the centre. Show that the angle subtended 
by the arc at the centre is tan~^ (—I)* 

Let 29 be the angle subtended'by the arc ABC at the 

centre O, OA. OB being the bounding 
radii. 

Let OA=a and arc AC = arc CB. The 
C.G. of the arc ACB is at G^. where 00^ = 

sin 0 C 

The C G. of the radii OA, and OB is 
at G 2 , where the lin#" i*uning the middle 
points Ml, M 2 of OA, OB meets OC pro¬ 
duced. Two parallel forces—one proportional to 2aQ and 
acting at Gi, and the otiu r proportional to 2a and acting at 
(Jg—have their centre at O. 

Taking moments about O 

^ ^ a sin Q ' a 

^a9. -g =2a. - cos (w-e). tan9=-J. 
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2 A 

/. tan 29 = =-S U., 29 = tan >(-|). 

Ex. 4. /f closed vessel made of thin metal sheet of uniform 
thickness is in the farm of a right circular cone. The base is of 
radius a and the height of the cone is h. Shoxv that the centre 
of gravity of the vessel is on its axis at distance 

_ 

a+ h^-^a^ 

from the centre of the base. 


Let C be the centre of the base and O the vertex, tlie 

C. G. of the curved surface. 

0 then CG,= Jh. 

If P be the density of the slieet 
and k the thickness, the mass of 
the curved surface = p/iTTrt^//, 2 _j_^r 
acting at Gj. 

The mass of the base = pA*7ro3 
acting at C. 

Let G be C. G. of the vessel; 
taking moments about C, we get 

CGx I frpka^+TTpka^/h^-^-a^ | 





= QGiXTTpka^ li^^a^-\-O.Trpka^ 

CG=ih 

0 ++ 

Ex. 5. Prove that the centre of gravity of a quadrilateral 

cannot coincide with the centre of gravity of four equal particles 

placed at its angular points^ unless the quadrilateral is a 
parallelogram. 

(») Let 3 m and 3m' be the masses of as ABC and 

ACD. 


llie C. G. of A ABC is tlie C. G. of the equal particles 
each = m placed one at each of A. B. C. 

1 he C, G. of A ACD is the C, G. of equal particles each 
placed one at each of A, C, D. 
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We thus have m+m' at 
each of A aud C, m at B, and 

The C. G. of m+m at ^ 
and m + m' at C is at the midile 

noint E of AC» , 

^ The C. G. of OT at B and 

m at D is at F oa BD.^ 

such that m.BF —.DF..( W 
Thus the C. G. of the whole 
system is in EF at G, such that 

■' S““td m' b*.""ii "‘Jcid'i: p»Kf bS! t£ 

C. G. of the particles is m EM. systems 

But this will be possible only, if m =m' [from (1)], t.e. it 
AC bisects the quadrilateral. 

Now when AC bisects the quadrilateral, it bisects BD 

also. 

Similarly, BB bis* cts AC. 

of both the systems Will coincide 

onk, IfThe'TiSonals Ifih. .uLdiuateral bisect each other, i.e. if 

the quadrilateral is a parallelogram. 

Exercises Xll 

1. ABC is a lamina in the form of an equilateral triangle, 

each side being 4.' in 'e''"* i^havin* itrside" in length, 
equilateral triangles are cut o . o remainder 

Prove that the distance from A of the C. G. or 

(P. U. 1913) 


IS 


53 


l4v/3 


inches. 


j. A eyiinde, oI m.t.l » d «■ “SS 

?rr‘o'p.n"£.'‘.£ T,r‘r" «■< o' 

gravity. 
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3. A square uniform plate is suspended at one of its 
vertices, and a Avetpht equal to half that of the plate is 
suspended from an adjaernt vertex of the square. Find the 
I)oint wlnrc the vertical through the point of suspension cuts 
the opposite diagonal of the square. 

4-. If three tiniform rods be rigidly united so as to form 
half of a regular hexagon, prove that if the system is suspend- 
e{l from one of (he triangles, one of the rods will be horizontal. 

5. Prove that the straight lines which join the middle 
joints of the opposite edges of a tetrahedron meet at a point 
\\idcl> l»isects each straight line. 

C>. Prove tliat if 2a be the angle of a sector whose 
('. (5. lies on the chord of the arc, then tan a=?a. 

7. A solid right circular cone has its base scooped out 
so that the hollow is a right cone on the same base ; how much 
iiiust he scooped out so that the centre of gravity of the 
remainder may coincide witli the vertex of the hollow? 

8. Isxplain how to find tin* centre of gravity of the 
segment of a circle greater than a semi-eirele. 

0. Any point P is taken upon the diameter AB of a 
sernicirenlnr area, and the seud-eirelcs upon AP, BP ns dia- 
nict(*rs arc removed. Find the centre of gravity of the area 
that is left. ' {J\ fj. mO) 

10. A circular tray of radius a stands on a single circular 
foot, of radius/>. If P is the whole weight of the tray and 
its support, find how far from the centre a weight Q can be 
placed without the tray falling over. (P. U. 1938) 


11. Tlie tangent of the semi-vertical angle of a cone 


IS 




Show that its centre of gravity coincides with the 
centre of the cireum-sphere. 

12. Perpeiulieulars are drawn from the angular points 
A, 15, C of a trianifle to the opposite sides b, c, and another 
triangle is f( rrned by joining the feel of these perpendiculars. 
II .r, t/, z he the dislat (es of the C. G. of this triangle from the 
si:ifs b, c, : prt'Ve that 

a ’eos =--/e(o -A) c^cos {A-B) 

[P. U. 1900], 
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13 VBC is a triangle inscribed in a circle whose centre 
is O. and G,, G.^ arc the centres of gravity of the sectors 
AOB, BOC, COA respectively, prove that 

Al^_|_ ^ =Sn 

OGi OG, OG 3 

IV. If the centre of gravity of a tetrahedron be the 
common vertex of four tetrahedra wlnse bases are the faces of 
the original tetrahedron, show tliat the four tetrahedra are of 

equal volume. 

15. A piece of wire is formed into a triangle ; find the 

distances of the centre of gravity from each of the sides and 

show that if x, if, z be the three' distances and r the radius of 
the in-circle, then 

^xyz—r^ ::)=r 2 . 

16. Show that the locus of the centres of gravity of all 
triangles inscribed in a circle having a com non vertex at a 
fixed point and bases of constant length, is another circle. 

IT. Prove the following construction for the centre of 
gravity of any trapezium : 

Let ABCD be the trapezium, AB ijCD. 

Produce AB to L, BA to L', CD to M and DC to M . 
Make BL=DC, AL' = CD, DM-BA, CM'-AB. Then LM and 
L'M* intersect in G. 

18. Prive the folllowing construction for the centre of 
gravity of any quadrilateral. 

Let O be the point of intersection of the diagonals AC, 
IMI and M the middle of the line joining their middle points. 
Join OM and produce it to G making 1\IG = ^ OM. G is the 
C. G [P.U, 193S] 

Or. Take CE=OA. Then the C, G. of A BDE is the 
C. G of the quadrilateral ABCD. 

19. If A and B be the positions of two masses m and n, 
and if G be their centre of mass, show that (P being any 
point) mPA 2 +nPB 2 =mGA^+nGB 2 -l-(?n+n)PG 2 . 

If nil, m 2 . uir be the masses placed at points 

Ai, A 2 .Ar and G be their centroid, prove that 
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k~\ k==l I 

(P being any point). / 

20. If two intersecting tangents are drawn from tlic 
extremities of a quadrant of a circle 4 feet diameter, find 
the distance of the C. G. of the area enclosed between the 
tangents and the arc from either tangont [P. U. 19 U] 

101. To find the centre of gravity of a segment of a sphere. 

The perpendicular ONA from the centre O to the plane 
of the segment is an axis of symmetry. Take O as origin and 
OA asa;-axis, and let a be the radius of the sphere. 


Divide the segment into slices or discs parallel to its 
plane. 

Consider any disc at distance OK=j?. The volume ot 
the disc=7r(a^— x^)^x and its C. G. is in KK'. 



TIuis the centre of gra- 
^ity of the segment with 
base of radius CN at dis¬ 
tance ON = r is given by the 
equation. 




a* ^ ah- r* 

4 2 "* X —r")s _ 3 (a + r)* 

(a—r)2{2a+r)~ 4 2o+r 
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__ 

For a hemisphere r=^0 and . . OG— ^ 

102. To find the centre of gravity of « sector of a sphere^ 
Let OBAC be the sector and G its C. G. (figure 

article). , ... 

The sector may be regarded as composed of the right 

oone of height ON (=r=«cosa)on the circular arc 

radius is sin a. and the segment BAGINt5. 

Now the volume of the cone 
= ^ 7 r.ON.BN^= a^cos a sin^a. 

Now the volume of the segment 

_ J {-ia^-Sah+r'') =-g-(2 - 3 cos a+cos*a) 

^ [See last Art.] 

Thus G the centre of gravity of the sector is given by 

OGx[i''ra® cos a sin’a + g" a’(2—3 cos a+cos a)] 

= J ON. J-n-a* cos a sin^ad- 

j a^(—3 cos a+cos'^a). 

^ 2a+r 3 ^ 


OG=ia 


= Ja 


cos^asin=a+^-^-2^J[[2-3‘=°® a+cos’a] 

^ ^sa sin^a-|-2 - 3 cosa+cos^a 

cos*a sin^a4-(l 4 “eosa)^(l ^2cos g+cos g). 


= ia 


2 ( 1 —cos a) 

cos^asii^a+sin^a ^|a(l+cosa) 

2(1 —cos a) 

103. To find the centre of gravity of a 

spherical shell. 

Let O be the centre of tlie spherical 
shell OBC and a the radius of the sphere. 

Let OA be the axis of symmetry. 

Take sections of the shell by any two 
consecutive planes perpendicular to OA. 

The sections are circles having their centres 
at N, N', the intersections of OA with the 
planes. Consider the ring cut off by these planes 
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If Z.AOP=0, the wi lth of the riu^= PP' = aS9. and 
Its circumference is in the limit, equal to the circumference 
ol the circle PNQ. Thus the area of the rin'^ = 2n'a^ sinft^ Q 
having its C. G. at N. ° 


If G be the C. G. of the shell, 
a 


j 


OG = —S 


..a 

0 


a 

= *2 


/ 


a 


0 

OL 


J sinO do 
0 


a 

4 


1—cos2a. a,- 
l^c^s a=‘2 


For a hemi spherical shell. a= --and 

2 


OG = 


Properties of the centre of gravity. 

104. IVe have already shown that if a heavy body i, 

supported at its centre of gravity, it will balance in ev ry 

fosition. The lollowing are obvious conscciucncos of this 
proposition. ' 

(i ) If a body is supported at a point or suspended from 

tis centre of gravity and the point of suspension, or support 
are in ike same vertical line. 

rertical. It zvtll not rest unless its centre of gravitu is in th* 
vertical plane passino through the axis. 

Por, the body is acted upon by its own weight and the 

we^i^lir/d'^^^l^the moment of the 

IW^nf \ J possible only if the 

me of action ot the weight is parallel to the axis or interseers 

It. But the axis IS not vertical, hence the C.G. must be in 
the vertical plane through the axis. 

a Wy w p/nerd on'a plane, it will stand or 
fal aecording as the vertical line through its C.G. fa'ls within or 
unihoui the base on which it rests. 

h. to be understood the area enclosed 

by stretching a string round the geonnetrical base, i e. round 

the points of contact of the body with the plane. 
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(If the plane is inclinedy it should be so rough as to 
prevent slipping). 

Since the reactions of the points of contact of the body 
with the plane all act away perpendicularly from the plane 
and, therefore, form a system of like parallel forces, the line 
of action of their resultant cannot cut the plane outside the 
base of the body, for the resultant of two like parallel forces 
acts always at a point between the forces. 




firstly^ let the vertical through the C.G. of the body 
cut the supporting plane at a point inside the base of the 
body. Then the moment of the weight about any point on 
the edge of the base tends to press down other points of the 
body touching the plane, while the resultant reaction or the 
plane prevents the body from penetrating it, for reaction is 
a force which tends to resist or change motion, i.e. has no 
tendency to produce motion but has a tendency to modify it. 

Thus the resultant reaction will adjust itself so as to 
counteract the forces of gravity on the body as long as the 
vertical line through the C.G, falls inside the base. 

Hence the dody will stand. And if it be slightly tilted 
up, its weight will bring it back to its original position as 
soom as it is let go. 

Secondly, let this vertical through the C.G. cut the plane 
at a point K outside the base. Then the moment of the 
weight about a point L on the edge of the base nearest to K 

^ as to lift up all other points 
ot the body touching the plane, for the resultant reaction 


elementary statics 


l'-2 

0 



which acts away frv^in the plane does not prevent ajjy 
the body from being lifted off. Hence the body will fall. 

If a body were to topple over, it would do so about some 
point or line in the plane. The moment of the weight about 
the point or the line tends to overturn the body and th,e 
moment of the resultant reaction about the same point resists 
this tendency. If the latter is greater or etiual to the former, 
the body will remain in Cvtuilibrium. otherwise it will topple 

Illustrations. \ porter carrying a heavy trunk in 
one hand often ejctends the opposite arm at full length in order 
to bring more readily lii^ C.Cr, over a point between his two 

A cart will overturn if the vertical through its C. G. 

falls outside the wheel base. . i • i 

A man carrying a heavy weight in front of him leans 

back in order to bring his C.G. over his base. 

A man leaning too far back in a chair tilted up on i^ 
hind lef^s shall fall over backwards when the vertical through 

his C G. falls behind the line joining the two back feet.^ 

(J^ulorial Statics.) 

105. Stable, unstable and neutral equilibrium. When 
H body is slightly displaced from a position of equilibrium, 
it mav (i) tend to return to its original position, (a) tend to 
recede from the original position, (iii) remain in equilibrium 
in the new position. 
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The original position of equilibrium is said to be stable 

m the 1st case, unstable in the 2nd case, and neutral in the 
third case. 

The beam of a balance, a stick standing upright on the 
finger, and a door free to swing about a vertical line of the 
unges, are examples of the three kinds of equilibrium 

■■ ‘f”* ° •/ 

cqmiityrium. A cone restina i+o u ■ *' 

i... • X I , on Its base in contact with ^ 

- l onzontal plane is in stable equilibrium. A eone re^ttr Wth 
vertex m contact with the plane is in unstable equZ'm 

cone resting with its slant side in contact withV plane 

IS in neutral equilibrium. “ ^ 

...bi, p'«~ - .n 

of e~vlly i, bdo», .b„„, „ toe”,"'' ® “ 

. n “■ Z'Ti: 1'"f "oely round 

stabU, unstable, or neutral « 

is^rr 

14 in stable equilibrium 

aS- 0° 4'uie::® /A ) 

■ ™«.tfVrc€£r- ‘fe 

G vertically below O. 
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iii) Similarly, it mav be shown that 
rchen G is verticoVy above O on OH, S tends 
to turn tlie body away from its original 
position and the equilibrium is therefore 
unstable. 

(ni) \Micn O coincules tvith Gy the body 
will remain in e<iuilibiium in all positions 
and the equilibrium is, therefore, neutral. 

Centres of Gravity of arcs and areas of 
curves. 

*107. To find the centre of gravity of a 
given arc of the curve y=f fj). 

Let AlJf’ la; the graph of tin* ^ 
eurv(f y=f (a:), when OX and OY 
are the co-< rdinate axes. 

The centre of gravity of arc BC 
is required. 

Let AP=j, length of the arc 




being measured from some fixed 0 

point A, PQ=Ss; a;, y the co-ordinates of P. 

Let k denote the area of a transverse section and p the 
uniform density. Then the mass of the element PQ=A*PS« 
and the co-ordinates of its centre of gravity are ultimately a?, i/. 

I X ds 

Hence 7 . - 

i;A-p.Ss j ds 


[if k is constant]. 


.V = 


^iPk^s y 
^PkSs. 


f y 


i 


ds 


H r integrals being take^between proper limits. 

Since ^ \/ 1 + (V ’ the fom u- - 

» the form : ^ 


X 


V(ji-r* 
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y = 


' + 


~\dx 


dx 

Hx 


Ip polar co-ordinates, 

dr 


- J r'+ (4 V. 


d9 I 


X =s 


J r cos 9 ^ 

/V 




(19 




r2+ 


y = 


j" r sin e ^ 


dr 


d ^ 


108. To find the centre of gravity of an area bounded by 
the curve y=f(x)^ two ordinates, and x axis. 

Let ABDC be an area 
bounded by the curve AB, 
ordinates CA and DB and the 
portion CD of the aj-axis. 

Divide CD into n parts and 

draw ordinates at the points of 
division. 

Let MP^ NQ be two adja- 

where P is (.t, ^ Q 14 N D 

The area of the strip PQN]\I=?/SirXe and the co¬ 
ordinates of its centre of gravity are (x\ ?/'), where 

€-■^0, y‘-^\y when 

Thus the co-ordinates of the centre of gravity of the area 
are given by the formulae : 



JiP(J/S®4-€K / 

5*P(t/Sa:+€) “ 


xy yx 


J y dx 
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^■here A-and P arc the uniform thickness and density of the 

. B area. ^ 

if tile curve be given by the 

g ‘‘'l><**tion i = divide /AOB 

into n parts, of which zPOO is 
^ one. ^ 

Let Z.XOP = 9, P0Q = 59. xhe 

abscissa and ordinate of the C 

_ l-areaPOQ( = irSfl,„re5reore: 

X nrsm 



y = 


J 5»'cosOJrV#9 

f 

f 
f 


Jrsin9Jr*d9 


(Integrals being taken between the proper limits.) 

of revo?Lon g^neraled by'a Sett 

'lake it asof symmetry 

IS,... iSJfA"'.',™.,"'' ■>' ™"' «V„lv, .b.,„ u„ 

1 lie ni^ss of tfic in 

elementary are P(i = 2 rr;tpo s, J/**® /'*«'• generated by th( 

thickness and density Thns’r®’'® •^'‘® nnifonn 

• I bus tor a surface of revolution, 


Siiicc 


d,v 

(/i 


f 

^ '^irkptjds 

'J '+ (i’T- 


/ 

J 
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the integrals being taken between proper limits. 


(ii) Let the elementary area PQNM revolve about the 
x-axis. (Fig. Art. 108). Then the elementary mass of the 
solid—A‘p27r^2S.T, where A:, P are the uniform thickness and 
density. 

Thus for ^ solid of revolution, 


X = 


J" 2-Tr kpxy^dx J' xij^dx 

J" 2tt kpy^dx J" y^dx 


the integrals being taken between proper limits. 

110. Theorems due to Pappus or Guldins. 

(a) If an arc of a plane curve revolve about an axis in its 
plane^ not intersecting it, the area of the surface generated is 
equal to the length of the arc multiplied by the length the jiath 
of its centre of gravity, 

{b) If a plane area revolve about an axis in its plane, not 
intersecting ii, the volume of the solid generated is equal to the 
area multiplied by the length of the path of its centre of gravitij. 


Take the axis of revolution as 2 :-axis. 

(a) Let S be the area of the surface generated by a given 
arc of the curve y=^[x). 

8 = 2 ^ j' yds, 

the integration extending over the arc. 

If y be the C. G. of the arc, then 
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% 


/, S= Xs, where s is length of the whole arc. 

{h) If A A be an element of the area, the volume V 
generated in a complete revolution : 


\' = 27r J" i/dX. 


Hut if // he the C. (i. of the generating area, 


I 

I 




(lA 


/. \ = 2tt y X A. 


We need not. however, take complete revolutions in the 


above. 


These theorems may he used to find the C. G. of a plane arc or of a 
plane area when thcsiirfai e or the volume generated by its revolution is 
independently known. 


WORKED OUT EXAMPLES 


111. Ex. 1 



ABC is a Jlat board, A being a right angle, 
and in contact with a flat table. I) 
is the mid-point of AC and aABD is 
cut away. .SV/ote that the triangle BDC 
is just on the point of falling over. 

Let BM be the median of the 
ABOC. Through D draw DG|1AB, cutt¬ 
ing B^l in G. 

Then since GM : (JB 

= MD : DA=1 : •> 
/. C is the centre of gravitv of 
A BDC. 


Thus the line of action of the weight of the triangle 
BDC passes through the extreme point D of the base line CD. 

Hence A BDC is just on the point of toppling over. 

Ex. 2. // uniform rod of length 3'Ja rests partly xeithin 

and partly xcithout a smooth cylindrieal ctip of radius a. Shoxv 
that, in the position of equilibrium the rod makes an angle of G(B 
uilh the horizon and prove also that the cylinder u ill topple over 
unless its weight he at hast six times that o /tlu rod. 
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There are three forces acting on the rod—the reactions 
R, and S at the points Q and ^ 

P, R acting perpendicularly to a 

the rod and S acting horizont- / 

ally; and its weight acting at / 

(; vertically downwards whose / 

line of action mast pass through / 

A, the point of intersection of / 

R and S. Let VV and w be the 
weights of the rod and the cup. 

From the equilibrium of the 
rod, we have /q <9 

PQ=AP cos B k __ 

= PG cos 0. cos @ ^ 

= 16a cos“@. 

Also PQ=:PN sec 9=r2a sec 

/, cos'@ = J, i.e , cos 
i.e., 9 = 60^ 

4 ~u ^ be the point of contact of the base of the cuo 

weihJ® the 

* u t°PP*® over, if tlie moment of the 
^v^e^ght of the rod about D is not greater than the moment of 
the weight of the cylinder about D, i.e., if 

VVxANj^aiXa r AN=ea, 

i.e., if ui^6W. [ AP = 16a cos 60 °= 8 a. 

I w 

^ x/^al-P 

O) wit^h'ut^Vbk hemisphere (centre 

C on the table! string, P being on the rim and 


130 klemp:ntary statics 

TIic heniisphere is acted upon by 
three forces-its weight VV acting at (h 
its C. reaction R of the table on 
the hemisphere and the tension T of the 
string. These three forces must meet 
at a point, or must be parallel. Since 
\V and R are parallel, all the three 
forces are, therefore, parallel. 

'taking moments about A, we have 

T.AC = W.(;N, where • -(M 



Now (' 


^ — pp^pendicular from I* to OA 

= V 2al — 


Sin (;()N = <os POA = 


a~l 

a 


, and 0(; = 3fl. 
a —I 


( 1 ) ^ — ^ 


• • 


T=ii VV 


a^l 
^ 2(il 




Ex 4 A spindle-shaped solid of uniforin nuiierial is 
hounded 'by bvo right circular cones of altitudes 6 and d inches 
with a comvion circular base of radius J inch. It u suspended 
hif a slrinfj attached lo a point ^ 

O/i the rim of the circular bas‘\ 

Find the inclination of the 
'axis of the spindle to the verti¬ 
cal, xvhen it is hanging freely. 

Let the spindle formed 
by the cones OAR, AAB be 
suspended from A, and let N 
be the centre of the common 
base ; ^Jie centres of 

aravity of the cones, where 
N(;i=.^, N(; 3 =|. The spindle 
is acted upon by three forces, 
weight of the cone VAR, 
weight of the cone OAR, and 
tile tension of the string. 
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These three forces are evidently pirallel. Tne line of action 
of the weights divides Gfi, at G i.i the inverse ratio of tlieir 

weights. 

\ ‘>CmG=60G^, i>e., GiG = :5GG2. 

Now GiG^^GjN- i-NG2 + 

GiG=^. ThusNG = l=AN. 

For equilibrium, G is vertically below A. 

the axis is inclined to the vertical at 45°. 

Ex 5. If o. cone have its base united concentrically to 
the base of a hemisphere of equal radius r, find the lieight of 
the cone that the solid may rest on a horizontal table at any 

point of its spherical surface. 

Let Gi and G 3 be the centres of gravity of the hemi¬ 
sphere and the cone, and let A be V 

the point of contact which is initially 
in contact with the table. Let O be 
the centre of the common base. If 
h be the height of the cone, OGg^i^* 

Also the weights of the hemi- 
sjiherc and cone are proportional to 
and Ir'^h. 

The reaction of the table, in ^ 
the displaced position of the body, always passes through O. 

The eiiuilibrium is stable, unstable, or neutral accord¬ 
ing as G, the centre of gravity of the body, is below, above, 

or at O ; 

i, e. according as OGj x ^r^^OGa x 



1 . e. according as — — X|r^ 


> }i2 


i, e. according as 3r“ 

Thus for neutral equilibrium, h = \/' 3r. 
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Exercises XIII 

1 . If a triangular lamina can just rest in a vertical 
plane with its edge AB in contact with a smooth table, 
prove that 

BC3^AC3=3AB3. 

2. Explain why in ascending a hill we appear to lean 
forwards ; in descending, to lean backwards. 

3. Why does a person rising from a chair bend his 
body forwards and his leg backwards ? 

4. Prove that the pull exerted by a man in a tug of 
war is of his weight, where a is the horizontal projec¬ 
tion of a line joining his heels to his centre of gravity, and 
b is the height of the rope above the ground. 

5. What is the use of a rope dancer’s pole ? 

l"Iow would you test the nature of equilibrium of 
a body at rest ? Point out the advantages of three-legged 
and four-legged tables, respeetively ? 

, . ^ uniform rod AB of mass 1 lb. is 12 inches long, 

and IS hinged at a point C, 3 inches from A. Masses of 6 lbs. 
and 1 lb. are fastened at A and B respectively, and the rod 
IS placed with A vertically over C. (i) Is equilibrium 
possible? ill) If so, is it stable or unstable? (ni) What 
extra weight fastened at B would cause neutral equilibrium ? 

8. A cylinder of height 2 ft. and radius I ft. is placed 
on an inclined plane and prevented from sliding, if the 

inclination of the plane be gradually increased, find when 
the cylinder will topple. 

9 A homogeneous body, consisting of a cylinder and 
a hemisphere joined at their bases, is placed with the hemi¬ 
spherical end on a horizontal table ; is the equilibrium stable 
or unstable? 

10. A cylindrical hole of radius a is drilled tlirough a 
hemisphere of radius b so that the radius from perpendi- 

nf iK *^emisphere is also the central line 

01 the hole. Find the centre of gravity of the figure. 
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11. A right circular cone whose base is of radius r is 
divided into two equal parts by a plane through the axis. 
Prove that the distance of the centre of gravity of either 

, . • ^ 

half from the axis is 

TT 

12 . A round table stands on three vertical legs placed 
on the circumference at equal distances. Prove that a weight 
less than that of the complete table may be placed anywhere 

on it without upsetting it. . ^ 

13. Prove that the centre of gravity of the part ot the 

surface of a sphere cut off by two parallel planes is midway 
between the planes on the axis of symmetry. 

14. A solid is formed by a uniform solid cone of semi- 
vertical angle a and the major segment of a sphere of radius 
r, so that the generating lines of the cone are tangential to 
the sphere at the circle of contact. Prove that the distance 
of the centre of gravity of the solid from the centre of the 

sphere is Jr (1 —sin a) V sin a a. 

15. If a cone be placed with its base m contact with a 

smooth inclined plane and be prevented from slipping by a 
horizontal force applied at the apex, give a diagram showing 
the arrangement of the forces acting on it. 

Also if the inclination of the plane be 45® and the 
radius of the base be equal to *375 of the height, prove that 
the cone will be on the point of toppling over. 

16. Prove that a thin hemispherical bowl can rest m 
equilibrium with its curved surface in contact with a rough 
inclined plane if the inclination does not exceed 30°, 

17. ABC is an isosceles triangle of weight 3 lbs. of 
which the angle = 120°, and the side AB rests on a smooth 
horizontal plane, the plane of the triangle being vertical; 
if a weight of lib. be hung at C, show that the triangle 
will just be on the point of toppling over. 

18. A square board ABCD has a mass of 10 lbs. If it 
is suspended from the point A, what mass must be attached 
at B, in order that the board may rest with AB inclined to 
the horizontal at an angle of 60°. 

19. A portion of uniform thin spherical shell is bound¬ 
ed by a circular rim. When the shell is freely suspended from 
a point in the rim, the radius through the lowest point of 
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the rim is horizontal. Sliow that the plane bounding (lie 
shell is at a distance from (he centre of the sphere equal (•> 

two-thirds of the radius. . . 

20. A solid sector of a sphere hangs from a point in its 
circular rim with its axis horizontal ; finds its vertical angle. 

21. A hemispherical shell has its inner and outer raiiu 
a, b. Show that the distance of its centre of gravity from its 

. , , . 3 {a-i-h) (a^+h-) 

centre along the axis of symmetry is ^ 

Deduce the position of the C. C;. of a thin hcmi-splicTi- 
Oft I shell. 

22. A frustum is cut from a right cone by a plane bisect¬ 
ing the axis and parallel to the base ; show that it will rest 
with its slant side on a horizontal table if the height ot the 
cone bears to the diameter of its base a ratio greater than 

y/7 : v^lT. 

23. Apply (iiikiiirs theorem to find the (. (i. of tiie 

area and also of the arc of a semi-circle. 

24. Use (iuldin’s theorem to find the volume of the 
frustum of a right cone in terms of its allitude and the 

radii of its ends. 

25. Find the centre of gravity of (i) an arc (n) a sector 

of the circle • i 

26. Find the C. (1. of the area bet\Yecn two Jiemi-circles 

having a common diameter and touching internally at a 

point. , . - 

27. Find the centre of gravity of (i) the surface of re¬ 
volution (ii) the volume of revolution generated by the 

circle = about any diameter. 

28. Find the C. G. of tlie hemi-spherical shell and so 

generated by the semi circle given by 

REVISION PAPER III 


1. A rod of length 5u, is bent so us to form 5 sides of 
a regular hexagon. Show that tlie distance of its centre of 

gravity from either end of the rod is 133, ^l93-~) 


2. E'rom a uniform rectangular lamina, 10 inches by 
8 inches, a portion, 6 inches square is cut out from one 
corner. E'ind the C. C». of the remainder. .U, 
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3 Three parallel forces P, Q. U, act, at tlie vej;tice.'. 
A B Cof atrianjle, and are proportional respectively to 
«;6, c, the sides ot the triangle. Show 

coincides with the incentre of the triangle. (/ .U.U4fJ} 

4 G is the centre of gravity of a uniform quadrilate¬ 
ral plate. G'is the centre of gravity of four equal particles 
placed at its corners, and O is the intersection of its ilia- 
gonals. Prove that O, (;. and G' are in the same st. me 


and that 0G' = 3GG’. 


(I\U, W:)S) 

5 O is the centre of a square sheet ot paper ABCD, in 
which the length of AO is f, C is folded over on to O and 
the sheet is creased, and lies flat. Show that the distance 

of the centre of mass from A is Supp.) 

r>. If A, B, and C be the positions of three masses m.n 
and p, and if G be their centre of gravity, show that if i be 

any point, then 

m.AP^+n.BP^+p.CP==m.AGHn.B(;^+p.CG^+^(m+^^^^^ 

7. From a body of weight W, a weight zv is cut off and 
moved a distanced; Show that tiie centre of gra\i J o le 

whole is there by moved a distance'™- in that direction. 

(P. U. 1035) 

8. A uniform lamina in the shape ot a rt. angled triangle 
and such that one of the sides containing the right angle is 
three times the other, is suspended by a string attached to the 
right angle ; in the position of equilibrium, show that the 
hypotenuse is inclined at angle of sin ' 'i to the 

• 9. Particles of weights I, 2, 3, 4, 5, 6, lbs. respectively 

are arranged in this order round the circumference ot a circle 
of radius 10 inches at intervals of 60°. Find the distance o 
their centroid from the centre of the circle. (i . L. UjO) 

10. A coile, whose height is equal to four times the radius 
of its base, is hung from a point in the circumference ot its 
base. Show that it will rest with its base and axis equally 
inclined to the vertical. (i . G. iJzii) 
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11. From a sphere of radius R is removed a sphere of 
radius r, the distance between their centres being c ; find the 
centre of the mass of the remainder. 

12. A uniform rod of length I witli its cross-section a 
circle, is sharpened at one end, like a pencil to a conical point 
without shortening the axis of the cylinder. If the height of 
this cone is h, show that the centre of gravity lias been 

h {U~Sk) (D, U. 19/0) 

displaced by a distance — 3/ —2/t 

13 . The centre of mass of an arc of a circle is at 


a distance from the centre, a being the radius of tlie 

a 

circle of which the arc forms a part and 2a the angle subtend¬ 
ed at the centre of the arc. Show that the centre of the mass 
of a segment of the circle is in the diametrer bisecting the 

segment, at a distance 5 ^a-s^n^a centre. Hence 


obtain the centre of mass of a semi circular arc. ( P. U. 1933) 

14. A thin uniform rod is bent at one end to form a 
walkin" stick with a semi- circular handle. The straight 

portion AB is of length 21, and the curved portion BC is of 

mdius a (less than /).The straight line joining the ends B and 
C of the semi-circular portion is perpendicular to AB. lh& 
stick hangs freely with the end C supported on a horizontal 
table. Prove that the straight part makes an angle 0 with 

the vertical where 


fl(ira-h40. 

tan 0-2(/2_a2) 


(P, u, mi) 


15. The altitude of a cone is h and the radius of its 
base is r ; a string is fastened to the vertex and to a point 
on the circumference of the circular base and is then pul 
over a smooth peg. Show that if the cone rest with its axis 
horizontal, the length of the string must be (/P+4r )i. 


CHAPTER IX 


WORK 

112. Definition and measurement of Work. A. 

force is said to be doing work when its point of application 
undergoes a displacement. If the force remains constant m 
direction and magnitude, the work done is measured by the 
product of the force and the displacement on the direction ol the 

force. 

Let a body move under the action of forces so 



that the point of application of the force P moves 
O to M, then the amount of work done=PxOM. 


from 


This work is positive since the displacement OM is in the 
direction of the force. 

If the displacement is in a sense opposite to the direction 
of P. so that M is on the left of O, then theaor/c done is 



negative and is equal to P x OM. 

The student should note that there must be other forcea 
acting on the body besides P. For, if P would have been the 
only force, the displaced position M could not have been in a 
direction opposite to that of P. It would, therefore, be more 
appropriate to say that the amount of work contributed by 

P=PxOM. 


113. Work done when the force is oblique to the 
displacement. 

(t) Let a body move from O to A in a direction making 
an angle 0 with the direction of the force P ; then OA is the 
actual' displacemenU 
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I 

I>r;iw AM )>erpeiKJif*uiiir to the direction of P so 

that OM is the pro¬ 
jection of the dis¬ 
placement OA on 

OX ; OM is des- 
cribed as the dis¬ 
placement in the 

direction of r. The wori; done by P is, then defined by the 

j)ro(luct 1* XI > .i = P. OA coswliich is positive as Q is acute. 

Thus, 

work done = (force) x (displacement in the direction of 
force). 

Sole. Since work donc= P x OA cos9 = P cos QxOA. 

Work done is also =[fi-tuil displacement) 

X {resolved put of force in the direction 
of displacement). 

(ii) If M falls to the lelt of O, the displacement in 
the direction of 
the force is nt fia- 
live jukI the jvorh 
done by P xvill he 
negative. In this 
case, f) is obtuse. 

(in') If the body moves at ri>>ht angles to the direction of P, 

O jMid M will couicide and the projection OM is zero. The 
ivork done :cill he nill. (zero). For e.xample. when a heavy 
biaiy moves alono a horizontal plane, no work is done by 
gravity. 

Observation. A force, however large, does no work, if ■ 
its point of application docs not move. It should be observed 
\\mX both forces and motion are necessary in order that ivork 
tnatf he done. If we pusli a heavy stone resting on a rough 
horizontal plane but do not succeed in moving it, we do no 
work the technic d of the term even if we perspire 

profusely in the attempt. From the popular point of view, 
work is said to be done by a person whenever there is a sensa* 
lion of fatigue in an activity even if it does not produce any 
hut mathematical u ork requires both motion and force 
for its production. 
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114 Unit of work. Work is the product of force and 
disnlacement • and since the unit of displacement is one loot 
and the unit of force (in Staties) is the weight ot one pound, 
the unit of work is the work done by a force of one pound in 
moving iti point of application through one foot m i s 
direction and is called a foot-pound, i.e. the ^ 
the work done by such a force P m such 

that the work P X OA is equal to unity This is the Ptadua 
unit of work in the British System, used by Engineers, li 
the French System, the unit of work is a Ccniimelre gramine 
which is the work done by a force of one gramme (weight ot 
one gramme) in moving its point of application through one 

centimetre. 

_ foot pound British System, and oentimeUe-dyne 

32 (erg) 


centimetre-gramme French System. 

981 

115. Positive and negative work. The displacement OM 
(not MO) is positive if it is in the same direction as the force 
P ; and negative if it is opposite in sense to the direction of P. 
It is thus, evident from wl\at kas been said above that the 
work done by a force (being equal to P x OM) is positive if 
the displacement OM is positive, and negative if the displacement 
is negative, i. e., if a body of weight W pounds falls dozen 
vertically through h feet, the work done by gravity is positive 
and is equal to W h foot-pounds,and if the body rises vertically 
through h feet, the work done by gravity is negative, being equal 
to {~\Vh) foot-pounds of work. 

Isjote. _When the woik done by a force is negative-, the particle is said 

to do work against the force so that work done by a torce = minus times 
work done by the particle. 

116. Work done against gravity in moving a body up 
along an inclined plane. 

Let a body of weight W move upivard through a distance 
/, along a plane inclined at an angle 0 to the horizontal. 

Revolving W along and perpendicular to the plane, 
we have W equivalent to two simultaneous forces W sin f) 
and W cos Q, as shown. 
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(V co5 e 


w 


As the borly tnoves from 0 
to A, fhr xtork done against W 
cos ^ is zero, since Wcos Q is, at 
each instant, perpendicular to the 
direction of motion, Art. lU 

(iii) ; the xvork done against 

ir sin0xOA 

= \V sin0xf 

— W. / sin^ 

= \V/(, 


where// is the height of A above O. 

. . 1 lie total-work done against gravity 

-work done against W B plus work done against 

>V sin Q ® 

= 0 -f \\h 
= \\h 

l-S'' 

hold U winch the above formula would 

'‘ol'l good, llonoe the total u^ork done against gravity 


X 
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The following theorem follows at once from the 
corollary : 

Theorem. A system of particles is raised frovi one 
position to another ; to show that the work done against gravity 
is equal to Wh. where W is the total weight of the particles and 
h is the vertical distance between the final and the initial heights 
of the centre of gravity of the particles^ i. work done = 'U'x 
(final height of C. G minus initial height of C. G.) 

Let Wj, VV 2 , W 3 . be the weights of the particles and 

^ 1 * ^ 2 » ^ 3 ». be their iniial heights ; ) above any 

h\, h\, h\ . be their final heights, ) horizontal 

plane. 

Also let H and H' be the initial and the final heights of 
the C. G. of the particles ; then 


and H' = 


the first 
similarly. 


*j-W2^2 4- W./ij-j-.,. 

W, + VV2‘+‘W3+., { = \V)’ 

Le., VVH = W.Ai + W^/i, + -f ... 

w; f W2+\v3+...(=\v) ^ 

L e., WH' 4- Wg/ig' d-WaV + ... 

Now, the work done against gravity in raising 

particle is, by the corollary, equal to Wi .. 

the work done in raising the second, third... particles arf- 

Hence the total work done against gravity in raising 
the particles ' ^ 

= Wi/A/ — — ^3)4-_ 

+ .)-(^^V'. + \V.,A3+ 

VVg^g-h...) 

=WH'-WH. 

=Wx{final height ofC. G. minus initial height of C.G) 

117. Rate of performing work: Power. The calcula¬ 
tion ot the amount of work done bv an agent does not 
involve the question of time. But it is oftentimes required to 
do a certain amount of work in a given time. The measure¬ 
ment of rate of work, therefore, becomes necessary for manv 
practical purposes. The rate of doing ivork is called power. 
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When the agent works uniformly, 

^ Total amount of work 

Power = . r j • A 

1 true oj doing it 

An agent is said to be working with unit power unit 
work is done per second. The unit of power is therefore either 
/ foot-pound per second or 1 foot-poundal per second. These 
units are too small in many cases and larger units are 
employed. The larger unit used by Engineers is the Horse 
"Power. An agent is said to be working with one horse power 
if it performs 3S000 foot pounds of xvork per minute, or 650 foot¬ 
pounds per second. 

. Ex. 1. A body weighing 10 lbs. is thrown upxvard against 
gravity. Compute the xvork done upon it by its weight (a) ivhile 
it rises to feet, (h) white it falls 10 ft. 

Solution, (a) While the body rises, it moves in a direc- 
tio!i opposite to the direction of the force (its weight); 
therefore the work done by the weight is negative, and its 

ainount = force X distance 

= 10X 10 foot-pounds. 

The work done by the weight 
= — 100 foot-pounds. 

(6) When the body falls 10 ft. the >vork done is positive 
and is equal to +100 foot-pounds. 

Ex. 2. The diameter of a vertical shaft which is full of 
water is 9 feet and its depth is 420 feet. Find the amount of 
work done in pumping the water to the level of the top of the shaft. 

Find the II. P. of the Engine which would empty the shaft 
in 9 hours and 48 minutes. 

The water pumped out of the shaft will spread itself in 
the form of a thin sheet on the surface of the earth which is 
at the same level as the top of the shaft; the C. G. of this 
water will, therefore, be some where at this level; let it be G'. 

(i) The final height of C. G. of water minus initial 
lieight of C.G. of the same 

= height of (i' above (i = 210 feet. 

(ii) The x'olume of water =7rX(S)*X420 c«5ic feet. 
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its weighi = ’tTX{lY'K 
420 X 62j pounds. 

(since it is known that a 
cubic foot of water weighs 
62^1bs.). 

(/ii) Hence, the total 
amount of work done by 
the engine 

=Total weight of water 
lifted X height through which 
the C. G. of water has been 
raised 



= u'X(f)^X420X62j X210 ft. pounds. 

(it) Again, 550 ft. pounds of work done jjer second counts 
for one H, P. 


If X be the H. P. of the engine, the work done by 
the engine in 9 hours 48 minutes (588X60 seconds) isxxooO 
X 588x60 foot pounds |of work and this must be equal to 
7TX(|)2x420xf62lx210 ft. lbs. 




81 125 

irx550X588x60 = TTX X420 x—^ 

4* ^ 






22X81X420x125x210 
7 X 4X2 X 550 X 588 X 60 

Exercises XIV 


= 18 


9 

rr^ 


X210 


II.P. 


1. A man is cycling on level ground at the rate of 15 
miles per hour ; if the resistance to his motion be 6 lbs. wt., 
find the work done in an hour, and the H. P. at which he 
is working. 

2. A man weighing 12 stones clmibs a hill so that he 
goes up through a height of 660 ft. in one hour. Find the 
hours power at which he is working. 

Show that if a number of men go up at the same rate, 
the horse-power at which each works would be proportional 
to his mass. 

3. A cyclist goes up a hill road of uniform gradient, 
his weight including that of the machine being 15 stones 
and the resistance of the road being 5 lbs. wt. If the road 

has a rise of 1 in 50, find the work done in going a distance 
of one mile. 
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4. Find the work done in digging a well 77 ft. deep 
when the uniform diameter of the horizontal section is 8 ft. 
the soil whose average weight is ICO lbs. per cu. ft. being 
spread on the surface of the ground above, 

( 22 \ 

j j* 

5. Find the work done in emptying a tank full of water, 
whose rectangular horizontal section is 50 ft. by 21 ft., and 
depth 12 ft., the top of the tank being at the level of tlie 
ground. 

1 ind the time taken by an engine of one H. P. to do the 

work. 

0. Find the II. P. of an engine that would empty in 
25 hours a cylindrical shaft full of water whose diameter is 
7 ft. and depth 240 It. 

7. Find the resistances to the motion of a motor-car 
with an engine of 25 11. P. if it can develop a maximum 
speed of 40 m.p.h. on a level road. 

8. A motor-car can attain a maximuni speed of 25 
m.p.h. on a hill-road whose slope is 1 in 20. Find the least 
horse power of its engines if the total load including the 
weight of the car be J of a ton, the resistances of the road 
etc. being equivalent to 180 lbs. wt. 

9. Find the least horse power of an engine which can 
just pull a train of m tons with velocity v, m.p.h. up an in¬ 
cline of 1 in n, the resistance to motion being a’ lbs, per ton 
on level. 

If n = 40 m.p.h. when .t= 15, n = 500, show that the 
engine will be able to pull tlie train down the same incline 
at 74 m.p.h, approximately, (P,U,W24) 

10. A car is travelling at its maximum speed of 40 
miles per hour on the level, the resistance being ICO lbs. wt. 
per ton, assumed to be independent of the speed. It then 
elimbs a hill, gradient 1 in 25, and the speed falls until it is 
steady, the engine then working at the same elTective H. P. 
as before. Find its steady speed up the hill. (P. 17. 1926 ) 

117. A. Work done by a couple. 

Let the couple (P.P) act at an arm AB. 
the moment of the couple M = P.AB. 


If M denote 
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t 



[CB'=A'Cxse] 


Suppose arm AB to move to the position A'B' and let 
the small angl^ between the arms in these two positions 
be 60. 

Arm AB may be supposed to take up the posision A'B' 
in two stages. 

(i) AB moves parallel to itself and takes up the posi¬ 
tion A'C. The forces of the couple move parallel to them¬ 
selves. 

(ti) A'C rotates through 80 about A' and takes up the 
position A'B'. 

In the first operation, the work done by equal and 
opposite forces F and P is zero. 

In the second operation, the force P at A' does no work 
since its point of application does not move. 


But P at C displaces the point C from C to B' the 
displacement being A'C, S6 and the work done is PxA'C. 50. 

Total work done in these two operations=P. A'C.50 

='P.AB.80=^i80=Moment of the couple multiplied by 
the small angle of rotation. 

Note. The work done in turning through the finite 

.0 

angle 9= \ M d0 

0 

If M remains constant, then 

.0 

work done=M j d0=M0 

0 

= Moment of couple multiplied by the angle 
turned through. 
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VARIABLE FORCE 

118. Work done in a finite displacement by a variable 
force. 

If a force be variable, we cannot obtain the work over 
the whole path by applying the formula work—forceY.displace- 
rnent. In such cases, wc divide the whole path ( straight or 
carved) into an infinite number of small parts. We can then 
apply the formula to each of these small portions of the 
path, since avcrai e force over any of these small paths may 
be considered to be constant. NVe shall consider the cases 
when the displacement takes place along a straight or curved 
path. 

Case (i) l^ariable force acting along the {straight) line 
of displacement. 

Let a body or a particle move along the straight line 
OX, the force at distance x from the origin O being P which 
is a function of x. 


A E^dx 

O'- x- ‘. I I-1 B 

Let tiie particle move from distance x to distance 
■c f d.r, supposing the force P to remain constant over this 
small element of path. The small amount of work d\\ 
done by P is approximately equal to Pd*r, sp that 

f/W = Pda^. 

The total work done is the sum of such small 
elements of xvork Pf/.r. 

Hence the total work done by P when the displacement 
is from x=a to .r = 6, is, by the definition of defmite integral as 
summation, given by 

W= pPdj. 

^ a 

Case (ii) Variable force acting on a body moving in 
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Let a body move in a plane along the path O'AB, (O' 

being tlie point from which 
the arc is measured) under 
the action of a force P 
which is variable both in 
magnitude and direction. 

Divide the path O'AB into 
a larg number of indefinitely 
small elements, and let ds 
be the length of one of 
these small elements of the 0 

path. Then the element of work duo is, approximately equal to 
P multiplied by ds cos Q, @ being the angle between the 
direction of the force and the tangent to the curve. Then 

dVV=PXd5 cos 0- 

the total work done from Sq to s is given by 

VV = r P cos 0 ds. 

^ So 

119. Graphical method for finding the work done by 
a variable force acting along a straight line. 

Work represented by an area. VVe have already seen 
in Art. 118, Case (i), that the work done by a variable force 
acting along a straight line is represented by the definite 

b 

integral J" Vdx. For the convenience of beginners 

a 

unacquainted with Integral Calculus, the following geometrical 
method of finding the work done is useful. 

Let AB represent the path described by a moving body 
under the action of a force actine along OX ; let ordinates be 
drawn at each point in AB to represent the force at that 
point. The extremities of the . ordinates will form the curve 
CP'Q'D, PP' and QQ' being two neighbouring ordinates at 
the adjacent points P and Q. 

We shall prove that the work done by the variable force as 
the point of application moves from A to B is represented by the 
arc AC DBA. 
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Now, the small area PP'Q'QP = PP'X PQ. l^he limit 

= displacement PQX force 
= work done in moving the 
body from P to Q. 
area ACnitA = swm of such small areas PP'Q'QP 

= work done in moving the 
body from A to B. 


CHAPTER X 
♦VIRTUAL WORK 

120. In the chapter on Work, the displacement produced 
in a bodv under the action of forces is considered to be that 
which the body actually undergoes. In Statics, if a body is in 
equilibrium^ there is vo motion, and consequently there is no 
actual displacement. But it is found convenient in some statical 
investigations to allow tlie body to receive ru imagitwry 
displacement called virtual displacement. Whether the 
displacement is actual or virtual, (imaginary), each of these 
forces will do work in accordance with the technical definition 
of “ work ** even where the forces acting on the body are in 
equilibrium. The work done by a force in such an iinagittary 
displacement is called virtual work. 

Definition. The virtual worko/ a force is the product of 
the force and the projection alotig its direction of the virtual 
displace77ient of its point of application. 

The conception of virtual work enables us to formidate 
an important principle of great usefulness in Statics called 
the principle of virtual ivork. 

The teaclier, if he so chooses, can take up this chapter at a later 
stuge. 
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121. If a particle acted on by any system of coplanar 
forces rec^ioe an^ virtual di-fplaceifi'^yit "vhitever, the al^ebrai^; 
sum the virtual loork done by the different forces during Ih 
displacement is egual to the virtual work done by their resultant. 

Let the point of application of the forces be displaced 

from O to O', let forces P 2 , P 3 . {constant in magnitude 

and direction^ but not in line of action,) act on the particle in 

dirLCtions which make angles @ 1 , 02 » 00'. These 

forces, since they act at a point, must have a resultant. Let 
R be the resultant and let it make an angle ^ with 00 . The 

virtual work done by Pi = PiX 00 ' cos@i; 
similarly, the virtual work done by P 3 , P 3 , 

.are PgX 00' cos 02 » P 3 x 00' cos 03 .,. 

Hence the algebraice sum of the virtual 
work done bv the component forces Pj, 

P 2 .=:Pi'x00' cos@i + P 2 xOO' cos@ 

+ P 3 XOO' cos 03 +.=00'X 2 

(Pj cos 01 +P 2 cos 02+^3 cos 03 +...) = 

00' X algebraic sum of the resolved parts 
of the forces in the direction 00 '= 00 ' x 
resolved part of the resultant R in the 
direction 00 ' 

= 00' x R cos ^ 

= R X OC^' cos 

= Virtual work done by the resultant. 

'This proposition is true whether the displacement is 
virtual or actual. 

Note 1 . Observe that the displacement OO' in the case of a particle 
is perfectly arbitrary both in magnttuae as well as %n direction. The 
proof of the proposition would have been exactly similar if we had 
chosen any other direction or length for the displacement 00'. 

Note 2. In order to secure that the forces may not sensibly alter 
during the virtual displacement, it is usually taken, very small. 

Notes. If the particle he in equilibrium, then R = 0 : the work 
done by the resultants, therefore, zero, and we deduce the following 
corollary : 

If a particle be in equilibrium under the action of any number 
of co'planar forces and if the particle receive any virtual displacement, 
the algebraic Slim of the virtual work done by different forces is zero. 
This is the principle of virtual work for a particle* 
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The converse of this principle is also true, for when the 
etpiation of virtual work is formed for displacement, in two 
flifTerent directions we obtain coa= 0 , 2 ;P cos ^ = 0 , whence 
it follows that R = 0 . 

122. Principle of Virtual Work for a System of Particles. 

If a system of particles is in equUilrium under the action 
o( external and interal forces, and if tne system receive any 
virtual displnccnient whatever, the virtual work done by the 
forces on each particle is nil (Note 2 Art. 121). Therefore, 
the algebraic sum of the virtual work done by all the forces, 
external and internal, is zero. 

123. Elimination of the internal forces of the system 
from the equation of virtual work. 

Theorem. If a sifsiein of two particles rigidly connected 
together be in equilibrium and if the system receive an inde- 
finitely small virtual displacement^ the virtual ivorh done by the 
action and reaction between the two particles is zero. 

Let P, Q be the original and P', Q' the new positions 

of the particles after the 
displacement, and let P'Q' 
be inclined to PQ at an angle 
0 which, by hypothesis, is 
indefinitely small. Let the 
pair of forcers, which consti¬ 
tute action and reaction 

between the two particles P and Q and which are equal and 
opposite by Newton’s third law, be denoted by T and T . 
VVe shall consider them to be pulls so that P is pulled towards 
in the direction PQ by a force T and Q is* pulled towards 
P in the direction QP by a force l^ Draw P p and Q 7 
perpendiculars from P' and Q' on PQ- Now. 

Virtual xvork done by 7’ = TxPp' 

Virtual work done by T'= —T'xQ^- 

Total virtual work done by action and reaction 

=Tx1>-T'xQ7 

=T{Pp-Q 7 ) [since T=T', 

=T{ {Pp+pQ)-(Q7+pQ) } [adding 

and subtracting pQ, 



=T(PQ-pg) 
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=T(PQ —projection of P'Q' on PQ) .(A) 

But projection of P'Q' on PQ = P'Q' cos 0 

T>r./ 1 a- \1 *•* P'Q'=PQ, since 

—PQ^ t 2 ! 4 ! **/ | particles are rigidly 

connected. 

= PQ, neglecting 0 ^, 0* . 

since 0 is small. 

Hence total virtual work done by action and reaction 
=T(PQ-PQ) from (A) 

= 0 . 

2 . —If the action and renction be instead of 

pulls we shall have the same result. 

^ote 2. _Work done by the tension of an inextensible 

string. We must imagine the string to be stretched in spite of 
its actual inextensibility so that work may be done by the 
string. In this case we cannot take P'Q' = PQ. Hence work 
done by the tension is by (A) = T(PQ-proj€Ction of P'Q') 

= T(PQ-P'Q' cos 9) 

= 1'(PQ —P'Q') since 0 is small 

= _T(P'Q'-PQ) 

= - Txincrease in length of string. 

124. Theorem Extended to a system of particles. If. 
instead of two particles, we have a system consisting of any 
number of particles rigidly connected together and if this 
system he in equilibrium, ike algebraic sum of the virtual 
works done by all the internal forces is zero. For. tlie internal 
forces, arising from the internal connections of tiie parts of 
tiie system among themselves, are directed from particle to 
particle and consist entirely of pairs (each pair being made 
up of an action and the corresponding reaction) and we have 
just seen that the virtual work done by each pair is zero 
(Art 123). 

125. Now, the algebraic sum of the virtual work dune 
by all ths force., external and internal, is zero (Art. 122). Also 
the algebraic sum of the virtual w’ork done by the internal 
forces is zero (Art. 124). Therefore the algebraic sum of ihe 
virtual work done by the external forces alone is zero. We 
thus see that in forming the equation of virtual work for a system 
of particles in equilibr um, the internal forces need not be taken 
into consideration. We thus arrive at the important, principle 
which may be stated as follows. 
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If a f!f/stcm of particles in equilibrium under the action 
of any system of t\vi¥tnal forces together with internal forces, 
receive any indefinitely small virtual displacement whatever, 
which does not after the configuration formed by the particles, 
(wl»ioh does not alter tlie shape and size of the figure formed 
by the particles i.e.^ the system may be considered as rigidly 
connected), the algebraic sum of "the virtual zvorks dtme by the 
external forces alone is zero. (Or more strictly speaking, is of 
an order of smallness higher than that of the displacement. Sect 
Art. m). 

This is the Principle of virtual work for a system of 
particles. 

The converse of this ^ninciple may also be taken as trtie. 


Remarks. We have been enabled to exclude the internal 
forces from the equation of virtual work by choosing a par- 
ticular type of virtual displacement for the system of particles in 
equilibrium, (i) I'he \irtual displacement chosen must be an 
indefinitely small displacement, (so timt may be 

neglected; Art. 102) (u) In the second place, the virtual 
displacement chosen must be compatible with the geometrical 
conditions of the system so that the mutual distances of the 
particles remain unaltered. 

126. Principle of virtual work for a rigid body and a 
system of bodies. 


(0 It is evident from what has been said above that 
we can -'tpply the principle of viriunl xvork to a rigid body if 
'VC sui>pose (i) the displacement to be indefinitely small and 
if we suppose that (ii) the displacement is such that the body 
moves as a whole with mt change of shape or size. 

(ii) When any tiumber of rigid bodies are joined together 
by inextensible strings ur rods, there is an action between one 
jcirt of the system and another and an equal and opposite 
reaction of the second part on the first and by Art. 123, it is 
< -sily seen that the virtual work contributed by this pair of 
forces is zero. 

(b) Again, if one part of the system move oi^er a smooth 
surface, the work performed by the pressure is zero as the 
pniiit of contact is moving taugentiallv to the direction of 
.ho pressure which acts in the normal direction. 
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tc) Similarly, if two bodies of the systevi are smoothly 
hinged together at one point and if the displacement be so 
chosen that the joints remain unbroken, the work done b\ 
the action and reaction at the joint is zero. These considera¬ 
tions enable us to apply practically the principle of virtual 
work to the solution of problems dealing with the equilibrium 
of a system of rigid bodies connected together. Any detailed 
investigation of the work done m the displacement of a 
system of boaies bv the two types of forces, internal and 
external, is beyond the scope ot the present work. It will be 
enough to remember that in calculating the work done in a 
small displacement a great number of terms arising Jrom the 
work of the internal forces can be left out of account. 

The principle of virtual work for any rigid body is some¬ 
times stated in the following manner. 


“ If a system of forces acting on a body be in equilibrium 
and the body undergo a slight displacement consistent with the 
geometrical conditions of the system, the algebraic sum of the 
virtual works is zero, and conversely, if this algebraic sum be 
zero, the forces are in equilibrium." The converse theorem 
whose truth is taken for granted is implied in the principle ol 

virtual work. 


Summary We thus notice that in the application of 
the principle of virtual work to a connected system of ripid 
bodies, certain reactions between the bodies, and certain ex¬ 
ternal constraints may be ignored. 

For virtual displacements wiiich do not violate the 
geometrical conditions of the system, the following forces 
may be omitted as they contribute nothing to the equation 
of the virtual work of the system. 

1. The tensions of inextensible strings or of rods, connect¬ 
ing the bodies of the systtm. (Art. 123). 

2. The reaction of any smooth surface with -which the 
bodies are in contact. 

3. The reaction at any point of contact with a fixed surface 
on which the body rolls without sliding. l*or, the point ot 
contact is instantaneously at rest, hence the normal reaction 
and the friction at this point have zero displacement and the 
work done by each is nil. 
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4. The reactions between any two bodies of the system 
under considt ration. 

This follows from the fact that action and reaction are 
equal and opposite and therefore, the virtual works contribut- 
C(1 bv them cancel each other. 

•r 

Exception :—If the point of contact of the bodies be 
also in motion and the bodies be rough, then the work con¬ 
tributed by the action and reaction will not cancel each other. 


Note /. “ The connections of the various parts in a 

system with one another, and the restraints imposed by 
strings or contact with smooth planes etc., are usually spoken 
of as the geometrical conditions of the system.” 

Note 2. In solving problems on the eiiuilibrium of 
bodies, it is sometimes convenient to choose a displacement 
which violates some of the geometrical conditions. This is 
allowable if we include the work of the internal forces in the 
equation of virtual ivork. (See Note 2 Art. 123). 

Worked Examples 


127. Ex. 1. () is a point on a circle and Uvo forces inver- 
srhf pr(tporfional to any two chords, 0.1 and BO act at O 
in the senses OA and BO : prove that their resultant acts along 
the tangent to the circle at O. 


Solution. Let 
0 



forces P and Q act at 0 along OA, HO 
inversely proportional to these chords 
so that 

P- ^ ^ and Q - 30 • 

Let ^COA = a and where C is 

the centre of tlte circle. 

The forces P and Q must have a 
resultant ; tliere is no question of equili¬ 
brium under two forces unless these 
forces are equal and opposite. Introduce 
a force U' at 0 ciiiial to the opposite of 
the resultant of P and Q. Then the 


particle at 0 is in equilibrium under the action of the three 
forces P, Q and R\ 
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Tpt O receive a virtual displacement along CO, so that 

O' is the new position of O. By ^5') 

the algebraic sum of the virtual work done by P;Q 
Now, the cirtua/ work done P=-PxOM- BxUU 

CPS a and the virtual work done by Q = + O.ON- 

QxOO' cos p. 

(B) /. the virtual work done by P and Q 
==_'pxOO' cos a-rQX<^<^' cos /3 

_ V 


= 0O' j 


( OA 

00'Xl^ 
OA xBO 
00'XK 
OA xBO 


cosa + -^Q- X cos ^ I 
I - BO. cosa+OA cos jQ j 
I - (DO cos j0) cos a+PO cosa) cos p | 


= 0 . 


/, from (A) and (B), 

the virtual xoork done by R' = 0 . . 

i e. R' is 1 00' (the direction of the diameter) 

• R' acts along tangent . . 

/ e., tfie opposite of the resultant acts along the tangent. 

Hence, the resultant of P and Q acts along the tangent 

to the circle at O. , , . . , 

Ex 2 ^ heavy beam AB rests against a smooth honzonial 

vlave CA and a smooth vertical wall, CB, the lower extremity 
A being attached to a cord which passes over a smooth pulley at 
C and sustains a given weight P, Find the position of equilibrium 
and the pressures on the plane and wall. 

Solution. Let 0 be the inclination of the beam to the 

horizon in the position of equili¬ 
brium ; let G, the C. G, of the beam 
be at a distance a from A and b ^ 
from B. Let the weight of the beam 
be W. The reactions R and S at A 
and B are noimal to the plane and 
the wall since these surfaces are 
smooth. Let the beam receive an 
imaginary displacement so that the 
ends A and B remain in contact 
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with the planes. Let the displaced position A'B' of the 
beam make an angle O + with the liorizontal plane. Then 
bif the principle of virtual work, the algebraic sum of the virtual 
-work done by the forces, I\ W, R, and S is equal to zero. 

Hut the virtual works done by R and S are zero, sinee 
the displacements AA' and BH' are perpendicular to R and S. 

Hence, algebraic sum of xvork done by P and \y=iO, Now, 
xvork done by l*=HxAA' 

=:Px(a+6 ) { cosO —cos (<9-|-d0) } 

= PX(n b/4 sin0. do. 

(Sinee cos and sin dO = dQ) 

Work done by W is negative and is 

= W X distance through 

which G has been raised 

= \V. n{ sin(04*d(^) —} 

\ V. a cos^. dQ. 

/, work doT»e by \V= — \Va eos0. dO* 

~~\\a cos9 d0 + P (n+6) sin9 dQ = 0 

i,e. Wa cosO = B (a i-b) sin©, 

. . tan e — • 

Ex. 3. Four fine light rods are jointed together at their 
extremities to form the parallelogram ABCD, Equal and 
Opposite forces P act along one diagonal AC and equal and 
opposite forces Q act along the other diagonal BD, all the forces 
being directed out-wards. Prove that in order that the frame may 
be in equilibrium, P and Q are proportionate to the length of the 
diagonals along which they act. 

Solution. Let x and y be the lengths of the diagonals. 

Let the frame be tj 

given a slight virtual 
displacement so that 
the joints remain 
unbroken ; let the 
lengths of the diag¬ 
onals after distortion 
be x\ y'. The rods 
will still form a par- 
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allelogram. As the sum of the squares on the sides of a 
paraUelogram is equal to the sum of tne S(iuares on its 

diagonals, we have , , - 

{x'-x){x'+x)=-(,y'-y){y'+y) 

Since the joints are smooth, no work is done by the 
action and the reaction at each of these joints. Hence, >y 

the principle of virtual work the algebraic sum of the work done 

bif the 4 forces=0. 

Rut. the work done by equal and opposite force P and 
p^p (ct’-x) (as in Note 2, Art. 123). 

and work done by equal and opposite forces Q and W- 

W-y) 

P(a.''-ir) + Q( 2 /'—2/) = 0 

By transposing and dividing the two equations (1) and 
(2), we get 

_P ^ _ f/-y ^ 4._£'+^_ 

Q x’—x y'+y 

Bufin the limit when .t' approaches ar and i/ approaches 
f/, we get 

X'-\'X 

y’+y y 

• ■ Q w ‘ ^ y 


Exercises XIV 

1 . A force R having components X, Y along the 
rectangular axes x, y acts on a particle at P {h, k) and causes 
it to move to an infinitesimally near position P'. If dx, dij 
denote the linear displacements of P parallel to the axes and 
do its angular displacement, prove that work done=X dx 
+ Y dy+iYh-Xk) dQ, 

Deduce the equation of virtual work for a coplanar 
system of forces (the sum of the virtual works of a system of 
coplanar forces which is in equilibrium is zero) and establish its 
converse. 
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Tlie particle P tnay be moved to P' by first turning it 

through do about O and then 
moving it through dx and dif 
})arallel to Or and O^. 

Let (r, 0) be the polar co¬ 
ordinates of P, so that OP=r 
and z.rOP = @. 

The Cartesian po-ordinates 
of P' are r cos {0-{-d9)+dx 
and r sin (6 

t.e., r cos 0 cos dQ 

— r sin 0 sin dQ-i dx and r sin 0. cos dO'\-T cos 0» sin dQ+dy. 



(/) or r cos@ —/• sinO dO + dx and r sin^-f-r cos© d©+d^. 
The Cartesian Co-ordinates of P are 

N 

{ii) r cos© { = h) and r sin© (=A*) 


/. Their dilTerences are 

— r sin© d©4'dj; and r cos© d© + dy. 

(Hi) or —A:d©d-da; and hdO + dy. 

Which are, therefore, the displacements ©f the particle 
in the directions of the forces X and Y. 


Hence the work done=:X( — Kd© + d.c)-l-y (hdQ + dy) 

==Xda + Yd(/ + (Y/i-XA) d©. 


It follows that if a system of coplanar forces acting on a 
body he in cfiuilibrium and the body undergo a slight displace- 
ment^ the algebraic sum of the virtual tvorks is zero provided 
that 

da: vX-t d?y vY-i-d© ^(Y/i-:-A-)=0 .(1) 

Since the forces are in equilibrium, we have by Art. 57 
i;X =^0, i;Y=:0 and i;( Y/t —XA') = 0 ; the last show that the 
algebraic sum of the moments of the forces about the origin is 
zero. 

Conversely, if the sum of the virtual works be zero for 
all displacements, the forces are in equilibrium. 

Now (1) holds for any displacement. Taking dy/ = 0, d9 = 0 
we have I]N=0. Similarly :^Y = 0, 

the forces are in equilibrium. 
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2 . "ABCn is a square frame work of equal uniform rods 
each of weight W, suspended from the point A and kept in 
shape by a light string AC. Calculate the tension of AC. 

3 . A smooth horizontal rail is parallel to a smooth wall 
and one foot from it, a uniform beam 16 ft. long rests over 
the rail with one end pressing against the wall. Find the 
angle between the beam and the wall in the position of 
equilibrium. 

4 . Four equal rods are jointed together to form a 
rhombus, and the opposite joints are joined by strings forming 
the diagonals and the whole system is placed on a smooth 
horizontal table. Show that their tensions are in the same 
ratio as their lengths. 

5 . Two equal uniform rods AB and AC each of length 
are freely jointed at A and rest on a smooth vertical circle 

of radius a. Show that if 2Q be the angle between them 

• b sin^^sra cos 0 . 


6 . A tripod is formed of three uniform rods, each of 
length 2a and weight W, freely jointed together at the vertex. 
It stands on a smooth horizontal plane, and is prevented 
from collapsing by equal strings of length ay/S joining the 
feet. Prove that, where a weight W is hung from the vertex, 

W W 

the tension in each string is—^ ”^” 9 ' * 

7. If in Ex. 5, the tripod is prevented from collapsing 
by strings of length 2b joining the middle points of the rods, 
prove that the tension in each string is 




§(2W+3W) 


b 


8 . A regular hexagon ABCDEF is composed of six 
heavy rods, each of weight W, freely jointed together and 
suspended from the joint A, two light stiff storts CE and BF 
being inserted to prevent change of shape. Find the forces in 
CE and BF. 



CHAPTER XI 


FRICTION 

128. Rough and smooth bodies. If we attempt to 
drag a heavy body along the ground by means of a hori¬ 
zontal force, a resistance is felt to the motion of the body. 
I'liis resistance (called frielion) is a tangential force which 
opposes the applied horizontal (orce, the tangential resis¬ 
tance being generated on account of the roughness of the 
ground. If tlie ground were perfectly smooth, no such tan¬ 
gential resistance would have been felt (see art 13) 

Surfaces are said to be rough when a tangential resis¬ 
tance is caused to the sliding (or rolling) of one over the 
other. Surfaces arc called smooth, when there is no such 
tangential resistance, to the relative motion of one with 
respect to the other. 

The difference between smooth and rough bodies rnatj 
also be explained by reference to the nature of the reaction 
l)ctween such bodies. When two bodies are in contact and 
press each other, each will push the other with a certain 
amount of pressure. If the bodies be smooth, this pressure is 
entirely along the comwmn «or7nn/to the (common) surface of 
contact. A sinooth surface, may, therefore^ be defined as a 
surface which can exert upon a body in contact with it a 
pressure only in a direction which is normal to the surface. 
Smooth bodies are incapable of olTering resistance in any 
other than a normal direction. On the other hand, in the 
case of rough surfaces in contact, the mutual action usually 
consists of the normal reaction and an additional tangential 
resistance called friction, which acts in a direcion opposite 

to that in which the bodies have a tendency to relative 
motion. 

Note l.~Tlie direction of the common normal along which the 
normal reaction acts may be found in the following manper, when 
-ontact between the surfaces is at a definite point. 
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(i) When the surfaces 
in contact are such that 
one is curved and the other 
plane, the common normal 
is perpendicular to the 
plane surface at the point of 
contact. 




(if) When both 
surfaces are curved, 
the common normal 
is perpendicular to the 
common tangent plane 
at the point of contact. 


(fii) When both surfaces are plane, the common normal is per¬ 
pendicular to both the planes. 

Note 2.—All bodies in nature are more or less rough. Bodies are 
never perfectly smootn ; perfectly smooth bodies have existence only in 
the abstractions of Rational Statics and do not exist in nature. 
When we speak of smooth bodies, we merely treat them as such by 
neglecting their roughness. 

129. Property of friction and force of friction. 
Definition. “If two bodies be in contact with one another, 
the property of the two bodies by virtue of which a resist¬ 
ing force is exerted between them at their point of contact 
to prevent one body sliding on the other is called friction, 
also the force exerted is called the force of friction.” 

Note 1.—The resisting force which opposes the rolling of one body 
on another is called rolling friction or resistance to rolling. In 
this book we shall confine ourselves to the treatment of sliding fric¬ 
tion only The student will meet with Rolling Friction in Dynamics, 

Note 2.—The term “friction” ordinarily stands for the'“yorcc oj 
friction^'** hut it is sometimes used to indicate ihe property of friction. 
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130. Consider a block ot' wood Ivin^ at rest on a 
table. 





Let the block be pulled in the iiori/.ontal direction by 
a small force P. and we observe that the block does not 7 nove. 
'Ihe following questions naturally arise ■ 

(i) What kind of force is resisting its motion ? 

(^0 What is the magnitude of this resisting force ? 

{Hi) In what direction is it actincr ? 

The reaction U of the table and the weight W of the 
block, being vertical forces, have no effect in the liorizontal 
direction. They, therefore. cannot prevent the motion. 
Since the block is at rest, there must be a force F opposino ihc 
pull P and F = Pin magnitude. The tangential resisbince 
F is the force oj friction exerted between the rough bodies, 
the block and the table. 

Wi further observe that as the pull P is gradually 
jncr^fljec/, the frictional force F increases with P, so as to 
balance P at each instant, with the result that the block 
d(es not 77Wi‘e. I his state ol things will continue till tlie 
variable pull, P, reaches a certain limit, which happens when 
the block is just bordtrwg on motion. At this stage, the 
force of friction has reochtd its maj:mu 7 n lahtc. When P 
this limit, P' cannot inciease further (having alreadv^ 
reached its maximum) ; the ccjuilibrium is broken and the 
block actually moves to the right. From this experiment 
we infer that 

(fl) So long as the block is at rest, tlie amount of fric¬ 
tion (statical friction) developed depends on P ; and as P is 
increased, a gradually increased amount of friction is called 
into play to resist P and at each instant F=:P; statical 


FRICTION 


213 


friction is, thus, a self adjusting ( • variable) force and the 
amount of friction exerted depends on the external forces 

applied. 

(6) If P ceases to act. the frictional force F is zero ; 
for, if it has a value other than zero, the body would move 
in the backward direction which is cohtrary to experience. 


{c) The amount:of (statical) friction developed m dif¬ 
ferent cases varies from zero up to a certain maximum 
value, and is never more than that required to prevent 

motion. 


(d) If 2h be the thickness of the block, the conditions 
of equilibrium are 


R=VV, 

F=F ; 

W.a^p'fc.P (moments about L). 

^ 131. Statical (or non-limiting), dynamical and limit¬ 

ing friction. 

' (a) When one body in contact with another is in equili¬ 
brium but is not bordering on motion, the friction exerted is 
just sufficient to maintain equilibrium and is called statical 
friction. The equilibrium in this case, is said to be non¬ 
limiting. 

(b) When one body is just on the point of sliding on 
another, the friction exerted attains its maximum value 
and is called limiting friction; the equilibrium in this case is 
said to be limiting. 

(c) When motion ensues by one body sliding on an¬ 
other, the friction exerted between the bodies is called 
dynamical friction. It has been found that dynamical fric¬ 
tion is less than the limiting friction. 

• 132, The following laws govern the direction and mag¬ 
nitude of all the three different kinds of friction, namely, 

(f) friction in non-limiting equilibrium. 

(n) friction in limiting equilibrium, and 


{Hi) friction in actual motion. 

Law 1, giving the direction of statical, 
limiting friction. 
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Note. Friction always opposes motion or tendency to 
motion. When two bodies are in contac' the direction of 
friction on any of tiiem at its point of contact is opposite 
to the direction {i) in which this point of contact would be¬ 
gin to mave if there were no friction, (it) or in which it 
actually moves. 

Law II» giving the magnitude of statical friction. 

nVrc// there it cquiUhriumy the magnitude of the force of 
friction is just sull'icient to prevent the body from ynoving. 

Law III, giving the magnitude of limiting friction. 

(a) The magnitude of limiting friction ahcays bears a 
constant ratio to the noimal reaction. 

(h) This constant ratio depends only on the substances of 
which the bodies are made, 

(c) The limiting friction does not depend on the extejit and 
the shape of the surfaces in contact. 

Law IV, giving the magnitude of dynamical friction. 

When motion ensues by one body sliding on another, the 
frictian is independent of the i^elccity; but the ratio of the friction 
to the normal reaction is slightly less than when the equilibrium 
is about to break. 

Observation. These li.ws are not rigorously true but 
they express a fair degree of accuracy the results oi a 
large number of experiments. We sball, however, 
them as correct. It may be remarked that in Statics, we arc 
not concerned with Law IV. 

r 132. Co-efficient of friction. The ratio of the limiting 
friction to the normal reaction is called coejjieitnt of friciio^n. 

When a rough body is on the point of sliding on an¬ 
other, the friction exerted bears a constant ratio to the 
normal reaction (Law IH). In symbols, if F be the triction 
and R the normal reaction, 

F 

i.e.y Frifi-R when equilibrium is Ivnitifig. is, therefore, 
different for different pairs of substances. Again, since friction 
attains its maxinium value when it is limiting, P'R is the 

maximum value of friction. 
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Sole 1. < 1^, i. e., F<M-R, if equilibrium be non- 

K. 

litnidng. 

Mote. 2. Ill limiting friction, F and R may both vary 
with the masses of the bodies even for the same pair of 

substances but the ratio-^ is constant, being equal to 

133. Magnitudes of co efficients of friction. Practically, 
no co-efficient is much greater than unity. In Rankine’s 
'fables, the co-efficient for damp clay on damp clay is given 
as 1 and for shingle on gravel, it is at most I’ll. But most 
of the CO efficients are less than Thus P- may ordinailry be 

taken as less than 1. 


The co-efficients and angles of friction for some other 
pairs of substances will be seen from the following table 


Substances 

1 \ 

P' i 

A 

1 

1 

Wood on wood ... Dry 

*25 to *5 

14° to 26i° 

„ „ „ ... Soaped 

•04 to ’2 

2® to llj® 

Metals on metals ... Dry 

•15 to *2 

to ll|° 

„ 'Vet 

•3 

16i° 

Leather on metals ... Dry 

•56 

29 

» o • 'Vet 

•36 

20° 

,, »> »> ••• 

•15 

sr 


134, Total Resistance. Let a body be resting in 
equilibrium on a rough surface 
AB, under the action of forces 
in the plane of the paper. Let R 
be the normal reaction and F the 
force of friction acting along 
the tangent PT in a direction 
opposite to that in which motion 
zvould have ensued if there were 
no friction. The total reaction of the surface consists of two 
forces R, and F, and it is found convenient to combine them 
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into a single force. The resultant of R and F (denoted by 
S in the figure) is a force which is called the total resistance 
of the surface. The angle 0 between S and the normal is 


given by tan @ = 





As F increases, the angle @ increases, and it will be the 
greatest when the forces of friction bears the greatest ratio to 
the normal reaction, wliich happens when the body is just 
on the point of sliding along the surface and this greatest 
ratio, as we have already seen, is called the co-eJ[f'icicnt of 
friction 

^ote. —The total resistance is sometimes called resultant 
reaction of the surface. 


^ 135. Angle of friction : Definition, ^Yhcn a body 
acted on by forces is in equilibrium on a rougli surface bxit 
■lipping is just about to take place so that the friction exerted 
is the limiting friction, the angle which the resultant reaction 
of the surface makes with normal to the surface at the point 
of contact is called the angle of friction. 

To shoto that the tangent of the angle of friction is equal 
to the co-efficient of friction. 

Let F be the Ihniting friction and U the normal 
reaction. 


Then F =f^R, 
(Law III) p- being the 
co-efficient of friction. 

Let Si be the 
resultant reaction 
making an angleA with 
R ; then A is the angle 
of friction. 

R and pR are 

the resolved parts of Sj along PN and PT. 

Sj sin A =P R 
and Si cos A =R 

by division tan A=p. 
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136. Since the magnitude of ti.e frictional force varies 

from zero to its maximum 
value t^R, it evident 

that the angle between the 
total resistance (resultant 
reaction) and the normal 
reaction varies from zero 
to its maximum value 

7^(=:tan-^l^). 

if . body b. io/boibbriom Jn .^.ooyb 

line OB makhig an ^etwLn and OB but the 

reaction may have be outside the 

NOB Vo. * ^ ■"*? 

semi-vertical angle equal to > galled inside this 

tV::tus7:r}Z\7L Une 0 /action of this resultant 

“”f „ „„ F so th.l «« 

Si direclioi, of the resultant reaction VF e B ) 

outside the cone. ^ ^ 

Definition. The cone 

described with its vertex at 

the point of contact of two 

rough surfaces and having the 

common normal as axis and 

the angle of friction as the 

semi-vertical angle is called 

the cone of friction. 

y iVote.—Assuming that the 

surfaces are capable of resisting penetration to any extent^, R 
is clear from what has been said above that 
.resistance can assume any magnitude but 

to the direction of the total resistance, its inclination with 
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tlie normal never exceeding A “ The total resistance of a 

rough curve or surface, thow’h unrestricted in magnitulea can 

never make with the normal an ang'e greater than the angle of 

Jnction corresponding to the iuo bodies in contact. Within 
this limit,,the tot..l resistance can assume any magnitude and 
direction at the circumstance of the case demand. (Minchin) 

I, •, P-issive Forces. We can distinguish 

h tween ta,o,tmivo//nrces by the mode of their action: li) 
moving or active farces tvhich tend to produceimotion and 

(it) passive resisting forces or passive resistances which tend 
t . resist or cn.inge motion. All resistance (eg., resistance 
oficre.l by air or water to a body in motion) and reaction 
and fnet ion are passive forces, as they have no tendency to 
piodnce motion but have a tendency to modify or resist 
niotion. They come into existence on account of tie action of 

inotion"'"'^'"*’' preventing some 

138. Friction is a passive resistance. Friction, as we 
haveseen. is a passive force and comes into e.xistence to 
oppose motion liltcly to be caused by the moving forces acting 
on the body, and to destroy the effect of these forces. It 
sole function is to prevent the relative motion of the body 

MZin^r tnoving forces against 

139. Law of passive forces. 

“// passive resistances can give equilibrium they will." 

n s tltis statement means 

that the total resistance (resultant of R and F) which acts 

on a body at any point of a rough surface, will, if possible 

assume sucli a niagiiitude and direction ns will preserve 

e.iuilibnum >• by balaneiiig the resultant of other moving 
lorces acting on tlic body. ^ 

*■ A passive force being entirely due to the tendenev to 
motion caused by ucUve forces, only resists such tendency • 
Its direction tliercforc, is always directly opposite to the 
motion resisted and its magnitude never exceeds the minimum 

required lor pres, rving eiiuilibrium and is, if possible, equal 
l() tnii iiuniinuni. (Greaves) ' 

The following criterion fur the e.tislence of friction follows 
at onct Iroin this law. When two rough bodies are in 
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contact, if the forces acting on the body are arranged in such 
a manner that there is no tendency to slip at their pomt ot 
contact, no friction would be exerted, i.e., the magnitude of 
friction would be zero. Generally, in the case of all passive 
resistances, if there is no tendency to displacement 
which a passive resistance is required to prevent this force will 

not come'into play."" 

Ex. 1. A particle of zveight U' 
is at rest on the inclined plane of 
angle a ; find the friction that is 
called into play and the reaction of 
the plane. 

Let R be the normal reaction. 

If there is no friction, tiie part- 
cle would slide down the plane 
Therefore friction must act up 
the plane. Lei it be F. 

Resolving along and perpedi- 
cular to the plane, 

F = VV sin a, 
and R = VV cos a. 

Cor. r = R tan a, so that equilibrium is possible only 
if tin (=tan A), if aCA. 



Ex. 2 A uniform ladder^ 

5 ^ 5 of Weight M' is in equilibrium 

/ with one end resting on the rough 
/ ground and the other end against 

/ a ^'Smooth vertical walL If the 

inclination of the ladder to the 
y horizontal is 0 find the friction 

y and reaction at the wall, 

/ Let AB be the ladder, and G 

_ ° _ ^ *ts centre of gravity; let R and 

S be the normal reactions at A 
and B respectively. 

If there were no friction at 
A, the three forces R, W and S 
cannot keep equilibrium (because 
they are neither parallel nor con¬ 
current) and end A of the ladder would slip away from the 
wall so that friction must act at A along AO ; let it be F. 
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Resolving horizoiitallv an<J vertically, we have 
S = F and U = W. 


Taking moments about A 

W.AG. cos 0 = S. AB sin 0 

or S = cot 0. 

1 $ 

\V 

Hence K= cot 

Ex, 3. A particle of loeight W lying on a rough table, is 
acted upon by a force P making an angle 0 with the horizontal. 
If the particle is at rest, find the friction that is called into plai/ 
and the reaction of the table. 


If there were no fric¬ 
tion. the particle would 
move along OL because the 
only force in that direction 
would be P cos B. Hence 
friction must act along 
LO. Let it be F. 

Resolving, we get 
R+P sin (9=W 
and K = P cos 0. 

R = VV —P sin 9 tiitd F=P eos 9. 

Ex. 4. particle is resting on a rough inclined ])lane, 
the co-ejjicient of friction between the two being P'. If the in¬ 
clination of the plane is gradually in reused, find when the 
particle is on the point of sliding down. 

Let the particle be on the 
point of sliding down when the 
angle of the plane is 9. 

IfKbe the normal reaction, 
and F the friction acting up¬ 
wards, we must have F = |^R 
because the equilibrium is liniit- 

Resolving ^long and perpendi¬ 
cular to the plane, 

W sin 9=I^R 
and W cos 9 = R- 
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Dividing, we get tan i9=}X=tan A or 0 = A. 

So that the particle is on the point of shding down 
if the angle of the plane is equal to the angle of friction 

between the particle and plane. 

It may be noticed that this example gives a 
way of finding out the co-efficient 
of friction between two subst¬ 
ances. 

Ex. 5. .4 particle of weight 

\V is resting on a rough inclined 
plane of inclinate a, being acted 
upon by a force P up the plane. 

Find P so that no friction may 
be called into play. 

It is obvious that if the three 
forces R, P and \V be in equilibrium, no friction is called 

into play. 

Hence P=i\V sin a. 

Ex. 6. A body of weight U’ is at rest on a rough inclined 
Q planc^ of inclination a greater than 

^ the angle of frictio7i, being acted 

upon by a force parallel to the 
plane and aln7ig a line of greatest 
slope ; to find the limits between 
which the fvice must lie. 

Let a be the inclination of the 
plane, and R the normal reaction. 
Case 1. Let the body be on 
the point of sliding up the plane, 
so that friction p'K acts down the plane. 

Let P be the force required to keep the body at rest. 

Resolving along and perpendicular to the plane, we 

have, 

P —/aR = W sin a (i) 

R=W cos a (n) 

P=^R+W sin a=W (sin a+M cos a) 
so that if the force be> VV (sin a + ^ cos a), the body shall 
actually move up the plane. 
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Case 2. Let tlie body be on the point of sliding down 
tfie planCf so that friction acts up the plane. In this case 
we have 

Pid-/^R, = W sin a 
R, —W cos a 
P, = \V (sin Cl—cos a) 

so that if the force <W (sin a —M cos a), the body shall slide 
down the plane. Hence the given force must lie between 
W (sin cos a) and \V (sin a —cos a). 

It may be observed that the result for case (2) is 
obtainable from that of case (1) by changing the sign of p 
only. 

ffody of weight H rests on a rough inclined 
plane of inclination a to the horizon, being acted upon by a 
force making an angle 9 xcitk the plane. To find the limits 
between which the force must lie. Find also the magnitude and 
direction of the least force required to drag the body up the 
inclined plane. * 



Let P be the force acting at 
angle Q with the plane, R the 
normal reaction and \V the weight 
of the body. 

Caee (/) Let the body be on 
the jK)int of inuring up the plane 
so that the friction acts doxen the 
plane. 

Resolving the forces along and 
perpendicular to the plane, we 
have 

P cos 0=pR-bVVsin a.(1) 

P sin 0-|-R = \V cos a......(2) 

To eliminate R, we substitute from (2) the value of R 
"> (1) ; we get 

P cos Q=p (W cos a — P sin 0)+W sin a, whence 
P (cos 04-P sin 0) = \V. (p cos a+sin a). 



\ P^W. 


p cos a+asin 
cos 0+M sin 0 
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tan A cos g-t- sin g 

A sin 9 



sin ( a +A ) 

cos {9 - A) 



Case (ii) Let the body be on 
the point of movivg down the 
plane so that the friction acts up 

the plane. . 

In this case, the conditions 

of equilibrium are 
P cos e + MR' = W sin g (1) 
P sin e+R' = W cos g (2) 

Multiply (2) by M and sub¬ 
tract ; we eliminate R' and get 
P (cos @ —sin 0) = 

W (sin g —M cos a), 
whence. 



P=W 


sin g — H- cos g 


^YV sin (ck A) (putting /i==tan A), 

cos (0 + A) 

P, and Pjare the limiting values of the force if the body 

is to remain in equilibrium on the inclined P>ane_ 

ffote —If the force lies between P, and Pj the body 
remains in equilibrium but equilibrium is non-limiting so that 
the body is not on the point of moving either up the plane or 

down the plane. 

Case {Hi) To find the direction and magnitude of the 
least force to drag the body up the plane, we have, from case 
(it [P- U. 1944] 


P=W 


sin (a+A) 


^ 

cos (@—A) 

P is a function of a and A being constants. We have 
to answer the question ; “For what value P is least ?” 


Evidently P is least when the denominator cos (0—A) 
is greatest, i.e,,equal to unity. This happens when @ —A=0, 
i,e .9 when 0= A. 
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Hence the required force P makes with the plane the 
ati^do of friction. 

Ir« this case, we have from (A) 

P=:W sin (a-f^)* 

Exercises XVI 

v/T. A body of weifjht 80 lbs. rests on a rougli horizontal 
plane while a force of ‘JO lbs. is acting on it in a direction 
making an angle of 00^ with the horizontal. Find the force 
of frictimi that is called into play. 

A uniform ladder, of weight 36 ibs., is in e(iuiiibrium, 
with one efid resting on the rough lloor and the other end 
against a smootli vertical w,dl. If the inclination of the ladder 
to the horizontal is (>0 , tin 1 the friction. 

A particle, of weight -to lbs. is at rest on an inclined 

plane of inclination 30*^, find the friction that is called into 

play and the reaction of the plane. 

* 

A body of 40 lbs. resting on a rough horizontal table 
is about to sliile when pulled by a horizontal force of 20 lbs. 
Find the co-ellicient of friction between the table and the 

body. 

5. A force of 30 lbs. acting at an angle of 30® with the 
horizontal' is about to drag a body of weight 60 lbs. lying on 
the the lloor. Fii.d the co-eHicient of friction. 

CV >6. Sh ow that the least force which will move a weight 
\V along a^ough horizontal plane is W sin A. 

.. heavy body is supported on a rough inclined plane 

of angle a, by a force inclined to the plane at an angle f). 
Find the least and the greatest value of the force by which 
equilibrium is maintained. 


8. Show that the force required to move a body up a 
rough inclined plane will be least when it is applied in a 
direction making with the inclined plane an angle equal to the 
angle of friction. 

9. Two equally rough bodies, of weights \\\ and Wi, 
(W 2 > \V|) on a rough inclined plane are connected by a string 
which passes round a faxed smooth small pulley in the plane ; 
find the greatest inclination of the plane consistent with the 
equilibrium of the two bodies. 
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10. T wo inclined planes have a common vertex and a 
string passing over a small smooth pulley at the vertex, 
support two equal weights. If one of the planes be rough (of 
inclination fi) and the other smooth (of inclination a), find the 
relation between a and fi when the weight on the rough plane 
is on the point of moving down the plane. 

11. A paritcle is placed on the outside of a rough sphere, 
the co-efiicient of friction being show that it will be on the 
point of motion when the radius from it to the centre 
makes an angle tan with the vertical. 

12. Find the work done in dragging a body of weight W, 
up a rough inclined plane of length I and angle a. 

[Hint. From Ex. 6. P. 238 case (i) the force P which 
would just move the body up the plane is W (sin a cos a). 
Hence work done in dragging it is, W (sin cos a)^]. 

Note : From this example we deduce the following :— 

The work fione in drawing a body up a rough inclined 
plane is equal to the work done in drawing a body along a rough 
inclined plane equal to the base “6*’ of ike plane, together wxih 
the work done in lifting the body through the height “/i” of the 
plane. 

The workdone=W (/ sina+A^.I cos <x.)=W{h pb) 

=zWh+p\\b. 

But (t) pWb = Work done in drawing the body along 

the horizontal plane through b. 

and (ti) \\h = Work done in lifting the body up a 

height h. 

140, We shall now solve a few more problems involving 
friction. 

Ex. 1. A uniform ladder is lesUfig on a rough ground and 
leaning against a rough wall: find the greatest angle at which 
the ladder can he inclined to the vertical witiiout slippingy given the 
co-efficients of friction for the ground and the wall are p andp^ 
respectively* 
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; 

/ 

\ — 

A 

yda 0 




/ Let 0 be the inclination of the ladder 

to the vertical and 2nts length. 

Resolving horizontally and vertically 
we have 

S = mR 

and \V=R + /‘'S. , ^ „ 

Also taking moments about l>, we 

have ^ 

\V/ sin (94 -mR 

or VV sin9=2 R (sin 0-^ cos0). (Hi) 

From (0 and {ii)> we have 

W = R + ft'/iR=ll(l+^'^f‘ ) 

. («’) 

From (u*i) and (u) by division, we get 
2(sin 0 - M eos0) 

sin0= 

or 2 m cos 0={1-MM') sin 0 

2m 

or tan 0= * 

rLak horizontal plane. Show that '""j'^ 

anole ABC is 2 taix'(2p), bexng the coeijwient of friction. 

There bein- svnunetry in the ligurc, the reaetu.ns at C 
sladl be horizontal' and the normal reactions at A and 1 

shall be equal. 

Resolving for the whole 
system. 

2\V = 2R ,.(0 

Resolving for the rod 
AC only, 

^tR=X, R = \V and 
• X=mW. 

• • _ 

Taking moments about 

C for the equilibrium of the 
-od AC only, we have 
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W.CD sin a + ^R-AC cos a=:R.AC sin a 
or sin cosa = 2 sin a. 


or 


tan a = 2M 

a=tan-i (2/^). 

Hence angle ACB is 2 tan ' (2 m). 

It may be observed that it is not absolutely necessary 
make use of the symmetry of the figure The problem 
< an still be solved if the reaction at B is taken as R and 
two more equal and opposite vertical reactions each equal 
to Y, are introduced at C. But it is obvious that the solution 

will be a little more lengthy. 


to 
can 


Ex. 3. A thin uniform 
under another, the co-efficient 

and the rod being M. The 
distance between the pegs 
is a, and the line joining 
them makes an angle with 
the horizontal. Show that 
equilibrium is not possible 
unless the length of the rod 
is greater than 


a 


~{lJ.-\-tanli), 


rod passes over one peg and 
of friction bctiveen each peg 



The rod is of minimum length if the lower end is at P 
below the lower peg, C. G. of the rod being above Q, the 
Other peg. We want 2 P.G. 


Resolving, we get 

\V + S cos ^ ==R cos jQ + M R sin S sin .(i) 

R sin P =S sin S cos R cos p . {ii) 

Takinff moments about P, W.PG cos ^=Ra 

a R 


From (i) and (ii) we get 


S (cos ^ — M sin ^) = R cos ^ -j-M R sin p — W 
and S (sin jS+M cos ^) = R sin R cos ^ 




ELEMENTARY STATICS 



COS yS —sin/S _ R (cos/3 + M sin /3) — W 

sill /3 + cos jS ” R (sin /3 — cos /3 ) 


whence. 


K 

W 


cos jS -fsin y3 — 


VV 

H 


sin yS —/*• cos yS 
sin yS cos 


Hence length of rod = 2 PG = 


2a 

cos /3 


R 

W 


a 


(M+tanyS). 


Ex. 4. ^ rfdangu/nr //un plate, a feet long and h fcrt 



high, is at rest an a ratigU 
horizontal plant-. A string, 
attached to the top of the 
plate, is pulled Iwrizanially 
icith an increasing force. It 
is required to find zchether 
the plate zvill tilt over before 
it slides or vice versa. 


Suppose the plate tilts (and do( s not slide) when the 
force is P. 

(i) When it is on the point of tilting, it will do so bv 
turning about H and therefore moments at>out R just 
balance. That is 


P/J = VV " or I' = 

iS 


Wa 

'2h ' 


{ii) Now, let us find what force will make the plate 
slide, supposing it does not tilt. When the plate is about to 
slide, tfierc is limiting equilibrium and therefore, 

W = R and P =mR=:mW. 


Hence, the plate u ill tilt first if 


\\a 

2/i 


</tW, 






iei/1 slide first if < 4 
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Fx 5 A uniform Udder is plased ngninst n -v^Jif the 

rrrl'irar/ 

'ladder to the vertical is 2A. 


downwards 


intersect in a point ; 


• to me vtriiciJi to -^ 11 . 

When the Udder is in this position, can it be ascended 
without its slippif^S ^ ^ , • i • -i- AR ife 

T^t AB be the ladder and G. the mid-point of AB ts 

O ,.R W S and i^S act on the ladder 

C G Five forces R, MH, w, s aim r 

and these are reduced to three, namely, 

(i) R', the resultant reaction at A, 

iii) S' the resultant reaction at B, 
and (m) Weight of ladder W, acting vertically 
through G. 

These forces, therefore, must 

call it C. Since the ladder is on 
the point of slipping, R and S 
make an angle A with the normals 
to the ground and the wall at 
and B respectively as shown in 

the figure. 

Applving formula 

(m+n) cot cota-n cot p 

to, A ACB, we have 
(4G + GB) cot G = AG cot A 
^ -GB cot (90° —A) 

• 2cot0=^ot A —tan A 

r- ag=gb] 

^ ■ 1 

—tan A 


1 — trtn^A 

tan A 

Hence 


tan A 


_ = 2 cot 2 A 



tan 2 A 

ncuuc 0 = 2A« 

The resultant reactions at A and B 
within the shaded region CKLM, as their .nclma..ons 
the normals arc not to exceed A. 


meet 

with 
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(0 Xow, if the 



man, when ascending^ is somewhere 
between A and G, the common C. (;. 
of the man and the ladder will be 
shifted to a point below G. The 
vertical through the new C. G. will 
be to the left of the line CG, and 
can, therefore, meet the resultant re¬ 
actions at A i.nd B at some point in 
the region CKLM, thus satisfying 
the conditions of efiuilibrium of the 
ladder. Equ’dihrium in this cas(\ is 
non-limiting as the resultant reactions 
make angles with the normals less 
than A. 


... common centre of gravity 

will be at G and the vertical through C; meets the resultant 

reactions at C. hquilihrium in this case is limiting. 

{Hi) When tlie man ascends to a pi»int beyond G, G' the 
common (h of the man and the ladder is between G and B 

and the resultant reactions at A. B cannot meet the vertical 
through G as this would require the z of the resultant reac¬ 
tion ut A to be greater than A, which is impossible. The man 
<-an thcrelore ascend, only as far as (b the mid. pt. of AB. 

Ex. 6. d itnifonn ladder of length 2/ rests against a 
tough vet heal icali with iU lower end on n rough horizontal 

plane. It bnng tnehned to the zvall at 45°. The co-efficient of 

fneUon between the leiddcr and the xvall is J, and that beixvecn 
the adderandt^ ff a man xvhose weight is one- 

h*dj that of the. ladder ascends the ladder, how high will he be 
jidien the ladder slijts't 

Let G, the tnid-poiiU oi'AB the ludder, be its C. G. \V 
Its wei{,dit mid C tlie position uf the inmi when the ladder 
IS on the point of slipping. Let U. S bo llie reaetions at 
le ground and the wall, the I'rictioiis being pR and m'S. 

Here P=i, ,i, = j and 0=4.^. 

AC = j’ is to be found. 

Kesolving liori/.ontally and vertically, we have 



FRICTIOS 


231 


S = 


... (0 


/iisHs) 


R + JS = 


3VV 


... (n) 


Hence R = f VV and S — 

Taking moments about A, we ^ 

Iiave, when the ladder is in limiting 1 / ^ ^ 

equilibrium, ^ ~pM^) O 

Wl sin 0 -f-iW X sin 0 =iSx 2 l sin 0 f S x 'll cos B 

sin 0 + 2 / cos 0 ) r-f ■ 

i.e., ix sin 0 = f/ sin 0 + f/ cos 0 -/ sin 0 

ir = ?/+ I cot 0 - 2 / 

18 i_ 2 l (*/ cot 0=cot 45° = l) 
lo l = ^ x2l 

= ^ of the length of the ladder. 

The man. therefore, cannot ascend the ladder beyond 
?th of its whole length from tne fopt. 

Alternative Solution (from geometrical consider(jtions). 

' /c/ 'Cl Let the resultant reactions R 

^/t 5 (= 35 J g, ^ g respectively 

J meet at D. Then, since the ladder 

is in equilibrium under forces, 
the vertical through the common 
centre of gravity (O'; of the ladder 
and the man must pass through D. 
We have, by applying the 

formula 

^ II _1 (m+n) cot 0=m cot a - n cot/3 




& 

2 




1 . 

i ^ 

W 2 


(AG'+G'B) cot ©=AG' cot ADG' 

-G'B cot BDG'. 


But cot 9 =cot 45°=1 and cot ADG'=2 cot BDG'-J. 
/. 2i=2AG'-(2J-AG')Xi 
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• . ; hcMice Bc;'= 2/ —AG'= 2 . / 

5" .‘i*"r" 

=°r. i';. f ■"= “ i'. 


\\7-f. - 


w 


•> 


- X N 

2 7 


ir = 


o 

7 


A 


*>/ 


///<' iru'Iinatinn of tijr plane to thr hnr‘ " plane and 

Dctcnninr how the c/uili'onun will hr bZeu^ 'ifi’tm) 

c.,uilil,riu,n can l.e l.roken either by or 



\ crtically downwards tlmnifrli P roUc-'* A, . , \\ acting 
Hence tan a = cot GAB = -^^^ = 

cB /r 


«• • 


( 1 ) 
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,••• A ■ hv Vrt 135 inclination 9 of the plane to the 

, Hi^ovclhider is about to slide is given by 

horizon when the c>ciinuei 

tan 0 = /^ ••• 

(P.) If a<9, toppling would take place before it slides 

If 0<a, sliding will take place before it topples i.e., 
cylinder will topple before it slides it 

tan a<tan 0, 

if J*! < 11 , and the reverse will be the case 

I.e., 

2r 

if-r- 

8 1 dravcer is to be pulled out b,j a single force 

parallel 'to ' the drawer; it ^cJrbe''7pilied‘'so as 

middle of the end of the drawer, the force ca PP ^ 

not to cause the drawer to jam. 

Let I bo the length of the drawer, AB the end o le 
drawer and O the mid point of AB, 

Let N be the point where single force 

P must be applied so that 
iust begin at the corners B and D. When 
This happens, resistance to motion ^ 
maximum and the values of friction at B 
and D are f^R' and pR, the thuKts on 
the sides BC and AD being R’ and R ; let 
which is to be tound. 

The total resistances at B and D must 
meet on the line of action of P. 




/? 


/V O 


./IR 



Since there is equilibrium, we have, 
and perpendicular to AB 

(i) R=R' and 

{ii) P = /xR-hf^R'-2/AR 

Taking moments about O. 


by resolving parallel 


[from (i' 
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(m) 5.^ air-R AB 

T 2 * -H, /+ ^ xfxR 

i C. P.iTzrR/ 


I’ 


X/ 

/ 


[Crom (u) 


2fx * 

J-. fhe'drawe/lvill'normov^l^^r,^ 

tMc drawer is ve> v 1™°- A ^ be. If 

point N muv lie beyond A ^ with AB. the 

at all. ■ oejonaA t.f., the drawer will not jam 

Exercises XVII 

floor and ^ florizoutal 

A uniform ladder rests in lirY^ifir^,, ^ i i • 
one end on a rough lloor. with eo-elliLnt oTfSion a "’“'j 

to'the verS.'^' “ ‘’'ocl its inelinarioll 

ext^V:- n v:nL:rw:;n':::::f t,::’ 2 rrti:t t 

ho .ncl.nat.on of the ladder to the vertical bl° , oo 

H. A unirorin ladder is placed a<»ainst a wall tf ti 

S; i“fv^ 

tfie vertical. inclination to 

>"■“ ''isi'....1." Si:,■i.rSicr*’""" 
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iloor and the wall be respectively and find the inclina¬ 
tion of the ladder to the fioor. 

K7, Prove that the horizontal force which will just 

sustain a heavy particle on a rough inclined plane will sustain 
the particle on the same plane supposed smooth, if the in¬ 
clination is diminished by the angle of friction. 

A body of weight W can be just sustained on a 
rou^^h inclined plane by a horizontal force P ; it can also be 
just’ sustained on the" same plane by a force Q up the plane. 
Find the angle of friction, 

9 . A force P acting up a rough plane can just sustain 
on it a body of weight VV and a force Q acting up the plane 
can just drag the body up the plane. Find the angle of 

friction. 

^10. Two equal uniform rods AC, CB, each of weight VV, 
leaft against each other and rest in a vertical plane with ends 
A and B on a rough horizontal plane. The angle ACB is ‘2a 
and the co-efficient of frictiou H'. Find what weight placed 
at C would cause them to slip. 

11 . In question 10, if the weight be placed at the middle 
point of one rod and be heavy enough to cause slipping, 
show that the other rod will be the one that will slide first. 

12 . A bead runs on a rough circular wire whose plane 
is vertical; if a is the radius of the circle, and A the angle ot 
friction, prove that the bead can be in equilibrium at any 
point of certain arcs whose lengths are 2a A each, 

18. A heavy particle is placed on a rough inclined plane, 
of inclination cos '*, and is connected by a string passing 
over a smooth pulley with a particle of equal weight, whieh 
hangs freely. Assuming that the particle on the plane is about 
to move up the plane, find the inclination of the string to the 
plane, the co-efficient of friction being 

14. A particle of weight W is just sustained on an 
inclined plane of inclination a by a force P. Find the angle 
that P makes with the inclined plane when the normal 
reaction on the plane is W, co-efficient of friction being f^. 

15. A heavy uniform ladder rests with one end on the 
rough ground and the other end against an equally rough 
vertical wall; find the least co-efficient of friction that will 
allow the ladder to rest in all positions. 
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10. A rcctancrular ljunina PQRS. wliose hei-lit is double 
Its base, stands with its Ik.sp PS on a roufjh floor, co-clTicient 
of friction beinjj If it is pni'rd bv an increasing horizontal 
force at R, find rvhrthr,- it zcill first slidr nr tilt. 

17. A cylinder rests with its circular base on a rowf^h 
inclined plane, the co-eflicient onvictioii being i. Find the 
inclination of the plane and the relation between the height 
and the radius (.f* the base of the cylinder. .9o that if rnaij bc^on 
the point of slid in p, as xvell ns of toppling over. 

18. A rectangular block is placed, with one of its ed^es 
horizontal, on a rou_,di plane, the inclination of which to the 
horizon is graduallv increased ; find xvhether the equilihrium of 
the block zcill be broken in/ a 7nniion of sliding or of toppling. 

10. A cone of semi-vertical angle a rests on a rou<di 
table and a string fastened to the vertex of the cone passes 
o^ er a smooth pulley and supports a weight. Show that if 
the string is horizontal and the weight is gradually increased, 
the cone zcill turn oier or slide according as |Ji'>or< tan a. 

20. AC and CD arc two uniform rods of tlie same lemRh 
1 lit of diflVrent wciglits P and Q respectively freelv jointed 
at C : they are in the same vertical plane and AC is' movable 
n uiid a smooth liori/ontal axis through A and the end B 
slides along a rough horizontal plane in which A also lies. 
Find the limiting position of c(]uilibrium. 

21. A particle is tied to one end ol a iinld inelastic 
string, the other end of wldeh is fixed to a point in a rough 
plane incliind to tliC hc.ri/on at angle a. whicli is greaTer 
than the angle td' liiction A. Prove that the particle eannot 
remain at rest if tlic angle betMrcn the string and tlie line of 
greatest slope is greater than sin ' (tan A cot a). 

22. A nnif(-rm heavy bar. 12 inches long, one end of 
whicli is smooth and tlie other is rough, rests in limiting 
eiiuilibrium within a circular hoop of radius 10 inches in a 
vertical plane, the nuigli end of the bar l>eing at the lowest 
point of the hoop. Find the eo-cllicicnt of friction. 

23. A heavy uniform rod is in limiting o-inilibriiim 
while resting on two nuigli pegs P and Q, PQ luing inclined 
at an angle a to the horizon. Show that the centre of gravity 
of the rod diyidcs PQ in the ratio tan a : tan a — ‘dven 
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that co-efficients of friction at P and Q are respectively and 

(*•' and |i->tan a>l^’- . , ■ „ 

24 A rod of length a and weight W is ^ 

horizontal position by two strings of length a attached to tlw 
ends of the rod to two rings of weight , ^ which are f ^ to 
move along another fixed rough horizontal rod 11^ 

co-efficient of friction between the rings and the rod 

that the greatest distance apart of the rings consistent with 

equilibrium is « v 

^ / 6f^_\ 

•v/9P'* + ‘* /" 

pi™ l”'^''' of 

friction of the otlier is • * 


» 4 


26. A uniform rod rests in limiting equilibrium w'thin 
a rouch vertical circle ; if the rod subtends an angle -a ^ 
the cemre of the circle and if A be the angle ot Irietiou show 
that the angle of inclination of the rod to the horizon is 

sin 2A 


tan 


cos 2A4'«^t>s 2a 


[Hints. zAOCi=Z.GOB=a. ['/ OA=OB (radii)] 

Let the re^Mltani reactions R' and S* at A and B meet 

The rod AB is in equilibrium under the action of the 
three forces R'. S' and VV which must intersect ^ C. 

/CAG=/OAG-A= 90°-a -A . zOAG=Z.OBG 


Z.CBG= /OBG-f A=90°-a+A 
^CGB=90‘>—©. 

from A CAB, since AG : GB = 1 : 1, we have 

(I-f 1) cot (90°-0)= 1. cot (90°-tt - A)-1. cot (9J° ~o. + T\) 
2 tan 9=tan (a.-f >)-tan (a—A) 

sin 2A__ 

“ cos (ol+A). cos (ot—A) 


J 

2^8 
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^ sin 2A 

tanO= ■ - n-y » 

cos ?a-rCOS 2A 

_ sin 2A _ 

\ cos (a +A+a —A)+cos fa + A—a + A) 

_ 2 sin 2 A -i 

cos 2a + cos 2 A ' J 

27. Two btulics of weiglits P and Q are placed on an 
inclitictl plane aiul are connected by a light string wliich lies 
along a line of greatest slope of tlie plane : if the co-cIFicients 
of friction be respectively P- and p-', (P'>P'') the inclina¬ 
tion of the plane when both bodies are on the point of 
motion, it being assumed that the body P is lower than the 

other. 

28. A heavy bodv is to be dragged up a rough inclined 
plane; find the'direction of^ the least force that will sutlice, 
7 .f., the best angle of traction up a rough inclined plane. 
[Sec Kx 7 worked out], 

29. A weightless rod of length /, is supported horizontally 
between two rough inclined planes at right angles to each 
other the angle of friction A being less than the inclination of 
cither plane. Show that the length of that position of the rod 
on which a weight may be placed without producing motion 
is / sin 2 a sin 2A.a being the inclination of either plane 

to the horizon, 

30. \ heavy uniform bar of length 2/ lies over a rough 
petr witl» one end' resting against a rou jh vertical w'all; it n be 
tlie distance of the peg from the wall and A be the angle of 
friction at the peg as well as at the wall, show that when the 
point of contact of the bar witii the wall is above the peg, 
tiicn the bar is about to slide downwards when / sm-0 = 
a eos^A, wliere 9 is tlie inclination of the bar to the wall. 

If the ]ioint of contact of the bar and the wall be below 
the ]ie'» prove that the bar is about to slide downwards when 
/ sin^*"siu (e + 2A) = u cos^A, and about to slide upwards when 

/ siiv^ sin (0—-A)=n cos-A. 

31. A uniform bar slides with its ends on two fixed 
eouallv rough inclined planes, one being vertical and the other 
inclined at an angle a to the horizon. Show that the incluia- 
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Hon © to the vertical of the bar. when rt is on the point of 
sliding is given by 

•2 (tau ax^)_ 

tan 9= tan a — 

it being hssnmed that the vertical plane through the bar cuts 
the planes along lines of greatest slope. 

a2 Two uniform rods AB, BC, each of length 2a, and ot 
weiabK W an^W, respectively (W,< W,), are freelv jointed 
^ . ■ \ Ti T'Up system stands in a vertical plane, with 

A in J C on a rou Jh horTontal table, the rods each making an 

:t®A and? is equal to Show that equilibrium is possible 
only if ^ 

(3\V, + W 2 )P'-(Wi+W 2 ) tan 0 >() 

This condition being satisfied, a weight W ,s snspendeci 
from B^ ' Show that, if ^tan 9, equilibrium is still possible 
lhateVer the value of VV, but that if tan 0>1^, equilibrium 

is no longer possible if 

(:S\Vi-fW,)p—(W,+_\V2jJaii_9 . 

2 (tan 9—P-) 

33. A light shallow rectangular drawer is of width a 
while its leimth from front to ba-k is 1. It can be pulled out 
bv two knSbs attached to the front and at equal distances/ 
from the sides. If a tension parallel to the sides is applied to 
only one knob, prove that the drawer will jam it the co- 
effiLnt of friction between the sides and thee asing exceed 


1 

a-2/'’ 

34. A uniform rod is in limiting equilibrium, one end 
resting on a rough horizontal plane and the other on an 
equally rough plane inclined at an angle a to the horizon. It 
A be the angle of friction, and the rod be in a vertical plane, 
show that the inclination t9, of the rod to the horizon is 

given by 

_sin_ (a —2A) 

cos (a—2A) — cos a 


tan Q = 
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* ;J5. A uniform rotl of wcigiit W is placed with its^ lower 
end OK a rough horizoiilal lloor mid its upper end against an 
cW/iy rough \ ortioal wall, the rod makes an angle a with 
the wall and is just prevented from slipping down by a 
horizontal force V ap|>licd at its mi<ldle point. Prove that 
P=.\V tan fa —2A) where h is the angle of friction and A < J a 

' (P. V. jm). 

.'ih. A uniform ladder of length I and weight W rests 

with its loot on rough ground and its supper end against a 

smooth wall, the inclination of the Udder witli the vertical 
being a. A force P is applied horizontally to the ladder at 
a point distant t' from the loot so as to draw the foot to the 
wall. If the co-efficient of friction at the foot, prove 

tliat P must exct^cd (J tan a+l*-)- 
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141. Funicular Polygon. If a weightless string be 
fastened at its extremities to axed points and a number of 
wei'dits be attached to the string at different points, the 
polygonal ffgure assumed by the string is called Funicular 
uollson. We now proceed to ffnd tensions in different parts 
of the Strin", and also their inclinations, in such a case. 

l e the weights W„ W,, W 3 .. W^., be attached at tlm 

points A„ I, A 3 .A „.3 ; A^ and A„ being the extremities ot 

the string. 



Let the parts AqAj, AiA^, A 2 A 3 .An lAn be of lengths 

a, a,, a,.an, respectively, and let them make angles Q,, 

02 ^ 0 ^. 0 ^ with the vertical, in the same direction. 

Now at each of the points Ai, Ag.An_i, we have got 

three forces in equilibrium. We might proceed to construct 
a series of triangles, each of which will correspond to the 
forces at a point and obtain therefrom the tensions and the 
inclinations ; or, we might solve the problem analyiically by 
resolving the forces horizontally and vertically. 

Using the analytical method, we have the following 
— 2 equations : 

Tj sin 0 i=T 2 sin 02 =T 3 sin © 3 =. 

=Tn sin .(A) 
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and T| cos Oj—Tj cos <)^ = \V, ^ 

T, cos ^2 I 

Tj cos O3 —T< cos 04 = ^V. ;> .(B). 


’*’r. >COS On l-Tn COS<9„ = VV, , J 


Equations (A) shoxv that horizontal components are the: 
same throughout, and cffuations (B) that the consecutive 
xertical components differ by the weights attached 
respectively. Hut these 2n —2 equations are not suOicient to 
ffive the n tensions and the n inclinations. We require 2 
more e(jUHtions which may be written by considering the 
horizontal and the vertical distances between Aq and A,,. 

het these distances be h and /«■, respectively. 

1 hen Ox sin 0i d-Oj sin f ^2 + <h sin sin ^„ = /i 

and Oj cos ^1 + ^2 cos .cos # 9 n = ^'. 

Iiere k is the distance by wliich A^ is v^ertically above A„. 


If the constant horizontal components be taken = A, we 
have from (B), 

\v 

cot Oi—cot fi 2 = ^ ‘ . 

A 

W, 

cot Oj—cot 03 = , 

A 


cot —cot ^4 = 




and so on 


IfVVj = W^=\Y 3 .= the right hand sides of the 

above equations being equal, cot 0 ,, cot 02 , cot 03 form a 
series in A. P., or, which is the same thing. Uie tangents of 
Ihe angles ivhich the different parUi of the string make xvith the 
horizontal, are in A. F. 

The above theory of funicular polygon is applicable to 
the case of a suspension bridge, where tensions in a number 
of vertical strings which are attached to the horizonlal span 
of the bridge take the place of the weights. In tliis case, 
the extreme portions of the wires pass over high piers at 
each end, A^ and and are secured in the ground beyond. 
Aq, An being in the same horizontal line, k=0 and h 
measures obviously the span of the bridge. 
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142. A string or chain is said to be flexible— rather 
perfectly flexible—when it does not offer any resistance what¬ 
ever to bending, Thus any force, however small, which is 
applied otherwise than along the direction of such a string will 
change its form. And the force exerted by one particle of 
the string on the next is in the direction joining the two 
particlesr It is evident that like ideal rigidity, ideal flexi¬ 
bility is only partially realised in practice. 

Since the tension of a string acts at every point of the 
string and tends to stretch it in the direction of its length, 
it may or may not yield to this tendency to stretch. 

A string which does not stretch under tension is called 
i ^extensible ; \ string which stretches under tension is called 
extensible. 

We may also extend the theorem of Art, 141 in con¬ 
sidering the curve which will be formed by a heavy string of 
perfect flexibility, which hangs freely between two points 
of suspension. When the string has a uniforna density, the 
curve thus formed is known as Catenary or chainette. 


143. Problems; A flexible uniform string is stretched 
over a given plane curve 
pressure on the curve. 


find the tension at any point and the 


Let us consider the equilibrium of the element 
PQ=dsof a flexible uniform string of weight iv per unit, 
length stretched on the curve APQ in a vertical plane, 

S being measured from some lixed point A on the string. 


Let the a:-axis be hoiizontal. 
The element PQ is acted on 
by the following forces ; 

(1) its own weight wds 
vertically downwards. 

(2) the tensions T at P 
and T-|-d T at Q, , 

(3) the reaction or re¬ 
sistance Kds of the curve on 
PQ which will be ultimately 
along the normal at P, 



!.4 
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(4.) the friction ¥(h which will he ultimately along the 
t w»‘^ent at P and in the direction opposite to that in which 
tNc element is about to move. 

Resolve the forces along the tangent and normal at P 
and we have 

(T+f/1’) cos <i^--T-V(ls-xvd$ sin ^^=0 
(T+d T) sin ti^ — Wds — xvds cos 4/ = l> 

* ultimateh 

IT T 

\ =F4-re sin 4^. , = R+'i’cos 4/» 

ds r 

where P is the radius of curvature at P 
Special Cases. 

Case (i) Assume that the curve is smooth and the 
string is liglit. 

The ciiuations of equilibrium take the form 

(/T=0, and R =T,'P. 

Thus the tension is constant and the pressure at au\ 

point varies as the curvature there. , 

Since T is constant the string will not be in cuuihbnum 

unless the forces pulling at its two ends are equal. 

Case (ii) Suppose that the curve is smooth and the 
siring is heavy. 

Let a’ be the wciglit per \mit length. 

The ecp.atioMS of equilibrium are 

dT = 7cd$ sin >\/=ivdy .(1) 

T 

and R -:c cos 4^. (-) 


From (1), T=^:vy I *1 

the dilVerencc in tensions at two points vanes as the 

difference of their levels. 

Case (iii) Let the curve be rough uiid the siring light. 
'I'he equations of limiting equilibrium arc 

‘'J ,wi. .,,,1 T -li. 

ds ds 

where H- is the co-ellioicnt ol friction. 


'I'hus 
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Integrating, log T-constant 

• T=Ce'^'^- 

• # 

Case (iv) Assume the curve to be rough 
string heavy. 

Let w be the weight per unit length. 

The equations of limiting equilibrium are 

(I T „ . , 


and the 


ds 


= /A R+u) sin ^ 


T 

anJ — =R+a‘ cos xV. 

P 

where is the co-efficient of friction. 

• _/x T=wp (sin 4/ — /^ cos x]/). 

• • 

Thus for finding T, we have a differential equation which 
can be solved in any particular case. 

144 Elastic Strings : Hooke’s Law. All strings and 
rods that we have considered hitherto in the equilibrium 
of a body have been supposed to be in-extensible, however 
great the forces acting on tlie body. But, as a matter of 
lact, they all yield t<» the action of forces and are strained, 
more or less, from their natural shape. Also, if the force 
causing a strain does not exceed a certain limit, the string 
or the rod has a tendency to recover its originnl form, when 
the force is removed. Such extensible strings or rods are 
also called elastic. 


The string or the rod increases in length as the force 
causing tension along it increases. The relation between the 
force of tension and the extension of the string or the rod 
is stated by a law due to an English Mathematician, 
Robert Hooke (1635-1703). The law, which is therefore 
known as Hooke’s Law, enunciates simply that Tension 
varies as Extension. If I be the natural length and V the 
stretched length, the extension is V—L Hooke’s Law may 
then be represented symbolically in the iorm T oc 
(where T is the teqsion) 



or .(1) 
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This constant of variation, k. is usually 
, and thus the above takes the form 


taken as 


This constant K depends only on the thickness and 
material of the string and is known as Young's Modulus of 
Ihe string or Modulus of Elnsiiciti/ of the string. 

It is not diilicult to show that K is not the same for all 
bodies of the same material. The modulus is proportional 


to tiic area of cross-sections. , ^ » 

The rod which will ot)ey Hooke's baw must be thin and straight, 

an«l the extensions very sa>a!l. ^ r* i t 

It is obvious that E, in (2) is itself a force. For let 

r = ‘2/, then (2) gives that T = E, i. e.. the modulus is a tension 

ivhich extends a siring to double its natural length. In other 

words, the force reiiuircd to stretcli a string to double its 

natural length is called tlie modulus of elasticity of the 

string, provklcd that the formula remains true for so large 

au extensibility. 

For a rod, E will be very large and will, obviously, 
depend upon the area of the cross-section. For a steel bar 
of I Si\. in. section. I'.— 13200 tons. 

If E and T be known, the extended length is from (2), 


given by V—I (I +-T/^)- 

145. Work done in stretching an elastic string. 

Let the natural (unsivelched) length oi the string be a. 
and A be tiic modulus of cla>ticity. When the string is 


stretched to a length .r. its tension is 


C (I 

T=rA . where A 

a 

In stretching it from a: to 
tension and is equal to 


is the 
r-l-dr. 


modulus of elasticity. 
xvork is done against tiie 
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The total work done . in stretching the string 
length b (greater than the natural length) to length c, 


from 


v- 

= J' ~ {x-a) dx 


= (a: — 

b 


C- 


L. 


a 


. 1 


i (c-o) 
2 


2 


2a 

(c —M 
2 ' 


I (c + 6-2a)Xc—&) I 

^ ( 6 - 


a) 


= (^-t) 1 


Tc+Tb 

2 


—extension produced multiplied by the mean of the initial 
and final tensions. 

145. We can employ the Graphical method for finding 
the work done in stretching an elastic string from length OB to 
length OC. 

Let OA=a^natural length of the strings 
()B---ft ; OC = c ; and OX^jr. 

When the string is stret¬ 
ched from its natural length 
OA to OX, the tension of 
the string is given by 

T=7\ (Hooke’s law), 

a 

showing that T is function 
of X. 

Representing T by y, Hooke's law gives 

^ x — a A 
t/ = A 



a 


a 


a;—A, 
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which is a sfraight line (be\n.i an equation of tixe first ilegree 
in r and v) showing that the fjraph representing tlie relation 
b -tween tension T and extension .r is a straight line. The 

slope of the straigfit-line graph {?n of the line) is ^—and its 

a 

intercept on the //-axis is - A. HIV. XX', CC' are the tensions 
when tlie extended lengths, are OB, OX and OC respectively. 

Work (lone in stretching the string from OB to OC 
==BB'C' CB (Art. 90). 

= area of trapezium fUCt 'C 

/ lUT —CC' 

X f -- ^ 

— e.vfrtision produced multiplied htj the mean of the initial 
and the final tensions ; 

since, Rr = extension produced, BB' —initial tension, BC' = 
final tension. 

147. Ex. 1. The upper end of a light string hanging 
vertically is held fast ; and a weight of 2 lbs. attached to the 
lozeer end is ohsirved to extend it by one-third its original length. 
Fmd the ertension f the string zohen a zveight of 6‘ lbs. is 
attached to the loner tad. 

(/' -/) 

Here ^ =‘ - !!>'' wt —iE. 

Hence the n>oilulus of elasticilv —0 lbs. wt 

A 

/' —/ 

n. ^ r = 2l and the extension is equal to 
the original length 

Ex. 2. A light string ABC hanging vertieully has its 
upper end A held fast: ifzittghts ]V and 11' aitach( d to points 
Band C (C being loivest), e.iUnd the portion .4B and Hi', 
respectively, by ct/ual and one-half of their original leu Ahs, Jind 
the relation between Wdnd 11', 

Let r and I ' be the tensions in AB and BC. 

Then T' = \V' and 'r = T' + \V= \V + \V' 

•.•T = i;. ‘ =K, K=VY+\V'. 
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Again, •/T' = E. J-W'. E = 2W'. 

' W + \V'=2W', ie., VV and W' are 
equal and the modulus of elasticity is double each 
weight. 

Ex. 3. A weif^htless string has its t vo ends 
attached to tzvo points, 8 inches apart, in the same 
horizontal line, and the siring is straight. If a ring, 
xvhich is made to slide on the string brings down its 
middle point by 3 inches, find the midului of elasticity 
and the tension in the string. Find also the work done. 




Let VV lb. be the weight of 
the ring, T the tension of the 
string and 9 the angle MCB. 

Then 2T cos 9 = VV and 

^ 3 

cos 9 == —, 

/. T=|-Wlbs. 


But T=E. 


10-8_ E 

8 ' 4 




10 

3 


VV lbs. 


As the ring is going v'erfically d'jwnwards, the direction 
of the tensior\ is continually changing. So licre we have 
both magnitude and direction of the tension variable. Hence 
Art. 148 is not applicable. The work done is found simply 
by considering the vertical distance through which the ring 
goes down. 


Hence work done= Wx 


3 

12 


VV 

4 


ft. lbs. 


Ex. 4. An elastic stfing of weight W has a weight ir 
attached to one end and it is hung vertically from the other 
end ; determine the extension of the string. 



O 
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0 


0 


p 

I 

Q 


Let OA = / be the unstretched leiij'th of the 
striiu'; OA' the stretched length. Let OP=t, PQ 

§ X 

Suppose OP stretched into OP* and PQ into 

P'Q' : let OP'-a:'. P'(/=S.r*. 

Let T and T+ST be the tensions at P, Q. 
Tlicn the clement P'Q' is acted upon by three 
forces; T, T + sT at its ends and its own weight; 

hx 

its weiplit is equal to that of PQ which is ^ 








T+ST-T+ " Tt = 0 


dT 


Ti» 


or 


dx 


I 


ultimately 


( 1 ) 


X- - +C 


When 0 .==/. T-=\V ; 


C = \V+TC. 


and 


T = \V+,e( 1- 


X 

/ 


(•^) 


Tliis equation may also be obtained by t.>bser\ ing that 
the tension at any point must be equal to the weight 

l>elow that point. 

Also by Hooke’s Law, 

hx' - Sx 


T = K 


dx’ 


\V . 7C 


X i ’ 1 

+K+K 


t* 


(81 

•» 




Integrating, we get 

\V4, 

K 2K/i 

When .r = 0. a:' = 0, and 


x* — x 1 + 


C. 


C = 0. 


ft ft 


If /' be the stretched length, then 


r=/ 1 + 


\V+U’\_u>/ 


E 


‘2E 


=, ()■ 
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Exercise XVIIl 

1 A string 10" long extends 14" under the action of a 
force equal to the weight of 4 lbs. If the force be iucreased to 
6 lbs. wt., find the increase in the extension and the work done 

on account of this increase. 

2 The upper end of a string hanging vertically is fixed 
and equal weights are attached to the middle point and to the 
lower end. If the modulus of elasticity be also equivalent to 
the weight at one of the points, show that while the lower 
portion of the string is doubled, the upper is trebled. 

3. An elastic string 5" long can be extended by 1 
under the action of a force of 2 lbs. wt. If the length of the 
string were increased by 3 ', find the total work done from the 

original position of the string. 

4 A straight wire ABC is held fast at A and allowed to 
han<T vertically ; weights of 5 and 7 lbs., respectively, are 
attached to B^and C. If AB and BC be 4" and 2'^ respectively, 
find the ratio of the work done in stretching AB to that done 

in elastic string when tied to two points in the same 

horizontal line, 4 ft. apart, is just straight 

but when a certain weight is attached to the middle point, t 

string is stretched by two inches. If the 

of the string be equal to a weight of 300 lbs., find the weight 
attached, and the work done. 

6. If I be the unstretched length of a string which is tied 
to two points in the same horizontal line at a distance ^ from 
each other (V >1), show that when a weight W is attached to 
the middle point, the inclination Q of each portion of the string 
to the vertical in the position of equilibrium, is given by the 

equation 

W I' 

-tan 04 -sin 9 = 


where E is the modulus of elasticity. 

7. A uniform rod AB weighing 12 lbs., is hung from a 
rimd horizontal beam by three equal wires, one at each end 
aitd one at the middle point. A weight of 8 lbs. is attached 
to the rod at C where AC = i AB. If the wires obey Hooke s 
Law, find the pull in each wire. 
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8. A miiform elastic string of length I would have its 
length doubled by a pull equal to its own weight. Find Us 
length when hanging vertically from one end. 

9 An unstretched elastic string without any weight has 
n equal weights attached to it at equal distances and is then 
suspended t>om one end. Prove that the increase of length is 
half what it would be if the same string were stretched by a 
single weight equal to n^-\ times cacli of the lormer weights 

hanging at one end. 

10. A uniform heavy cliain 10 ft. long is suspended from 
two points in the same horizontal plane 108 ft. asunder ; 
show that tlic tendon at the lowest point is approximately 
r4.77 times the weight of the chain. 

11. The entire load of a suspenion bridge is 320 tons, 
the span is GtO ft,, and the lieight is 50 ft. Find the 

tensions at the points of siipport and also the tension at the 

lowest point. 

12. Prove that the work done in stretching an elastic 
string of naturnal length I and modulus A, Irom tension I'l to 
tension 1';, is 


I 

2A 



[p. r. m?] 


13. l*'onr Cfpial smootli jointed rods AH, HC, CD. DK 
hang in c<piilibrium fron two ])oints A, K in the same 
hoi i/.ontal level : the rods are light but eiu ry weigivb W at 
their ends. Draw a force tiiagram, taking the horizontal com¬ 
ponent of tlic reaction at aiui K to he W, C alculate the 
length of (aeh rod when Ah> is 40 It. 

14. A Ilexible uniform light string is stretched over a 
plane curve ; sliow that the whole pressure on any part of the 
curve varies as the angle lad ween tlie tangents at the extremi¬ 
ties of that part or as the dilYerenee between the tensions at llie 
extremities aeeordiiig as tbe curs'C is smooth or rough. 

15. If a liglit string is passed von ul and round a post 
or bollard, show tliat the tension is increased in the ratio 


complete turn. 

1<) A uniform string of weight tc pas.scs once round a 
horizontal cylinder of radius r, cutting llie generators at 
right angles.* Show that its length cannot be less than 13*58r. 
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XT. The wire for a telegraph line cannot sustain a weight 
irreater than one equivalent to a mile of its own length 
without breaking. If the wire is stretched on poles at equal 
intervals of 88 yards, what is the least sag permissible ? 

18. A uniform elastic string has a length when the 
tension is T^ and a length when the tension is Show 

that its natural length is 

(ctj Ti—T;j) 

Ti-t; 

and that the amount of work done in stretching it from its 

natural length to a length (o.\-^o, 2 ) is 

, (a, T, - 

^ (Ti-TJta.-a^) 

REVISION PAPER 

1. A heavy rough body rests on a plane of inclination 
a. Show that the least force acting down the plane, whitih 
will cause the body to move down is W sin (A-a) sec A, 
where A is the angle of friction and ^ 

the body. (P.U, 1935 Supp.) 

2. A uniform rod is in limiting equilibrium, one end 
resting on a rough horizontal plane and the other on, an 
equally rough plane inclined at an angle A to the horizon, it 
A be the angle of friction, and the rod be in a vertical plane, 
show that the inclination B of the rod to the horizon is given 

by 


(P. U. 1944.) 


tan @ = 


sin (a —2A) 


(P. U. 1936) 


2 sin A sin (a —A) 

3 A right cone is placed with its base on a rough 
inclined plane ; if h be ‘be coefficient _^of frktion, find the 
anffie of the cone when it is on the point of both sbpp'ng and 

turning over. \ ■ I 

4. Two rough particles connected by a light string rest 

on an inclined plane. If their weights and corresponding 

co-efficients of friction are W,, W^, respectively, show 

that the ^rreatest inclination of the plan^ tor the equilibrium is 

, 1 (MiW,+MaW3) 

5; A uniform ladder rests in limiting equilibrium with 
one end on a rou^^’h horizontal plane, and the other against a 


(P. U, 1940) 
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smooth vertical wj^II : a iiuin then ascends the ladder. Show 
that he cannot go more than hall’ way np. {P. U. 193)) 

*i. A drawer is to be pulled out by a single force 
()arallel to the drawer. Find how far from the middle of the 
end of the drawer the force can be applied so as not to cause 
the drawer to jam. 


7. A ufdform straight rod, of length *2c, is placed in a 
horizontal position as high as possible within a hollow rough 
sphere of rn<lius u. Show that the line joining the middle 
point of the rod to the centre of the sphere makes with the 

vertical an angle tan ^-where M is the co-eflicient of 

friction. {P' f937 Supj).) 


8. A rod rests in vertical plane within a heinisplicrical 
bowl, whose radius is equal to the length ot the rod. ll M be 
the co-eincient of friction between the rod and the bowl, 
show that in the limiting equilibrium the rod makes an angle 


with the horizontal equal to tan 


4/t 

8-^2 * 

(P. IK 1931 [Hons.) B. .J.) 


9. A cubical block of wood is placed on a rough 
horizontal table, and a horizontal force is applied at the 
middle of one of the sides of the square toj) at rt. angles to 
that side. Prove that as force is increased the block will 
begin to slide if the co-etlieient of friction is less than i and 
that otherwise it will begin to tilt. (P- 1931) 


10. A full reel of cotton of radius a is kept at rest with 
the axis horizontal on a plane of inclination a. by holding the 
thread which comes ofl' horizontally and tangentially from the 
middle of the reel. If the weight is W, find the tension of 
the thread and the friction between the reel and the plane. 
Find also the least co-ellicicnt of friction for which the reel 
will rest in this way. (P- 


11. 'I'wo rings oi equal weight are free to move- on a 
rovigh horizontal rod, the co-ellicient of friction being 
I'hev are eonneeteil by a smootli string on which another ot 
double the weight can move freely. Prove tiiat the tension 
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ill the string (when the system is in equilibrium with the two 
rings as far apart as possible) is W Find also the 

inclination of the string in this position. (P. U. 1940 Supp.) 

12. A uniform rod of length!2a rests with one end on a 
rough plane of inclination a to the horizontal, and lies in a 
vertical plane through a line of greatest slope of the plane. 
It is supported by a smooth peg at a distance c from the end 
in contact with the plane. Show that if the end of the rod 
is about to slip up the plane and A is the angle of friction, 
the inclination 0 of the rod to the horizontal is given by 

c sin (a-h A) =a cos Q sin(9d-a+A). (D.U. 1941.) 


13, A ladder which stands on a horizontal ground, 
leaning against a vertical wad, is so loaded that its centre of 
gravity is at distances a and b from its lower and upper ends 
respectively. Show that if the ladder is in limiting equili¬ 
brium; its inclination 0 to the horizontal is given by 


d^l) fJL jXy 

tan —y . ,-v - - where /^, Mi are the co-efficients of 

friction between the ladder and the ground and between the 
ladder and the wall. (U. U. 1940) 

14. Prove that the work done in stretching an elastic 
string AB of natural length / and modulus A from tension 

‘ {T./-Ti^). (P. U. 1937) 


to the tension T, is 


2A 


15. An elastic string has its ends attached to two points 
in the same horizontal plane and initially it is just tight and 
unstretched ; a particle of weight W is tied to the middle 

W 

point of the string ; if the modulus of elasticity be • show 

-v/3 

that in the position of equilibrium the two portions of the 
string will be inclined at an angle of 60® to one another. 

(P. U. 1941) 


16. An elastic string ABC, whose modulus of elasticity 
is 4 W, is tied at A to a fixed point. At B and C are attached 
weights each equal to W, the unstretched lengths of AB and 
BC being each equal to c. Show that, if the string and 
bodies take up a vertical position of equilibrium, the stretched 
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lengths or AB an.l BC are 'V - 

® " [P. u. mn) 

17 Show that the work done m expanding an elastic 

string of length and of elastic modulus A to a length is 

A(l-1„)' 

0/ ^ 

A hodv of mass m rests on a rough inclined plane whose 
inclination a to the hori/on is greater t''*''' ^ luached to it 

show thlt the potential energy ot the string m poMtio 
equilibrium is 

sin^ _ (P, V. 11140) 

2 A eos-^ 

IS An clastic St. ing of natural length / inches when 
nsed to pull a body of weight W lbs. steadily along a rough 

level table stretches inches. If the body is lifted verti¬ 
cally, the extension is inches ; show that eo-etlieient of 


2 

frietitni of the table is ^ ■ 


(i\ V. MO Supp.) 



t 


APPENDIX. 

The centre of gravity of any quadrilateral area is the same 
ns that of four equal particles placed at its angular points, to- 
aether zviih another equal particle of negative 7nass placed at the 
intersection of the diagonals. 



Let ABCD be the (juadilateral lamina and let the 
<iiagt)nals AC, BD intersect at E. 

Let W be the weight of the whole quadrilateral. If Wi,W 2 
be the weights of As ABD, BCD, then 


VV, EC 


( 1 ) 


vv 


Replace wt. of A ABD by weights each equal to — at A, B, 

D ; similarly replace wt. of a BCD by equal particles each 

W2 


equal to 


at B,C,D. 


B 


We, thus, have weights 

at A, ^^at C, and at each of the points 

3 3 3 

and D. 

Keeping the weights at B and D undisturbed, we shall 
show that 


W W 

(t) the C.G. of 2 weights —L at A and at C is the 


same as 


vv -UVV W. 4-VV 

(w) the C.G, of 3 weights - L ^- 2 _ g 


I 
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ILlK 


, + K The sum of »hrj 

tho negative weight '" 3 “ li. ah<- 


w^i'^ht, in (t) and (ii) being the same. 
Now KG, in case (i') taking R as 

■Mven i)V 


origin is by Art. ’, 


\V 


X 


KG. = 


(-AK)+ 

W, W, 

3 3 


X(-AE) + EC 


w 

^-KC 


W, 


\^ 


; (-AK) +RC 


W, 

W, 


f 1 


AK 

EC 


-h 1 


KC*j- AE* 
RC+AR 


*=RC-AR. 

Similarly 

EG 3 in case (ii) is given by 


(■• 2 ) 


VXiz = 


W,4-W,- (_AE) - XO +'^^^XEC 

8 ® ^ 


(ft) 


= RC-AR 

.bowing tb it G, ami G are ,K-AE then xve 

rorollarv If from CA, wo cut olT Cl = At, tuen xvt 

.“”om’(S) ov P) ««' 1' i- "" o' 

W 

* at A and 


8 


n 


at C. 


EC - CE = EC _ A E = EIm . 




ANSWERS 


EXERCISES I (A), Page 15. 

■*1 ® 

1 . {i) 11 =^ 201 . («) a=^ 0 '^ (Hi) tt=90°. (iv) a=-(iO= 
(t) P- 31) ^ 5^/13 ; Q = 30-5v"13. 

2. P = 10^3;Q = 10. 3. -J. 4. P = i^3lbs. 5. ■. 

6 . R = ;j 2 . 7.I o ,.,no 

greater force V 2 ’ ’ 

EXKRCISES I (F3). Pages ly—21, 

I. 2V37 lbs, wt., making angle tan'* wifh thr 

First force; (ii) ‘JVliMbs. wt., making angle tan > ^ 

5 

with first force. 2. 7 lbs. wt., inclined at an angle tan ' " - 

with the resultant. 3. 5V2 lbs. wt., or —10^/2 lbs. wt. 
Ihe negative result - 10^/2 signifies, that if the second com¬ 
ponent be taken in the opposite direction, the resultant will 
A in this case the forces of 5 lbs. wt. and 

10^2 lbs. wt, will act at 1.35°. 4. Maximum, when forces 

act along the same direction and niinimum when they act in 
opposite directions. 5. 32-5 lbs. wt. and 7-5 lbs. wt. 8 . 6^ 

11. 5 and 12 lbs, wt. 12. 4 and 8 lbs. wt. ; the resultant 

isdoubld. 13. Rv2;46». 14. R, ^ (^ 6 -^ 2 ). 17. 

Rv' 2(^3+1). where P is the magnitude of the equal forces. 

18. Each component is equal to 

2 

EXERCISES II, Pages 31—33. 


24 


4. 90°, sin-1 

the same direction 
equilibrium is not 


15 


O . lO 

17 Tt” ’ ^ ^ *n 

which is opposite to that of 12 lbs., (f A 
possible, (m) angle between first two 







klkmkntary statics 


IV,roes is 90° : and between first and third is 120°. 7. ^ 2,5 

„,3 ( v^6 V V2) lbs. 10. Magnitude equal to any ^ the 

along''RlpreLnted*’'rn ^m'agnitude and 
Iw’” -V n 13 fill^s parallel to the fifth force. 


I , 


e 


rr 


16. t.'iiiO —i 


I 2 

sin ,.cosa= /- 

KXKRCISKS III, PugtrsST—38. 


1. Centroid of the triangle. 5. Centroid of the (jua- 

(lrila^eral. 9. 6»\/3, 

EXERClSKS IV, Pages 43-4*. 

I 1-20° • 90° and 30°. 2. 8 and 15. 3. P : fi : : v 2 : V8. 

6 45° 60° ratio of the resultant to the second 

Lce-(’v'3 + lVV2. 10. -ri^e triangle must be equilateral. 

F.XEUCISKS V, Pages 49-52. 

1. Horizontal force= 10 yS lbs. wt. ; tension-20 lU. 

3. Wv/Cl/S-'F J;, 5 08 lb,..t., 3! 

lbs. .her. 3t tl. S‘v™ .ceb,.^ 

: ,p„.t .ut-r.,;., lb ibe v„.„.,.,™. 

Ueaction = 2 lbs, wt. 8 Q = lv3. 

sures on the nail and the ,.lane are 5 lbs. wt. and ./ lb*- 

in W tan a U Keactiou are each 

1 to 57 7 lbs wt approximatelv. 12. If each weight 
;TnV :acIion = i-4l4llVand it makes angle of 45° w.th 
I he LTzon. 13. Reaction at H = \Vy8 ; at A and C. each 

_^/3-l \Y, where \V is the weight. 14. WandMVSat 

11"r' ‘T !r?w's. 'J: w's.CK 

eachof the inclined portions of the string—W//d, 21 

hort,lalportion = (c-J)W/2d, where d* = P-(c-J)>/v 22- 
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-•> lbs wt. 23. 45 Jbs. wt. 
in BE —2Jbs., tension in AB=t 

- 3 lbs. 


24. Tension in DA = Tension 
tension in BC=:tension in CA 


EXERCISES VI, Pages 59—02. 

1 . (i) 6 lbs. at distances of 8" and 4' from i * 

and the second force, respectively, (ii) 12 lbs. at distancll ^ 

of i r .„d 


(iv) 80 grammes at 10 


15 


16 

1 


and U ^ 
1 ^ 16 


cms. 2. (i) .> lbs.. 


>n the direction gf the greater force at 2 ' and I (U, g 

'■ “■* ='• •> = 4- ^ II ft, ,io, 

gms. at *875 and 1*125 metres. 

»t. and “I r■ ,“»■ 

r,X“ '1'?Tir, * :snzL'^i 

m + n ’ m + n ’ n ‘ - It- from the end 

about which it can turn. 

EXERCISES VII, Pages 71-73. 

11 !*^ inches from the 6 lbs. wt 2 c 7 
from 2 lbs. wt. 4 . 3 inches from the force 8 

5. (Wi+W,-2WJ 


3. — \ IT 

2 Wo—Wj • lii feet from the end. 

J,i j ^ 2 , it cufs BA producL/at X wh"^*^' AV ' '*’*• 

at Q^wLffcQ^f ^ Pwpcndicular to BC a^~|u?; fiC 

15 . 2 ^%.^•®Ldtti^yy^°- ‘’-' of the 

16 . 2V5inelmedat anang,e\t^oJJ.",^5eS 
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AD produced at X, where DX-2, 20. -10 Ib^. 21. Ib^.. 

72 1 ^ ft. 23. Xot nearer than 7 inches to eitlier 

string. 

KXKUtlSKS vn A, Pages 74-7(i. 

^ 1 U’,' l‘>s. wt.ainl 7.; lbs. wt. 2. A \'t. ot 4 Ibj*., 

/tlUwUcd:U H. n. r.'..,n 1!. 3. Wfif-l.t = In tl.e 

fir 

1 


tan 


■ (- 


au.lu<lnt li U. ,,,ond case 

irst case, urtssun- at t-= J.» in^- ^ 

^ V n IS>s. wt 4 ft. 6 A tonv of 2 lbs. 

n-essiire at l) = 3<.j los. 'v c. ‘t. > .. ... from 

.utingin dMcctiuo DA at a d.sta.u-e equal to 

Ml ratio 1:2. 9, UesuUant K given by 1---1 

■-V2- winch It makes with . 

Q-Kv2 \ -iiia it cuts BA priidueed at X such 

Q - P \ 2 ) ’ 

i t vv—(J<W(lt '2-Q) 10. la lbs. iorco tlirough the centre 

IJX n.akcs an..lc 6 'vtU AH, sucl. ll.at cos 0 

_ ^ .nndsiM 0=- ' • a- cKcrlcaUv 

— 2(i 

ti,e front a.ullKo-U wt.. inclinca 

;.nS"-^wah .-Cling BA produced at X. 

I w 

w here AX • 

KXKRCISKS Vll-H. I’ages 81-s;}. 


2 The centroid of the quadrilateral, i e.. 

3,35 i". o“-:y= 


opposit 

lbs, wt. 14 H=10,'-2lbs. : ti^-20,-2 


lbs., and acts along Dlk 

revision paper I, Pages 83—S4. 

1. 8,/3, 10 ^ 3 lbs. 3. W sec NV tan 

\\(l -a) + P(i 

■ NV 


12. 


ANSWKUS 



2 . 


KXERCISKS VIIT, Page 92 
P — 19 lbs., Q = - 35 lbs.; moment — 20 ft. [h jiu.'s. 


4. 


3. each force = fi\/3—4 lbs. wt. 

EXERCISES VIII A, Page 97-93. 

3. 2 A A, where A is the area of the triangle. 

P=-10 lbs., lbs. 

EXERCISES IX. Pages 106—109. 

1. 6 and 2 V73 lbs. wt., respectively. 2. Tension 

= J y /2 cwt, force at the hinge = J- v ^2 cwt. inclined at 45® 
to the rod. 3. 30® with the vertical ; 40 lbs. 4. The verti¬ 

cal line passes through the peg and the middle point of the 
rod. Tensions are 7*2 lbs. and 9*6 lbs. 5. 50 lbs. wt. : 

inclined at cos^^U to the vertical. 6 . 10^/3 and in^7 lbs. 

wt. 7. 10 and 10 v/3 lbs. 8 . 3^/3 lbs., 3 lbs. 12. The 

supports are in a horizontal line and the weight —120 lbs. 

13. jv/3 VV. 21. T=‘-^ ^ 3 ^- 

EXERCISES X, Pages 119—123. 

4. 20 lbs. wt. 5. 40 (v/2 + 1) lbs. wt. 6. On the 

line joining the centre to the leg opposite the missing leg, 
and at a distance from the 'centre equal to one-third ol the 
dlafTonal of the square. 12. Thrust in BD = 10 kilog. 
Tensions in AB, CD, ea<;h = f^yi3 kilog. Tensions,in BC, 
AD, each = f§V'l3 kilog. 14. 125 lbs., 25 lbs, 75 lbs, 

1 2 

20. Thrust in BC = ^^ VV; Tension in AB orAC= 

and tension at A = 2 Wh where W is each weight. 23, T- 
•jvv- R= —-VV, S = ^ 7 ^VV where VV is the weight of 

iv 2 Vs 2v/3 


each bar. 26, 


3WV3 , WV3 , 

—-— along BL ; — along 


CE 


27. 


8 


18 


oz. is the weight which the tradesman puts oa to the 


weight-pan to show that the balance is true. He makes an 


extra profit of P^r oz. of goods sold. 29. (t) At upper 
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KLEMENTARY STATICS 


hin?e, { W nnd horizontal (u) lower hinge J W at angle 30® 35' 
with the vertical. 

REVISION l*ARER II. Page s 128—127. 

3. 2^/3 lbs. wt. inclined at 150® to AB ; moment of the 

eou})le 8a units of moment, wlierc a is the in-radius. Uesulant 
nu'cts .\H at V where HP — AB. 



120 lbs. 


P+Q 

Q 



cot 


j (cot ^ —cot a). 
2 



a 

I 


must he < 1 and 





a b 
a-{-b 


tan sin 



EXERCISES XI, Pages KiO—188. 

4. One sixth of the hypotenuse. 7. Ij. 1, ft. 
13. tan ^ 14. 6f. 4i, or 4} lbs. wt. at the corner opposite 

to the side 5, 12, or 13 ft. 


EXERCISES XI 


A, Pages 150—154. 


1. . 2. in. 3. . 4. 4 in. 5. 4 in from 

4 4^ o 

A. 6. 2S ft. 7. 2*5 ft. 8. 5-6 in. ; 4 in. 9. 21-9 in. nearly. 
11. 4 in. towards the 5 lbs, wt on the line joining this weight 


to the 2 lbs. weight. 12. y'4 ft., 3 Ft. 15. ^ . 16. 

r * 

22. If the masses be joined to form a triangle, they would be 
proportional to the sines of the angles subtended at the centre 
by the opposite side. For the problem to be possil>le, any 
two masses should be in the opposite sides of the diameter 
through the third. 23. sin“*^J. 24. sin 25. At J AB 

from O towards the mid-point of CD. 26. On the axis ol 
symmetry at a distance(4—from the base of the 


triangle. 27. 


8 — TT 
(i — 7T 


. 1. 28. (0 P : Q ; R ; : a : 6 : e, (li) P : 


Q : R= —a : b : Cy or a :^b : c, or a : b 1 \ (fit) P : Q : R = 
sin 2A:sin 2B : sin 2C. (n), P = Q = R. [v) P : Q : R = 
tan A ; tan H ; tan C. 


ANSVVRRS 




30. Tf O be the centre of the^^luare G and G;U« C.G^^ 

in the two cases, respectively, ^ G_,r AC. 

40. Centre of the whole must be 16 inches from the 

centre of the disc. 

41. A' bisects the median AD. 

42. \h centre of the square. 

EXERCISES XII, Pages 165-168 

2 On the avis at distance ft- from the top. 3- At 

one-third of the dm.onal fro. the^po^ 

third the height of the cone. 9. If AB - ^r. 

26 . the C'.G. is 


( 


where OH and a 


perp. through O are the axes. 10. (P-t-Q *»/Q- 

KXERCISE XIII, Pages 182—184 

7. (i) Yes, (ii) unstable, (fit) I of a lb. 8. When 

inclination of the plane= }-■ 9. Stable or unstable, accord- 

or <Av^2, where h is the height of the cylinder 

and r the radius of the base. 18. 3*66 lbs. 20, cosa = -s-, 

irh 


where a is the semi-vertical angle. 24. 


(R^-fRr-fr-). 


where f, R are the radii, and h the altitude, 

ai-[.ab-\-b^ 2 a*-fa6 + b* 

' “ a-fX ’ 


26. i 


a+b Sir 

where a, b are the diameters. The point of contact is taken 
as the origin and the common diameter as jr-axis. 27. At the 


centre in each case, 28. At distance 


a 


S 


a respectively, 


from the centre on the axis of symmetry. 


7.^6 


F: IM M K i\ r A « Y STATICS 


REVISION IWPKR III, 

2. 6 inolies sq. is rut out from comer C of rect, AiU [)'. 

taking AR» AD as axes ot .j\ // isj^iven hy 

85 . 37 - (> ' 


r = 


11 


in. y = 


11 


in. 8. 0(; = ‘> 


in. 


10. OG = 


cr'^ 

U3_ 3 » ^ beiii^ in the prolonj^ation of line 


* • 


joining centres U',0. 12. 


4a 

Stt 


EXERCISES XIV. (Work) Pages 193 -I94. 

1. 217,^ ft. tons : “24 H. P. 2. 3*36 II. P. 3. ‘21 * 

It. tons. 4. 10G4c» ft. tons. 5. *2109^ ft.-tons ; 2i;-his 
6. 1*4 II. P. 7. 2345 lbs. wt. 8. 17 0 IE P. 9. His 

given by II X550=mx2240x 


2i’ 1 , 22ci 

— X + inx, ^, 

1 o n I o 


10. 25‘7 m. p, h. appro.ximatcly. 

EXERCISES XV (Virtual Work). Pages 207—20'.t. 

3 V 3 


2. 2VV. 8. 


♦> 


w. 


KXEUCISES XVI. Pages ‘224—igs 
1. 10 lbs. 2. 3. 22^ lbs.. 




4, 5. 


I 

'3 


^ W^sin (oL-h A) W sin (a — Aj 


^ cos (@ —A) 

vv,+w, 


cos A) 


y. taa-‘ 10. sina^siu/i-M cos 

EXERCISES XVII, Pages 284—240. 


1. Uin *{5. 2. tan"^ (2 m). 3. 


V3 




5. 




Half the length of the ladder ; taii’^ ~ , 

PW . Q-P 


cos 


Qv/P2'q- W2 * 


9. sin*^ 


2v/W2^PQ 


ANSW KRS 


2tr; 


iA .w2>^-tuna 41 o ^ 111/1 -1 sill a 

10. ^V-—- . 13. 0,2 tan~' h ; 14. cos ^ ,-, 

tan a —1 —cos a 

15. Unity. 16. Slide. 17. tau~^ J ; height = four times 
tlie radius. 18. Topple ifp'> h being the height and a 
the lengih of the edge which is not horizontal. 

20. 'tan Q— @ being the inclination of AC to 

the vertical. 22. 27. tan*' 


P-fQ 


28. Angie of 


friction. 

EXERCISES XVIII, Pages 251—258. 

1. 2'', -« ft. lbs. 3. I ft. lbs. 4. 288 ; 49. 5. 7 lbs. ; 

tj-jrt. lbs, 8. f 12. 13*8 ft. 

REVISION PAPER IV, Pages 253—256. 

1 


3. 2 tan”'- 


52 


6. See Lx. 8 worked out P. 238. 


W 


10. T=r -jU sin a ; least = i tan a. 
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